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UDC 517.946
THE PROBLEM OF RESTORING A FUNCTION BY FAMILIES OF SPHERES IN SPACE

Begmatov A.X., Aktamov Kh.S., Sharipova M.
Samarkand State University
akrambegmatov@mail.ru

Abstract. In this chapter, we study the question of reducing the problem of integral geometry for a
special class of surfaces to the Cauchy problem for some equation of evolutionary type. Fourier transform
methods are also used. Methods are obtained that allow reducing the problem of integral geometry for
special families of curves and surfaces to the Cauchy problem for equations of evolutionary type, and
classes of such problems are distinguished. Uniqueness theorems are proved for some new classes of
operator equations of Voltaire type in three-dimensional space.

Keywords: Integral geometry problem, Fourier transform, uniqueness theorem, weight function,
finite function.

Fazoda sferalar oilasi bo’yicha funksiyani tiklash masalasi

Annatatsiya. Mazkur magolada integral geometriya masalasining maxsus sirtlar sinfini ba’zi
evolyutsion tipdagi tenglamalar uchun Koshi masalasiga keltirish usuli izlangan. Buning uchun Fur’e
almashtirishi metodi qo’llanilgan. Maxsus chiziglar va sirtlar oilasi bo’yicha integral geometriya masalasini
evolyutsion tipdagi tenglamalarga qo’yiladigan Koshi masalasiga keltirishga yordam beradigan metod
olingan va shu turdagi masalalar sinfi keltirilgan. Volterra tipidagi operator tenglamalarining ba’zi yangi
sinflari uchun yagonalik teoremasi isbotlangan.

Kalit so’zlar: Integral geometriya masalasi, Fur’e almashtirishlari, yagonalik teoremasi, vazn
funksiya, finit funksiya.

3agaua BoccTaHOBJIEHUS (PYHKIMHU N0 ceMeiicTBaM cdep B IPOCTPAHCTBE

AnHotanusa. B Hacrosmeill paboTe uCCIeAyrOTCs BOMPOC CBEACHUS 3aJauydl WHTETrpabHON
TEOMETPHU IS CIIEIHANIBHOTO Kjacca IOBEpXHOCTeW K 3amade Komm mist HEKOTOpOro ypaBHEHHS
3BOJIIOIMOHHOTO THMA. Mcnoip3yloTcst Takke Merona mpeoOpasoBanus ®Dypbe. IlomydeHbl MeTOABI,
MO3BOJISIIOIINE CBECTH 3a/lauy WHTErpallbHOW TEOMETPUU Ui CIEHUAIbHBIX CEMEHCTB KpHBBIX U
nmoBepxHOcTed K 3amade Komm mis ypaBHEHHIA 3BOIOIMOHHOTO THIIA, W BBIIEICHBI KIACCHl TAKAX 3aad.
JlokazaHbl TeOpeMbl €IWHCTBEHHOCTH JJISi HEKOTOPBIX HOBBIX KJIACCOB OMNEPATOPHBIX ypaBHEHWN THIIA
BonbTepa B TpexMepHOM MPOCTPAHCTBE.

KiawueBbie ciaoBa: 3amaga WHTErpalbHOW TreoMeTpuu, IpeoOpazoBanne Dypbe, Teopema
€JIMHCTBEHHOCTH, BecoBast QyHKIHS, GUHUTHAS QYHKITHSL.

1. Introduction

The mathematical study of problems arising in such practically important and intensively
developing areas as the interpretation of geophysical and aerospace observations, seismic exploration,
medical tomography, etc., often leads to problems of integral geometry. So, for example, the linearized
problem of seismic data interpretation and the linearized inverse kinematic problem are equivalent to the
corresponding problems of integral geometry. Therefore, the problems of integral geometry are one of the
urgent problems of the theory of differential equations and mathematical physics.

Let us give the definition of the problem of integral geometry [1].

Let xeR", x=(%,....X,), S(y) - a family of manifolds in xeR", depending on

m, dimS =p the dimension parametery. Let u(x)be a function defined in some Dc<R",

£(X, y)— domain as a function of variables measure x, y, @(y)— on a manifold S(y).
Consider the function
[ PO y)u(do=f(y). (1)
S(y)
Integral geometry is a branch of mathematics that studies various relationships between the
elements included in (1).
We will assume that in (1) S(y), p(x,y), f(y) are given and consider (1) as a linear operator

equation with respect to the function u(Xx) .
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Integral geometry problems of Voltaire type are those problems that can be reduced to the study of
Voltaire operator equations in the sense of the definition given by M.M. Lavrentev [1]. We also give
definitions of weak and strong ill-posedness of an integral geometry problem. The problem of solving Eg.
(1) is called weakly ill-posed if for the given problem and its solution it is possible to choose a pair of
function spaces in which a finite number of derivatives are involved in determining the norm such that the
inversion operator for this pair of spaces is continuous. If such a pair of spaces does not exist, then the
problem is strongly ill-posed [1].

The first results on the uniqueness and stability of integral geometry problems in the case when the
manifolds over which the integration is carried out have the form of paraboloids and are invariant under the

group of all motions parallel to the (n 1) -dimensional hyperplane were obtained by V.G. Romanov [2,3].

In the work of M. M. Lavrentev [6], a very fruitful idea of reducing a wide class of problems of
integral geometry to the study of an equation of evolutionary type for some auxiliary function was
proposed. In particular, this made it possible to prove the uniqueness theorem for the solution of the
original problem. Note that the problem of determining a function from its spherical mean by reducing it to
a certain differential equation was studied in the monograph [5]. Mention should also be made of the work
[4], in which other classes of Volterra problems in integral geometry were studied.

New classes of problems in integral geometry were developed in the works of A. Kh. Begmatov
[7-9]. In his works, problems of integral geometry of Volterra type were studied on the plane and in space.

In [10-13], new classes of problems of integral geometry were studied and new approaches were
introduced to the study of problems of recovering a function from weight functions with a singularity.

In this chapter, we study the question of reducing the problem of integral geometry for a special
class of surfaces to the Cauchy problem for some equation of evolutionary type.

The work uses the methods of the theory of partial differential equations. The reduction to the
Cauchy problem and the proof of uniqueness theorems are based on the study of boundary value problems
for auxiliary functions. Fourier transform methods are also used. Methods are obtained that allow reducing
the problem of integral geometry for special families of curves and surfaces to the Cauchy problem for
equations of evolutionary type, and classes of such problems are distinguished. Uniqueness theorems are
proved for some new classes of operator equations of Voltaire type in three-dimensional space. Explicit
expressions are obtained for weight functions of a special form for operator equations from these classes.

2. Statement of the problem and formulation of the main results
Formulation of the problem. Consider the problem of integral geometry for a family of surfaces in
half-space z > 0. The surface over which the integration is carried out is a sphere

2= =(x=&)’ +(y-n)",
We denote Ly ={(X,y,2): xeR, yeR, 0<z<D}.
The function u(-) is assumed to be finite at X, y, that is u(x,y,z) =0, for, (x,y) ¢ D, where

D is a bounded area on the plane z=0.
Problem 1. In half-space L, restore a function of three variables u(X, y,z) if the integrals of it

over the surfaces of the family {Y(x, y,z)} are exist:

fy.2)= [ a@ouEn.)de, @)
Y(x,y.2)
where an arbitrary surface of the family is represented by the expression
Y(X’ Y, Z) :{(5’77’5)1 22 _6:2 =(X_§)2 +(y_77)21 OSgS Z< D}

Let us investigate the uniqueness of solution (2) by reducing it to the Voltaire integral equation of
the first and then the second type.

Proposition 1. Let the function f(X,Y,z) exist for all Xx,y,z in the half-space L, the weight
function q(z,¢) = .
ZZ _é'Z

Then the solution to equation (2) is unique in the class of twice continuously differentiable finite
functions supported in half-spaces L .
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Proof. Let us write equation (2) in the following form:
7 1 .
jj;u(x+pc03¢,y+psmgo,§)dgod§= f(xy,2), ®)

where
1

Z2_4/2

We apply to both sides of Eq. (4) the Fourier transform in 'the variable x:

f(1,y,2)= J'J'Ue”X U(X+ pCose, y + psin g, ;)dx}dqod;—

3

p:

—00

7
- I j e 0L,y + psing, O)ded . (4)
0=z P
We apply to both sides of equation (4) the Fourier transform in the variable y:

15(/1,#, z) =_[ I le_”pww(j e“l(A, y + psing, é’)dy]dgodg’ =

J'G ﬂ m é/)J' —|,/22—§2(lcos¢+ysin¢)d¢dé/.
0 ‘\’
We have obtained the Voltaire integral equation of the first type for the function ﬁ(i, 1,¢)

j e C)%M— () ©

where

e—i«fzz—g“z(ﬁcosw-ysin(p)d¢ 6)

o1
(2 m2.0)= |
SNZHG
Let us prove equation (6).

Acos@+ using =ysin(p+k), y=JA%+u*, Kk e[—%;oju(o;ﬂ.
Thus, equation (6) takes the form

| (l, M Z, é’) = ﬁ J. e—ih}zz_gz sir1((/7+k)d¢ —

1

:ﬁ( L, (2,8, 2, 10)+1,(2,¢, 2 1))
A N

1,(z,8, A, 1) = f € T 2 0
—ysink 1 v
Ny
We calculate the integral (7)
ysink \/_
||l(z,é/,ﬂ,,,u)|— J. e*I(Z e T2 <
—ysink v
N s
Y
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ysink

dv
0 y ’1_7
4
2k
(2.6 A4 <=

Also for 1,(z,4, A, 1), if we do the same as above, we get the expression

(2. 2] < 2

(arcsin(sink) —arcsin0) =—

VII\J

Thus,

Thus,
4k

1
|I(Z!é/’ﬂ'uu)|S W(“l(Z,é’,ﬂ,yﬂ+||2(Z,§,/1,/1)|)S7/—;2_'_;

or

4k
1(z,5, A, 1) = . (8)
A+ P2+ ¢
Equation (5) has an integrable singularity on the diagonal Z =¢ . As can be seen from formula (8),
the function 1(A, 1, z,¢) is continuous in the region 0< ¢ <z <D and
4k

) e
y7]

Using expression (5) for the function 1(A4, ,2,¢), it is easy to show that the first-order partial
derivative with respect to the variable Z of this function does not have a weak singularity on the diagonal

z2=¢":

# 0.

2k dz

J2+ 2 (z+¢) .

We can reduce equation (5) to the Volterra equation of the second type, using the Abel method

|, (o 2,) = -

[14]. To do this, we multiply equality (5) by }(/ﬁ and integrate over Z in the range from zero to {.

Changing the order of integration in the resulting iterated integral, we find

jf(“”)d - | fiC o) ég

(2 |(4,14,2,€)
= |04, 1,$) ’ dz 9)
fi.0) |2
The function under the integral in square brackets here
1A u2.8) 4

T(t,c,z,m:jFJ—

has a finite nonzero value at t =¢ . To verify this, let's change the variable
z=tcos’ p+¢sin’ g.
Then the function T (t, <, A, 1) will take the following form:

t 4k
Tt g, A, u)= -
(te\ 4. u) '4[\/,12+y2\/z+5\/t—z\/z_4 Z
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2 4kd
T oo p rara
or
3
T(t¢\ A ) = 2] 1(A, it eos® g+ ¢ sin’ 0,0 )dg, 10
0
where

I (A, 1, tcos’ p+¢sin® ¢, &) =
B 4k
\//12 + 1 \/t cos’ o+ (1+sin® p)¢& .
From here, assuming ¢ =t we find

T

2 4k
LA, it 8) = 2 do=
J-\//I2 + 1 \/t cos’t+ (1+sin’ )t

4k z Ak

(0|2 =

jJ_ «/_\/12+,u ° x/Z_t\/lz+,uz
Using formula (10), it is also easy to verify that T (t,£, A, 1£) has a continuous derivative with

respect T to the variable everywhere except for the diagonal £ =t. On the diagonal T, (t, ", 4, z) has an

#0.

integrable singularity of the form }{/ﬁ Differentiating equality (9) and dividing by T (t,t, 4, &), we
obtain for each fixed A and u integral Voltaire equation of the second kind:

t
2 2 T.(4.tt 1 f ,Z
G(A, 1,t) + [ (A, 1,1) LALY - Luz)y,
5 TAL1) T(A,t,1) 8t Jt-z
with a kernel, an integrable singularity on the diagonal. As follows from the general theory, the solution of
such equations is unique [14].

3. The problem of integral geometry for a family of second-order surfaces
The corresponding equation is:

[] 1u(x+pcos¢, y+ psing, O)deds = f(x,y,2).
Yo

0-7

We put

F(x,y,z,t) =J' _[ %u(x+prCOSgp, y+prsing,§)dedd,

0-7
where 7 =+/1-t.

Lemma 1. Let the function u() be compactly supported with support in D and the F(x,y, z,t)
function has the form

F(x,y,z,t) :I I iu(x+,orcosqo, y+ prsing,{)dedd, (12)
0-7 p
Then the following relation is true:
z
Fu=—5 (FatFy).

Proof. Due to the periodicity of the function u(-) with respect to the variable ¢, it can be seen that
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T

I (U, sin® @ —2u,, sinpcosp+u,, cos’ p)de =0.

—7T

Wefind K, and F,.

1 ¢ .
F =_2\/ﬁ££(ux cosg+Uu, sing)depds,
1 z z ) ]
Fo=—o !_[[(uXX Cos” @+ 22U, SiN Y COS @+ Uy, sin” @) V1-t p, dpd —

__1 I(ux(x, y,z)cos@p+u (X,Y, z)sinqp)d(p:
J‘i(uxx cos® g+ 2u,, sin pcos p+u,, sin’ @) dpds —
=P

(U sin @ —2u, sin pcosp+u,, cos® p)deds =

NN

;','—m

NS

Considering that

we get the required relation for the spheres:
F,=-2(F,+F,).

The lemma is proved.
Let us introduce the following notation:

L(F) =

O°F 0°F O°F
+ —+— |-
ozot OX oy

F(-) satisfies the equation
L(F)=0 (12)
and, by virtue of the finiteness u(-) in X andy, for fixed T and z finiteness in the variables X and vy .
Hence, we can assume that F(-) satisfies the homogeneous Dirichlet conditions on the boundaries of some

bounded domain belonging to the plane OXY . Without loss of generality, we can consider this area as a
rectangle I1:

-1, <x<I,
-1, <y<l,,
where |, >0, [, >0.
From here, as well as from equations (3) and (11), the boundary conditions for F(-):
F(—Il,y,z,t):F(Il,y,z,t):O} (13)
F(x,—1,,z,t)=F(x1,,2,t)=0
Note also that, due to the smoothness and finiteness of the function u(-), the function F(-) can be

set equal to zero outside the rectangle IT, and in this case it will be twice continuously differentiable with
respect to the variables X, Y.

Lemma 2. The solution to the boundary value problem (12) - (13) is unique.
Proof.
Consider the equation:

O’°F z(0°F O°F
+—- >~+— |=0.
ozot 2\ ox oy

We also apply the Fourier transform in the variables X and y to this equation.
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We get

2
I J. gy OF 2 OF E dxdy =
826t 20x2 20y

0* 2
- F (A ) +2 ( 1) F (4, ).

So we arrived at the following equation:

2 2 Z 2

F(A, 1, 2,0) +=( A%+ 1° )F (A, i, 2,1) =0.
5 PRz )+ (2% + 2 )P (1 2,0)
Boundary conditions (13) take the form

F(A102,0) = f (4, 1, 2),

F (A, 1,0,t).
Thus, we arrive at the classical Goursat problem, the solution of which is unique. As you know, the
function itself is uniquely determined by its Fourier form. This implies the assertion of Lemma 2.
Theorem 1. The solution to equation (3) is unique.
Proof. As follows from Lemma 2, a function f(X,Y,z)is uniquely determined by a function

F(x,y,z,1). From equation (11), setting t =0, we find

F(X, y,z,1):2ﬂj%gl

In turn, from this Abel integral equation, the function F(X, Y, z,1) is uniquely determined by the
function u(x,y, z).
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UDC 517.518.5
ARNOL’DNING AYRIM TIPDAGI MAXSUSLIKLARINING NORMAL SHAKLLARI HAQIDA

A. R. Safarov
Samargand davlat universiteti
safarov-akbar@mail.ru

Annotatsiya. Mazkur ishda Arnol’dning ayrim sodda Dk, Ak, Es, E7, Es, Tio tipdagi
maxsusliklarining normal shakllariga keltirish masalasi garalgan. Bundan tashgari D. tipdagi
maxsuslikning ta’rifi berilgan bo’lib, uni normal shaklga keltirish masalasi ko’rsatilgan.

Kalit so’zlar. Maxsuslik, diffeomorfik almashtirish, Nyuton ko’pyoqligi, tekis funksiya.

O HOpMaJBHBIX (POPMAX HEKOTOPHIX THUIIOB 0COOEHHOCTEH APHOJIbAA
AunHoTammsi. B nanHo# paborte paccMarpuBaercsl mpoOiieMa HPHBEACHHS HEKOTOPBIX IPOCTHIX
ocobenHoctell Tuna Apnombra Dk, Ak, Es, E7, Es, Tio k HopmansHbIM (opmaM. Kpome Toro nano
onpeaencaue ocodenHoctH Tuna Do, 1 mpobiema ero HopMasu3alyy.
KiroueBslie ciaoBa. OcobenHocts, nuddeomoppudeckoe npeodpa3oBaHue, nmoiuHoM HpIOTOHa,
TI0CcKask QyHKIIHA.

Normal forms of some types of Arnold singularities
Abstract. In this paper, we consider the problem of reducing some simple Arnold-type
singularities D, Ax, Es, E7, Es, T10 to normal forms. In addition, we’ll give the definition of a singularity of
type D and the problem of its normalization.
Keywords. Singularity, diffeomorphic mapping, Newton polynomial, flat function.

Maxsusliklar nazariyasi - bu matematikaning differensial tenglamalar (dinamik tizimlar)
bifurkatsiyalar nazariyasi va sillig akslantirishning maxsusliklarini o'z ichiga olgan bo'limi bo’lib, bu
turg’unlik va bifurkatsiyalar nazariyasini yanada rivojlantiradigan bu zamonaviy matematikaning
bo’limidir. Maxsusliklar nazariyasi [2] tushunchasi 1960 yilning oxiri 1970 yilning boshlarida fransuz
olimi Rene Tom va britaniyalik olim Kristofer Ziman tomonidan Kkiritilgan. Maxsusliklar nazariyasi
tushunchasi geometriyada va fizik optika, elementar zarralar nazariyasida, gidrodinamikada, kemalarning
bargarorligini hisoblashda, geologiya, biologiya, sotsiologiya, iqgtisod, tilshunoslikda, shuningdek,
tibbiyotda yurak urishi va psixikani o'rganishda, miya faoliyatini modellashtirishda va boshga sohalarda
ishlatiladi.

Bizga ikki o’zgaruvchili f(Xl,Xz) funksiya berilgan bo’lsin. Umumiylikka ziyon keltirmasdan

f(0,0)=0, g—f(o,o)= ;—f(0,0)= O shartlar bajariladi deb faraz gilaylik. f funksiya cheksiz marta
Xl X2
differensiallanuvchi bo’lgani uchun, uning nol nugtadagi Teylor gatori aniglangan, ya’ni:
f (Xl’ Xz) ~ z A, Xlkl ng oy
ky+ky=2

Umuman aytganda (1) gator noldan fargli nugtalarda yaginlashuvchi emas hamda bu gatorni
quyidagi shaklda yozish mumkin:

o0 kl kz _ o0
Zaklkle Xy = Z P (Xl’ Xz)’
Ky +kp =2 k=2
bu yerda P, (x,,X,) K -darajali bir jinsli ko’phad.

Dastlab P,(X,, X,)# 0 bo’lgan holni garaymiz.

1-hol. Py(x,,X,)=ax? +2bx X, +cx2 va D=b?—4ac#0 bo’lsin. Bu holda kritik nugta
xosmas kritik nugta deyiladi. Mors lemmasiga [1] ko’ra bu funksiya nol nuqgtadagi diffeomorfik

almashtirish orqali X/ + X2 , =X/ —X; yoki X — X’ shakllarga keltiriladi.
2-hol. P,(x,,%,)#0 va D=b?—4ac=0 bo’lsin. Bu holda P,(x,,X,)#0 chizigli almashtirish
orqali X2 yoki — X2 shakllardan biriga keltiriladi. Aniglik uchun biz P,(x,, X, )= X? deylik.
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U holda f(x,,X,) quyidagi shaklda yoziladi
f(xl’XZ):X12+¢(X1'X2)' (2)
0“9(0,0) L L .
bu yerda ¢(0,0)=0, =20, la| = e, +a, <2. Ushbu (2) ko’rinishdan quyidagi tenglamani
OX[10X5?
garaymiz:

o X,
Oshkormas funksiya hagidagi teoremaga ko’ra, bu tenglama silliq X, = 1//(X2) yechimga ega bo’lib, (2)
tenglikda X, =Y, +l//(y2), X, =Y, almashtirish olamiz. U holda

Oy +w(y) v2) = filve v2)
funksiyaga ega bo’lamiz. Bu yerda fl(yl, y?_) funksiya quyidagi shartlarni ganoatlantiradi:

fl(010)=0, afl(o’ yz)zaf(‘//(yz)’ Y2)EO 0’ fl(o'o)io.

of 2X +—8¢(X1’X2) =0.

ayl aXl ay:l.2
U holda

(v y.)-,0.y,)=yraly.,y,)
shaklda yozish mumkin bunda a(0,0)%0. Endi a(0,0)>0 bo’lgani uchun zl:yl(a(yl,yz))%,
z, =Y, almashtirish olsak f funksiya z koordinatalarda quyidagi shaklda yoziladi:
fx@) =2+ fly(z) z).
f(l//(Zz), 22) funksiya tekis, ya’ni, bu funksiya va uning noldagi giymati va hosilalarining giymatlari
nolga teng bo’lsa, u holda f funksiya uchun 77(z,) = f(w(z,) z,) deb,

f(x(2)=2 +n(z,)

ko’rinishda tasvirlaymiz. Agar 77(22) funksiya N -tartibli (n > 2) nolga ega bo’lsa, u holda
n(z,)=23m5(2,). n(0)#0

tengliklar o’rinli. U holda z, =U,, z, (77, (zz))% = u, almashtirish olsak, f funksiya f(x(u))=u?+u}
shaklga keltiriladi. Bu funksiyaning maxsusligi A, ; shakldagi maxsuslik deyiladi.

Endi P,(x,,X,)=0 va P,(x,,X, )#0 bo’lgan hollarni garab chigamiz.

Quyidagi teoremani ishotlaylik.

Teorema 1. Faraz qilaylik, f (Xl, X2) funksiya quyidagi shartlarni ganoatlantirsin:

1) aaaf—(o’ao):o, |a|:al+a2 <2.
OX;*OX3*
2) h(f)=2.
3) f,(x,,X,)=0 tenglamaning ildizlari kamida ikkita har il chizigdan tuzilgan bo’lsin.
U holda f funksiya diffeomorfik akslantirish bilan f(x(u)):u1u§ + g(ul,uz) shaklga
keltiriladi, bu yerda g(ul,uz) tekis funksiya.
Xususan, f analitik funksiya bo’lsa, u analitik diffeomorfizm orgali f(x(u)): uluz2 shaklga

keltiriladi.

1-teoremaning isboti. Teoremani isbotlashdan oldin quyidagi ma’lum lemmani keltiramiz va isbot
gilamiz.

Lemma 1. Agar P3(X1,X2)$_0 3-darajali bir jinsli ko’phad bo’lsa, u chizigli almashtirish orgali
quyidagi shakllardan biriga keltiriladi

12
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1) u’+uu’;

2) uluzzi

3) u’.

1-Lemmaning isboti. Faraz gilaylik,

P,(x,0)=0 3)
bo’lsin. U holda
Py (X, %, )= X, (@ +2bx,X, +xZ).

Agar P,(x,,0)#0 va P,(0,%,)#0 bo’lsa, u holda burish orgali biz P, ni (3) shaklga keltirishimiz
mumkin. Shuning uchun, biz P, ko’phad (3) shaklga ega deb faraz qilishimiz mumkin. Endi
axf +2bx, X, +CX22 kvadrat uchhad uchun bir necha holni garaymiz.

1-hol. D=b*—4ac >0 va a0 bo’lsin. U holda bu kvadrat uchhad quyidagi shaklda yoziladi

ax? +2bx X, +¢x2 =a(x, — A%, XX = A,X, ).

Shunday qilib,
b ) (b? )
P(x,x )=xla X,+—X, | —| ——cC [X5 | .

a >0 bo’lsin hamda \/a(xl +Ex2j =Y,, X, =Y, almashtirish olsak, u holda
a

- , b2
P(y.Y2)=Yo| ¥i—| Vs — ¢

~ - 2
P3(y1, y2) ko'phadda Y, =az,, Y, = fz, almashirish olsak, P, :az{ﬂzzf _(b__cJazzgj shaklga
a

keltiramiz. Quyidagi

2 2
a3[b——CJ:1,a: 1 ,ﬁzﬁb——c

tengliklarni topamiz. U holda P ko’phad 22(212 —222) shaklga keladi. Bu 1) shakldagi ildizlari hagiqiy

bo’lgan holga mos keladi. Xuddi shunday, b’ —-ac<0 bo’lgan holda kvadrat uchhaddan to’la kvadrat
ajratib P, ni 22(212 + ZS) shaklga keltiramiz.

2-hol. D=b*—ac=0 bo’lsin. Agar a=0 bo’lsa, u holda b=0 va P, ko’phad U shakliga
keltiriladi.

2
Endi a=0 deb faraz gilsak, u holda P, quyidagi shaklga keladi P3=x2a(xl+9x2j . Bunda
a

b ~
ax, =U,, X, +—X, =U, almashtirish olib, P, (u) = U,U; shaklga keltiramiz. Lemma 1 isbot bo’1di.
a

Ta’rif. [3] R® da biror koordinatalar sistemasini tayinlab, bu sistemada f funksiyaning noldagi

Teylor qatorini f bilan belgilaymiz. t, orgali X, =...=X, =t, teR to’g’ri chizigning F+(f) Nyuton
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ko’pyoqligining chegarasi bilan kesishish parametrini belgilaymiz. Bu sonni Nyuton ko’pyoqligidan
koordinatalar boshigacha bo’lgan masofa deb nomlaymiz va uni h bilan belgilaymiz.

Agar P, ko’phad u13iu1u22 shaklga kelsa, u holda V.l.Amold [1] teoremasiga ko’ra f
funksiya f ~ uf J_rulu§ shaklga keltiriladi. Bu maxsuslik Dj shaklidagi (tipidagi) maxsuslik deyiladi.
Bu holda h< 2.

Eslatma. Agar P, ko’phad ug’ shaklga keltirilib h<2 bo’lsa, u holda V.L.Arold [1]
teoremasiga ko'ra f funksiya ud+u’ (E,), ud+u,u? (E,), ui+u’ (E;) shakllardan biriga
keltiriladi.

Agar h=2 bo’lsa, u holda Nyuton ko’pyoqligining bosh yog’iga (qirrasiga) mos keluvchi
ko’phad

P=x’x? yoki U+ pu,u; +qu; 4)
3

2
shaklga kelib qT—l-%io shart bajariladi. Bu holda V.I.Arnold [1] teoremasiga ko’ra f funksiya

diffeomorfik almashtirish orqali (4) shaklga keladi. Bu maxsuslik T, tipdagi maxsuslik deb ataladi.

Endi P, = u1u§ va h =2 bo’lgan holni garab chigamiz.

Eslatma. Agar P, =u1u22 bo’lib h<2 bo’lsa, u holda f funksiya diffeomorfik almashtirish
orqali uu? +u™ (k > 4) shaklga keltiriladi. Bu maxsuslik D, tipdagi maxsuslik deb ataladi.

Endi bir P, :u1u22 va h=2 bo’lgan holni ko’rib chigamiz. Bunday funksiyalarni normal
shaklga keltirishda Nyuton ko’pyoqligidan [3] foydalanish qulaydir. Nyuton ko’pyoqlini yasaymiz:
UZA

1 5 U,
f= ul(u§ +a,u,u; +b1ul4)+...
Nyuton ko’pyoqligining [3] t, =1, oktant bissektrisasi bilan kesishadigan eng kichik yog’iga
(girrasiga) bosh yoq (qgirra) deyiladi.
Agar h(f)=2 bo’lsa, u holda U +a,u,u? +bu; ko’phad uchun a’ —4b, =0 bo’ladi. Aks

a
holda biz u2+51uf=y2, U, =y, almashtirish olsak f funksiyaning (yl,yz) koordinatalar

sistemasidagi bosh yog’i yl(y§+cyl4) shaklga keladi. U holda V.I.Arnold [1] teoremasiga ko’ra f
funksiya diffeomorfik almashtirishlar orgali

f~ zl(zﬁ izf)z 2,25 +7;
shaklga keladi. Bunday maxsuslikka D, tipdagi maxsuslik deyiladi. Nyuton ko’pyoqligigacha bo’lgan

1 3
masofa balandlikka teng bo’lib, u E = g ga teng bo’ladi.

Umumiy holda agar f funksiya
2,25+ 72"
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1
D, tipdagi maxsuslik bo’lib, u maxsuslik uchun E: tenglik bajariladi, ya’ni h<2

2 2(k-1)
bo’ladi. Formal ravishda kK =oo desak, D_ maxsuslik uchun h =2 bo’ladi. Endi biz bu mulohazaning
teskarisini ko’rsatamiz. Ya’ni h=2 bo’lib, P, =u1u22 bo’lsa, u holda f funksiya ma’lum normal
shaklga kelishini ko’rsatamiz.

Shunday qilib, ixtiyoriy K uchun f funksiyaning Nyuton ko’pyoqligi [3] bosh (gismiga) yog’iga
mos keluvchi ko’phad

P= ul(u22 +au,u; +buf")

shaklga kelib, @ va b o’zgarmas koeffisiyentlar uchun a’—4b=0 shart bajariladi. Xuddi shunga
o’xshash, Nyuton ko’pyoqligining bosh yog’iga mos keluvchi ko’phad P = uluz2 +cuf , k>4, (C #* 0)

shaklda ham bo’lishi mumkin emas. Chunki bu holda yugorida ta’kidlaganimiz kabi

11,1 L engsizlik bajarilar edi.
h 2 2k-1) 2

Shunday qilib, biz cheksiz jarayonga ega bo’lamiz. Shunga mos a,,a,,... sonlar ketma-ketligini

a
hosil gilamiz. Har gal bosh yogga mos keluvchi ko’phad — ?k ildizga ega bo’ladi.

Klassik Borel teoremasiga ko’ra C* da shunday y funksiya topiladiki, u uchun nol nugtadagi
Makloren gatori quyidagicha bo’ladi:

‘//(Xl)~ iakxk : (5)
k=2

Umuman aytganda, agar {ak} ketma-ketlik uchun, (5) gator noldan fargli biror nugtada ham
yaginlashuvchi bo’Imasligi mumkin.
‘//(Ul)

uz"‘T:yz! U =Y,
almashtirish olamiz. Ravshanki, f funksiya yangi (yl, y2) koordinatalarda

f=y.yialy, y,)+ 9. (%, )+ Y39, (v,)
shaklga keladi. Chunki, uning Nyuton ko’pyoqligi

Yo 4

W/

Y1 >

yoki g, (Y, ) tekis bo’lgan holda Y,

4

Vx4

v

Y1
shaklga keladi. Bu yerda gl(yl, y2) tekis funksiya.

Endi f funksiyani
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f=y3 (a0 v )+ 30, %2+ 0.y, v2)
shaklda yozib z,=Y, 2z, = yla(yl,y2)+ yggz(yz) diffeomorfik almashtirish olsak, f funksiyani

f =2,22+9,(z,2,) shaklga keltiramiz. Teorema 1 to’liq isbot bo’ldi.
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olim-mirzaev@mail.ru

AHHoTauusA. B Hacrosmed paboTe nmpeuiaraeTcst anropuT™ MOCTPOSHHUS CeMEHCTBAa KPaeBhIX 3a1ad
JUIsl CUCTEMa ypaBHEHMH J[Mpaka Ha KOHEUHOM OTPE3KE.

KnroueBble ci10Ba: COOCTBEHHBIC 3HAUCHMSA, HOPMHUPYIOLIHE KOHCTAHTBI, OOpaTHBIC 3ajaui,
UHTErpallbHble ypaBHeHus: OpearonsMa BTOPOro poja.

Chekli kesmadagi Dirak izospektral operatorlari hagida
Annotatsiya. Ushbu maqolada spektrlari bir xil bo‘lgan har xil Dirak differensial tenglamalar
sistemasiga qo’yilgan chekli oraligdagi chegaraviy masalalari oilasini qurish algoritmi taklif gilingan.
Kalit so‘zlar: xos giymat, normallovchi o‘zgarmaslar, teskari masala, ikkinchi tur Fredgolm integral
tenglamasi.

On the isospectral Dirac operator on the finite segment
Abstract. In this paper, we propose an algorithm for constructing a family of boundary value
problems for the system of Dirac equations on the finite segment.
Keywords: eigenvalues, normalization constants, inverse problems, Fredholm integral equations of
the second kind.

1. BBegenue
Onpenesienne 1.1. KpaeBble 3a1auu A1 cHCTEMbl ypaBHeHUN J{upaka

L’y=By' =1y, (O<x<7x), yz(yl(x)) 1)
Y, (X)
%.(0)=0, y,(7)=0 )

o, B ()
L(p(x),a(x))y =By’ +Q(x)y =1y, y = :
Y,(X)

%,(0)=0, y,(7) =0 (4)

HAa3bIBAIOTCS HU3OCIECKTPAJIbHBIMH, €CJIM Yy HHX HUMCIOTCAd OAWHAKOBBLIC COOCTBEHHEIE 3Ha4YCHUA, T.C.

o(L(p(x),a(x)) = (L") ={n,neZ}.

3n1ech
01 p(x) q(x)
B: 1 = 1
{—1 Oj QW) {q(x) —p(x)j

a p(x), q(x) e C[0, 7] - nelictBuTenbHas HenpepbiBHAs QyHKIMs Ha otpeske [0, 7].
Hacrosmast pabora mocBsiieHa 0OpaTHOM CIEKTPaTbHOW 3amaue 00 OMMCAaHWU BCEX KpPaeBbIX
3a7au CHUCTEMBI MU((PepeHIHaNbHbIX ypaBHeHn# J[dpaka Ha KOHEYHOM OTPE3KE C OMHHM H TEM XKe
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crieKTpoM. Takue KpaeBble 337a4d HA3bIBAIOTCS M30CIEKTPAIbHBIMU M ObLIM HM3y4eHbl B paboTax [1]-[5].
M.I'.T'aceimoB, T.T.[IxxabueB [6] mokaszamu, uro omepatop Jlupaka HAa KOHEYHOM OTPE3KE OMpeessieTcs
OJTHO3HAYHO T10 €ro COOCTBEHHBIM 3HAUEHHUSIM M TOCIEJOBATEIIbHOCTH HOPMHUPYIOIIMX KOHCTAHT, a TAKKe
UMH Hal/IeHBI HEOOXOJUMBIC H TOCTATOYHBIC YCIOBHUSI BOCCTAHOBIICHHS KpaeBbiX 3anad. M.I'.I'acbiIMOBOM U
B.M.JIeButanom. [7] ObLiH Ha#ieHbI HEOOXOMUMBIE U JOCTATOYHBIC YCIOBHUSI BOCCTAHOBIICHHUS OIEpaTopa
Jlupaka Ha MOJYOCH O HMX CHEKTPalbHbIM (QYHKUIUSAM. [IpH MOCTPOCHHH H30CIEKTPAJBbHBIX OIepaTropa
Hupaka Ha KOHEUHOM OTpesKe ¢ 3axanHeM cekTpoM o(L(p(x),q(X))) ={A,,n€Z} vamu ucnons3opan
Mmetoq pabortsl ['aceiMoBa-JleBuTaHa cM.[7]. DTOT MeTOA OCHOBAaH BOCCTaHOBJIEHHH KOd(QHIEeHTa
orneparopa Jlupaka o CIEKTpalbHBIM JAHHBIM C IOMOIIBIO HMHTErpalbHOrO ypaBHeHuss Ppenronbma
BTOPOT'0 POJa C MAapaMeTPOM.

Cremyer OTMETUTB, YTO H30CHEKTpaibHble omepatopsl [ITypma-JInyBUIUIS Ha KOHEYHOM OTpE3Ke
usydanoch B paborax [8]-[16]. Teopmst oOpaTHBIX CHEKTpaJbHBIX 3amaud it omeparopa llltypma-
JInyBHIUIA M UX IPHIIOJKEHHs OoJtee moapoOHO M3IoXKeHa B paborax [17]-[24].

OCHOBHBIM PE3yJbTATOM HACTOSIECH pPAbOTHI SIBISAETCS ANTOPHTM, BOCCTAHOBICHHH CEMEHCTBa
omeparopoB [Jupaka L =L(p(X),q(X)) Ha KOHEYHOM OTpE3KE, CIEKTPbI KOTOPBIX YIOBICTBOPSIOT

yenosust: o(L) ={4, =n,neZ}.

2. Hexortopble cBenenust 00 00paTHoii 3a1a4e 17151 oneparopa Jlupaka Ha KOHEYHOM OTpe3Ke
OGosmaunm uepes  @(X,A) = (¢, (X, 4),9,(X, 1))’ pemenue ypaBuenns (3), ymoBieTBopsromIce
HAYaIbHBIM yCIOBHSIM:
#(0,4)=0, ¢,(0,4)=-1. ()
Xopomo m3sectHo [19], uto pemenme @(X,A) samaum (3), (5) cymecTByeT, €OMHCTBEHHO M IJIS
kaxaoro pukcuposantoro X € [0, 7] ssusercs nenoii Bexrop-pynkuueit no A . Kpome Toro, umeer MecTo
MHTETPaIbHOE IIPEICTABICHHSL

go(X,l):( Sinlx}th(x,t)[ Sindet, ©)

—COSAX) 4 —Ccos At

npurom matpuna-pynxmus K (x,t) = " Kj (X,'[)”i L1, ABIACTCA PCLICHHEM 3a/1a4H

BK; (x,t) + K{(x,t)B =—Q(x)K(x,t), @)
BK (x,X) — K(x,X)B =-Q(x) (8)
K, (x,0) =K,,(x,0)=0. 9)

Ouesnzro, uto Bextop-dymkmust (X, A) = (@ (X, A),@,(X,A))" upu mobom A ymosrersopser
rpannaHoMy ycioBuio ¢ (0,4)=0. [lostomy coberennsie 3uadenus A,, N€Z 3amaun (3), (4) cyrb
KOpHH YpaBHCHUA

AA) =@ (7, 1) =0. (10)
Torma @(X,A,) = (@,(X,4,),2,(X,4,))", N€Z spnsercs cobeTBenHO#M BekTOp-(pyHKIHei 3anaun (3), (4).
ITonoxum

a, = [[F (% 4) + 92 (6 Ao, neZ. (11)

Yucna @,, N€Z Ha3bIBAIOTCS HOPMUPOBOYHBIMH YHCIaMU KpaeBoii 3axaun (3), (4). Habop uucen
{4,,a.}._ . Oynaem Ha3bIBaTh B JaJbHEIIEM CIEKTPAIbHBIMU JaHHBIMHU 3314t (3), (4).

Teopema 2.1 ([6]). Ecim p(X) u q(X) mmeror npomssonmsie K -mopsizka us L°[0,7], To mwis

0

CIIEKTpabHBIX JaHHBIX {4, ,a,} 3agaun (3)-(4) cnpaBeaauBbI PABEHCTBA

N=—o0
a a., @
Ay =N+t =Ly 20 (12)
n n n
C C C
I S (13)
n n n

/1€ pSAbI
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o0 2 o0
> |“k,n <o, ) |Ck,n
N=-c0 n=—o0

2

<0

CXOJIATCL.
Cremyer oTMETHTB, uT0 cobeTBeHnsie BekTop-Gyrkman @(X, A )= (¢, (X, A,),0,(X,A))", neZ
3agaun (3), (4), COOTBETCTBYIOIIME PA3INIHBIM COOCTBEHHBIM 3HAYEHHUSIM OPTOTOHAJIBHBI B THJIB0OCPTOBOM

2
IIPOCTPAHCTBE KBAJAPATHYHO CYMMHPYEMBIX IBYX KOMIOHEHTHbIX Bektop-dynkuuu L,(0,7) wu mus

npoussonbHbX BekTop-Gynkmmu f (x) = (f,(x), f,(x))" € 5[0, 7] umeer mecto

(0= 3 o0 AN [0 (L 4) T 0,

OTCI-OI[a MOJIyYUM CUMBOJHNYCCKOC PaBECHCTBO:

> Lo 2)0" (04,) = 15(¢-1). (14)
rae | -enmununas Marpura, 6(X) - menbra ¢yskuus upaxa. B uwactaoctn, mpu p(x) =0, q(x) =0,
uMeeM

=z 1( sinnx), .
> —[ ](sm nt,—cosnt) = 15(x —t). (15)
n——o 77 \ —COS NX

Teopema 2.2 ([6]). Koodpdurmmentsr pP(X) u ((X) xkpaesoit 3amauu (3), (4) ompenmensercs
OJIHO3HAYHO T10 CTIEKTPAIbHBIM TaHHEIM {4, 8, }r . -
Jlemma 2.1. IMeeT MECTO TOXKIAECTBO

> igﬁ(x,ﬂ,n)(sin/Int,—cos/lnt)=0, O<t<x<r. (16)

Teopema 2.3 ([6]). SInpo K(x,t) = ||Kij (X,t)”i i1, Oneparopa npeobpasoBanus (6), yaoBiaeTBOpsET

JIMHEMHOMY UHTErpalbHOMY YPaBHEHUIO

K(x,t)+F(x,t)+jK(x,s)F(s,t)ds=0, (O<t<x<n), a7
rae 0
F(x,t): i{ai( Zlonsﬂ/;))((j(sinﬂnt,—cos;tnt)—1( i'onsr:)((j(sin nt,—cosnt)}. (18)
n=—o0 n \ N T\ —

Teopema 2.4 ([6]). lns Toro 4toOBI MOCIENOBATENBHOCTh BellecTBeHHbIX umcen {4 ,a,}. .,
a,>0, NeZ ObuM CNEKTPaIbHBIMH JAaHHBIMH HEKOTOPOH KpaeBoil 3amaun Buza (3)-(4) ¢ MaTpuuHOiM
¢yHKIIMEH BUAa

_[p(X) q(X)j
Q(x) = :
q(x) - p(x)
rie P(X) u (X) umeror mpoussoansie K -ro mopsaxa uz L?(0,7), HEOGXOAMMO U JOCTATOYHO, YTOOBI
g A, NeZ u a,, N€Z BHNOIHAINC, acumMnToTHdeckue hopmynst (12) u (13).

Urak, nycts {4 ,a,}.

marpuna-pyakiua - F(X,t) mo ¢opmyne (18) wu paccmoTpuMm HUHTerpanbHbIX ypaBHenuit (17)

a,>0, neZ ynosnerBopsror ycnoBusm (12) m (13). IMoctpoum

N=—c0 !

orHocurensHo K(X,t) = ” Ky (X,t)”i’sz2 . Torpa uMeeT MeCTO ClIeAyIOLIas TEOpeMa.

Teopema 2.5 ([6]). TIpu kaxmom ¢pukcuposarnom X € (0,7) unrerpansuoe ypasuenne (17) nmeer
emquacTBenHoe pemenne K(X,t) = ”Kij (X,'[)”LH2 .

Teneps,  pemas  wHTerpambhele  ypaBHenwe  (17),  HaxommMm  Marpuna-QyHKIMA
K(xt)= "Kij (X,t)””:L2 . Jlanee onpenesnum Bextop-yrkmmo @(X, 1) = (¢, (X, 1), ¢, (X, 4))" 1no bopmyse
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(6). Torma wWeTpymHo mokasath, uto Bektop-(ymkums @(X,A)=(¢,(X,1),9,(X,4))" ymosrersopsier
YPaBHEHHUIO

By +Q(X)p =A@, Q(X) =K(X,X)B—BK(X,X)
1 HayanbHbIM ycnoBuaM ¢ (0,4) =0, ¢,(0,1)=-1

3. AJITOPATM BOCCTAHOBJIEHHS H30CMEKTPATBHBIX KPaeBbIX 3a1a4
OCHOBHOM pe3y/nbTaT HACTOAIIEH PabOTHI CONEPIKUTCA B CIEAYIOLIel TeopeMe.

Teopema 3.1. Ilycts mocnenoBaTenpHOCTh BemecTBeHHbIX uncen {4,,a.}, ., a, >0, neZ
SIBJISICTCSL CIIEKTPAIbHBIM TaHHBIM KpaeBoi 3amaud (3), (4). Torma mociemoBaTelbHOCTH BEIIECTBEHHBIX

aucen {4,,a,}r_., &, >0, N€Z ynoBneTBOPSIOMHUIT YCIOBUAM

A=nnez, -1y T I <, y,>0,neZ, (19)
a 7 n+1 ~Z=n+1

n

—o0 !

TOXKE SIBISICTCS CICKTPAIBHBIM JaHHBIM. Kpome TOro cCymiecTByeT CIMHCTBEHHAs KpaeBas 3ajada
L(P(X), (X)) =L(con 7 pseens ¥ 13 Yo Vasewns Vo) BHIA (3), (4) ¢ K09 PunmenTamu

P(X) = POKsees ¥ preens Vogs Yor Yareens Varees) s A = ACKs ey ¥ seens Vg3 Yo s Vaneees Vo oes) (20)
COOCTBEHHBIEC 3HAYECHHsI KOTOPBIX paBHBEI N,N € Z , T.€.
O(LCoos Vs Vs Vor Vs Vo)) =fN,NneZ}. (21)

o a,>0, neZ

n=—o !

)IOKa?oaTeJ'lLCTBO. Jlerko 3aMeTuTb, 4YTO IIOCJIEIOBATEILHOCTD {ﬂn, n

ompenencanas (opmymnamu (19) ymoBmeTBOpsieT ycnoBusiMu Teopembl 2.4, IloaToMy CyImecTByeT
eIMHCTBEeHHAs KpaeBas 3a1a4a Buaa (3), (4) ¢ koaddummentamu (20), u criekrpom (21).
Tenepr HaxomuMm koddduimentsr (20). s srtoro onpexenuM Marpuia-gyakoun F(X,t) mo

dopmysaam (18) u (19)

F(xt)= i {Z—”(_Sinnxj(sin nt,—cosnt)}. (22)

—=. | n°+1\ —cosnx

Toncrasmss (22) B uaterpansHoe ypasaenue (17) moxyanm

K(x,t)=— 3 —cosnt), (23)
rae -
o(x1) = { smnx) J.K( s)( sinns jds. 24)
COS NX cosns

Ussectro ([6], [19]), uto BekTOp-hyHKIMS (o(X,l) omnpexaencHuas mo Qopmyie (6) ymoBiaeTBOpseT

mubdepenimansaomy ypasHenuto Buma (3) ¢ koadowuimentamu (20), W HaYaNbHBIM  YCIOBHSIM
»(0,2)=0, ¢,(0,1) =-1, rae ko3 puureHTs onpenensoTcs no GopMmyIaMu

" _n

P(X) = P(Xsees Voo Vg Yo Vareons Yron) = D, =5 ] [(pz(x n)sin nt — g, (X, n)cos nt],

" (25)

0

7
Q0X) = AKXy e 7 revr Vogs Vs Voo Vo) == D, = T [(pl(X nysin nt + ¢, (X, n) cos nt].
Hanee moacrapisist Beipaxkerue (23) B (bopMyJIy (24) uMeeM
sinnx > inns
o(x,n) =( j Ccos ps)[ st . (26)
—Cosnx p——o cosns
OTcroa, IOIydYuM COOCTBEHHYIO BEKTOP- (byHKuI/H/I
sinnx
1+ 7;7 .
o(X,n) = n“+1 ,heZ,
_ cosnx
1+ 77”
n°+1
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COOTBETCTBYIOIIYO COOCTBEHHBIM 3HAYCHHUSM A,=n,neZ, TK.

f(sin ps,—COS ps)[ 5|(r)1 e ]ds ={ﬂ’ p=n.
0

—Ccosns 0, p=n.
Jlerxo MPOBEPSIOTCS BBITIOJTHEHNS TPaHUYHBIX yCIIOBHH 4), T.C. »(0,4,)=0,
¢ (7, 4,)=0, 4, =n,neZ.
Takum obpazomM, B cTaThe TIOCTPOEHO CEMENCTBO OTIepaTopOB Hupaxa

LCoo/ s V13 Yos Vasews Vpseer) HA KOHEUHOM OTpPE3KE, COOCTBEHHBIC 3HAYEHHUS KOTOPHIX COBIAJAIOT C

3aJlaHHBIMK 9MCIaMu A, =N, NeZ .
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YIK: 519.8
KPUTEPUU CBEJEHUA K 3AJIAYAM PACHIM®POBKHA U TIOUCKA MAKCUMAJIBHOI'O
BEPXHEI'O HYJISI JUCKPETHBIX MOHOTOHHBIX ®YHKIIUA

A.B. Kaoyuios!, D.Ypyn6aes?, lIL.T.Boaraes !
YHayuonanvuuiii yuueepcumem Y3zbexucmana
2Camaprandckuii 20cyoapcmeenHblii yHusepcumen

AHHOTaums. B cTaTee mccinenoBaHbl HEKOTOPBIE KITACCH IUCKPETHRIX AKCTPEMANIbHBIX 3a1ad. [l
MIOCTPOEHUS aJITOPUTMOB PELICHHUS OTACTBHBIX KIACCOB AUCKPETHBIX SKCTPEMATIbHBIX 33/1a4 HA OTHICKAHHE
TOYHOTO ONTHMYMa HCIIOJIF30BAHBI MPOIEAYPHI PACIIU(PPOBKH M HAXOXKICHUS MaKCUMAJILHOTO BEPXHETO
HYJII AUCKPETHBIX MOHOTOHHBIX (YHKITMHA. J[OKa3aHBI TEOpEMBI O CBEACHHH HCCIECIOBAHHBIX KIIACCOB
IOUCKPETHBIX OKCTPEMAalbHBIX 3aJad K 3aJadye paciu(ppOBKH W IIOMCKA MAaKCHMAaJIFHOTO BEPXHETO
JUCKPETHBIX MOHOTOHHBIX (DYHKIIUH.

Kiruessle ciioBa: 3anava paciimpoBKH, MAKCUMATBHBIA BEPXHHUN HYIIb, MOHOTOHHAS (DYHKITHIS,
TECT, TeCTep, YacTW4YHas (YHKIHS, TOKPBITHE, TUIBIOHKIHUSA, (DYHKIHS aireOpbl JOTHKH, (QYHKIHS K-
3HAYHOM JIOTHKH.

Diskret monoton funksiyalarning maksimum yugori nolini gidirish va qurish muammolarini
kamaytirish mezonlari

Annatatsiya. Maqgolada diskret ekstremal muammolarning ayrim sinflari o'rganilgan. Aniq
optimumni topish uchun alohida ekstremal muammolarning alohida sinflarini yechish algoritmlarini
tuzishda dekretlash va diskret monoton funktsiyalarning maksimal yugqori nolini topish protseduralaridan
foydalaniladi. Diskret ekstremal muammolarning o'rganilayotgan sinflarini qurish va maksimal yuqori
diskret monoton funktsiyalarni topish masalalari hagidagi teoremalar isbotlangan.

Kalit so‘zlar: qurish muammosi, maksimal yugori nol, monoton funksiya, test, sinovchi, gismiy
funktsiya, qopgoq, dizunktsiya, mantigiy algebra funksiyasi, k giymatli mantigiy funksiya.

Criteria for reduction to the problems of decoding and searching the maximum upper zero of
discrete monotonic functions

Abstract. Some classes of discrete extremal problems are investigated in the article. To construct
algorithms for solving individual classes of discrete extremal problems for finding the exact optimum, the
procedures for decoding and finding the maximum upper zero of discrete monotone functions are used.
Theorems on the construction of the studied classes of discrete extremal problems and finding the
maximum upper discrete monotone functions are proved.

Keywords: Decryption problem, maximum upper zero, monotone function, test, tester, partial
function, cover, disjunction, logic algebra function, k-valued logic function.

BBeaenue.

W3BecTHO, UYTO JUIsI TOCTPOCHMSA AaITOPUTMOB pEIICHHUS OTACIBHBIX KJIACCOB JIUCKPETHBIX
SKCTPEMAaJIbHBIX 33734 Ha OTHICKAHHME TOYHOI'O ONTHUMYMa MCIHOJIB3YIOTCS MPOIETYphl PAaCIIU(pPOBKH U
HaxXO0XKIEHUS MaKCHMAaJIBHOTO BEPXHETO HyJIS JUCKPETHBIX MOHOTOHHBIX (DyHKIWH (M.B.H. A.M.(h) 1 1aroTcs
METO/Bl PELICHUsI 337ad, HCIONB3YIOUMX MPOLEAYpPHl pacuM(pPOBKH U TOMCKa M.B.H. AMCKPETHBIX
MOHOTOHHBIX (DYHKIMH. B cTaThe HMcclemayroTcss METOMIBI pelIeHUs 3a7ad paciIn(GpOBKA U MOUCKA M.B.H.
a.M.¢p. MHOro3Ha4yHBIX (yHKIMH. PaccmarpmBaercs kilacc 3aad, KOTOpPBIE MOTYT OBITH CBEICHBI K
pacudpoBKe MOHOTOHHOM (PYHKIMHM, 3aJaHHOW HAa KOHEYHOW CTPYKTYpe, WJIM MOUCKY M.B.H. I.M.Q.
JloKa3pIBalOTCS TEOpEeMBl W [JAIOTCA KPUTCPHM CBEACHMS K 33JadaM pacuM(pOBKH M IIOHCKa
MaKCHMAJIIBHOTO BEPXHETO HyJIS JUCKPETHBIX MOHOTOHHBIX (DYHKIIHH.

§1. TlocranoBka 3agaum. Ilycrb Ep:{O,l,_.., p—l}n T T,,...,T, - mpsaMoyroibHbe

TaOJHIIBEI C 2JIEMEHTAMH U3 Ep, comepamue o N cronbuos M, M,,...,M  crpok:

TS = OTi*Zw:mi =m.
i=1 i=1

CTpoKH Ha30BEM 3JIEMEHTAMH, CTOJIOLBI - TPU3HAKAMH.
3aganneM @TabmuI ompesesnsieM HEKOTOPOe MHOXKECTBO JJIEMEHTOB M pa3OMEHHEM HMX Ha ()

wraccos: K, K,,...,K . Taknm oGpazom, snemeHT ai'j, | -if TaGauIBI €CTh 3HAYCHHE | -TO MPH3HAKA HA
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| -m o6wexre u3 | -ro xmacca KI. [IpeanonararoT, YTO KaXKIbIi 3TAJOH COAEPIKUTCS TOJIBKO B OJHOM

kmacce. Ilyete S, S,,..., S -sranon u - X, X,,..., X, npusnaxu. Torna X; (Si ) = q; - 3HaueHME HA §,.

m

HsBecTHO, uTO MHOXECTBO V] = {xi Xy X, } Ha3bIBACTCS TECTEPOM, BEIU JUIS JIIOOOH Haphl
1 2 r
STAJIOHOB Si, Sj NPUHAVICKANINX PA3HBIM KJIAccaM, CYUIECTBYET NpPU3HAK X, € M  takoii, uro

xt(Si);e X, (Sj ) OueBnaHo, 4To B CiIydae, korza M =m, =..M =1 ompeneneHus TECTa U TECTEPOB

TabnuI coBnagaroT. Tectep Ha3bIBaETCsS TYIMUKOBBIM, €CIIU MOCIIE YAAJICHU U3 HEro JIF000ro mpru3Haka OH
mepecTaeT OBITh TeCcTepoM. TecTep Ha3BIBACTCS MHHHUMAJIBHBIM, €CITH OH CONEPKUT MHHHUMAIBHOE YHCIIO
MPU3HAKOB CPEIX BCEX TECTEPOB TAOIHII.

IMonoxuM, dYToO F(xl,xz,___,xn) NpPOU3BONIbHAS YacTUYHas (yHKUWs K - 3HAYHOW JIOTHKH

m :{ f, Ty fm} cHCTeMa He BCIOJTy OTIpe/IeNieHHbIX OyeBbix ynkumii f. (Xv Xpyeens X, ), i :]_,_m,

HUsBecTHO [1-4] 4TO COBOKYITHOCTH NEPEMEHHBIX N :{ X X X, } Ha3bIBAe€TCA CYIIECTBEHHOMN
i1 iy e i

TUTS F()?)(m), eciy HaiiieTcsi He BCIOAY ompejieleHHas (yHKIHS ¢:{xi1, ""Xik} K - 3HauHO

Xiz’
JIOTHKH m’:{(pl,(pz,__,,(pn} (cucrema OyneBbIX (DYHKIMIA ¢’:{Xil’xi2v--’x }, i=1 m) Takas, 4TO

F=09, (qoi =f, i=1,_m).

TBCHHas BOKYITHOCTB JUIA m) HaA3bIBACTCA T HMKOBOI JIM TT1OCJI JAJICHUA U
C C€CTBCHHAas1 COBO ocC M a3bIBACTC OBOH, €C. OCJIC aJIc 3

i

Hee JM000M MEepeMEeHHON OHa mepecTaeT OBITh CYIIECTBEHHOH s F(m)- TymukoBass M st F(m)

Ha3bIBACTCA MHHI/IM&J’ILHOﬁ, €CJIN COACPIKUT MUHUMAJIBHOC YHCJIO IEPEMCHHBIX CPEIN BCEX COBOKyr[HOCTeﬁ
TMEPEMCHHBIX, CYIIIECTBCHHBIX AJIA F (m) .

Hycts T, - GuHaphas Tabmuua, cogepkamas N cTonbHoB u M CTPOK U O, - Bec i-il CTpoKH

p,>0,i=1 m. Bynem cuurats, 4T0 CTPOKH |y, i,,...,I, 06pasyioT MoKpeITHE cTONOUOB T , ecinu s

noboro j-ro cronbua T - cymecTByeT X0Ts Obl OJHA CTPOKA | € {|1, byyeees |k} TaKasi, TO SIIEMEHT ¢y, B

TabIHIEe Tnm SIBIIICTCS €MMHUYHBIM. [TokpeiTHe M = {i i } TaOJIUIIBI Tnm Ha3bIBACTCS TYIMHUKOBEIM,

by iy
€CIIM TIOCIIE y/lalleHHsl U3 HeTo CTpoku R oHo mepecraer ObiTh nokpbitueM T . [okpbirne M TaGnmubt

k

Tnm Ha3bIBACTCA MUHUMAJIbHBIM, €CJIN E p - MUHUMAJIBHOC YHCJIO CpeAn BCEX CYMM BECOB HOKpI:ITI/IfI
i
]

i1
Tnm'
I[lycth 3a1aH angaBuT OYyJIEBBIX NEPEMEHHBIX { X, Xgyeeny xn}, Paccmotpum MHOkectBo (2 Beex
9.K. oT K mepeMeHHBIX (nggn, nz]_)_ OGosnaunm wepes mHTEpBan (mox Ky6) B Kybe EX,
cootBetcTByrommii 3.k. N, .
Ipomssomproii 3.k. ™A=1 B (2 (umrepsamy N,) moctaBuM B COOTBETCTBHE HAbGOP
(al,az,...,an) TaKOMi, 4TO
o, ecmu ie{i,iy..i}
“T2os HPOTHBHOM Cliydae

npudeM 3.K. 2 =1 coorBercTByer HabOp (2, 2,..., 2).

PaccMotpum  cTpykTypy S, Tme S = {0, 1, 2}, 0<1 0<2. IlpousseneM KOAMPOBKY
aneMeHTOB MHOXecTBa S:0—>2 1—1 2—-50. Umeem 2<1 2<0. OTOT NOpPAAOK HHAYLUPYET
4aCTHYHBIN MOPAIOK B MHOXKeECTBE S

a =(al,a2,...,an)Sﬁ=(ﬂl,ﬂ2,...,ﬂn) mpu & < f3,i=1,n.

Jlerko 3aMeTHTh, YTO HAOOpaM YpPOBHS U, CTpyKTypbl S" COOTBETCTBYIOT 3.K. PaHIa | MHOXKECTBY
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Q, v nenu {dil,&‘z,_“,&ik} B COBOKYMHOCTH 9.K. I, J =1, K Takux,uto N, <Ny c..N,, .
i i2 ik

Iycts f (xi, Xyyevns xn) - (yHKIMM anreOphl JOTUKM U (xl, Xy yeens xn) - yacTuyHas OyJepas
dynkuus, 3anannas ¢ nomompto muoxkects M,,M,, M, NM , % D.
Beenem dynkunut g(y,, Yy, Yy ) G(Vi Yoo ¥ ), Y €{0,1, 2}, onpenenennbie na HaGopax

~ n ~
a muoxectBa S’ . [Tycts & cootBeTcTBYeT 9.K. 2 1 Q)

~—

9(a

0, ecmu 9 —wuemomycTtumas 3.K. st |
- {1, B IIPOTUBHOM Clly4ae
|4 ecmr NyMM, =3, Ny(M, =
g(a)z{o, B INIPOTUBHOM CIIy4ae
HetpyzHo noKa3aTh, 4T0 () (yl, Yoreenr ¥, ), (g ( Vi Yareen ¥ )) - MOHOTOHHAs (GYHKIHSA, T.€. JUIs
moGbix HaGopoB & u B B S" Takmx, uro @ < ,5’ CIIPaBEIIMBO: g(&) <g (5’), ( g(&) < g(ﬁ)),

HIDKHHE  €IUHUIIBI g (&), (g ( ﬂN)) COOTBETCTBYIOT ~ MAaKCHUMaJbHBIM  WHTEpBaiaM N B

N, (Es \M,, NNM,, NNM, ¢@)_ [lpyyeM MHOXKECTBO BCEX HIKHUX €IVHHMI] g(y), (g(y))

oTpeeNsieT COBOKYITHOCTh BCEX MaKCHMaJIbHBIX HHTepBAIOB N B N f (Ef \M 9 NOM L E @)_
PaccmoTpum  muckpertHyro 3amady  Z € {ZS}, (ZS' e {Zs’}) IIOMCKAa BCEX OKCTPEMYMOB

(rmoGanbHOrO SKCTpemyma) (dynkimonana F  obwexkta S e {S} O4eBUIHO, YTO MHOXECTBO

{Zs}, ({Zs’}) B3aMMHO-OJHO3HAYHO COOTBETCTBYET COBOKYITHOCTH {S} Hanpumep, ecim S ecthb

o ! !’
4acTHYHO onpejenennas Gpynkuus K -3snaunoit noruku F (Xl, X5y ns Xn) T0 £ € {ZF } , (ZF S {ZF })
dopMupyeTCs Kak 3aqada MOMCKAa BCEX COBOKYITHOCTEH (MHUHMMAJBLHON COBOKYITHOCTH) MEPEMEHHBIX,

CYIECTBEHHBIX s (Xi, ) S Xn) € { Fn} , TIe {Fn} - MHOECTBO BCEX YaCTUYHO-ONPEIETEHHBIX

dynkimit K - 3HaYHOM NOrMKH, 3aBUCAIIUX OT N - TIEPEMEHHBIX.
[IycTh OGBEKTY S COOTBETCTBYET MOHOTOHHAs (DYHKIHS (p( Vs Yoo yn) e M, 3angannas Ha

xoHeuHoii ctpykType M . Tlpuuem Bepxuue Hynau QyHKUMH (), B3aMMHO-OJHO3HAYHO COOTBETCTBYIOT
skcTpemymaM ¢yHkiMonana F oowexra S .
!
Bynewm cuutarth, 4TO 3a51a4a Z  COOTBETCTBYET 3aj1a4e PAcCMPPOBKU @, U Z g - MOHCKA M.B.H. ¢,

. Bynem roBopuTth 0 MoJHOM BEICHMHM MHOXKECTBA {ZS} 3aaue paciuppOBKH, €CIU IS 000 QyHKIHN

f us Mn CYIIIECTBYET Mn u3 {ZS} TaKasl, 4to (), = f. O6o3naunm uepes {fa} COBOKYITHOCTH (KJ1acc)
MOHOTOHHBIX GyHKUMA 13 M, y KOTOpbIX @ € M ecTb MaKkCUMasIbHbIH BEPXHUI HYJIb.

Byzem cuntath, 9T0 33ja4a Z COOTBETCTBYET KJIACCy { fa} , €CIH @ = { fd}, B ciyuae, korma

JUTsL TI00OT0 Habopa ¢ e M, cymecrByer ZS' TaKas, 4To (o, :{ fd}, TO OyleM TOBOPHUTH O TOJTHOM

CBEJICHUU COBOKYITHOCTH {Zé} NOUCKY M.B.H. QyHKUMA B M . B IPOTHBHOM Cily4ae CBEACHHE CYMTACTCS

HETIOJTHBIM.
§2. Kputepuu cBeieHus K 3a1a4aM paclin(ppoBKH M MOUCKA MAKCHMAJILHOI0 BEPXHEro HY.Is
JMCKPETHBIX MOHOTOHHBIX (PYHKIMIA.

B srom maparpade nOKa3bIBalOTCS KPUTCPUHM CBEIOCHUS K 3a1adyaM pPacIIu(pPOBKH H IIOMCKa
MaKCHMAJIbHOTO BEPXHET0 HyJIs TUCKPETHBIX AUCKPETHBIX MOHOTOHHBIX (DYHKIMH 33a7a4 00 ONTHMAIbHOM
MOKPBITHH CTOJHOIIOB OWHAPHOW TAONHIBI CTPOKAMH, MOMCKA MUHHMAJBHBIX TECTOB, TECTEPOB TAOJIMIL,
ONITUMAJIFHOTO POJODKCHNS YACTUIHO ONPEICIICHHBIX JJOTHYECKUX (DYHKIUH U T. 1.

Ilycts gp(n) ¢ynkuus lennona [5] nnst ¢ ans pemenus 3amaun paciuppoOBKH MOHOTOHHBIX

¢bynkiwmii B kinacce o . Mmeet mecto Teopema [1].
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Teopema 1. MuHUMaNBEHOE (p(n) YUCIIO OOpallleHUu! K oreparopy A, AOCTAaTOYHOE JUIA

BOCCTAHOBIICHHS TaOJUIIBI 3HAUCHUH QyHKIMNA f (Xv Xyyeees xn) B KJlacce O, yJOBIIETBOPSET CIEAYIOLIEi

BEpPXHEH OLCHKE:!

2 2 3
p(N)—F— [——=(1+&(n)), rtne €(n) >0 mpu n— oo.
@2 -7z Ja ™)

Teopema 2. Eciu cymiecTByeT MOJNHOE CBEIECHHE COBOKYITHOCTH {ZS} K 3a7ade pacmudpoBKU B
M .+ TO CBEJICHHE COBOKYITHOCTH {Z;} K MTOVWCKY M.B.H. QyHKIHH B M , SIBISICTCSI [IOJTHBIM.

JoxazarenscTBo. OUEBUIHO, YTO MOJHOE CBEICHUE COBOKYITHOCTH {ZS} K 3aJ1aue pacIIu(pOBKH
O3Havaer, uTo s moboi dyrkmun u3 M cymectByer Z_ 3 {ZS}, Ju1s KOTOpO# ¢ = f,

IMostomy mjist moGoro Habopa ¢ € M . CYLIECTBYET TaKas ZS', 4TO @, :{ fd} . CnegoBaTenpHO,
MOYKHO YTBEP)KIATh IMOJTHOE CBEACHUE {ZS'} MOUCKY M.B.H. QyHKIHH B M . Teopema noka3zana.

[ycTh f(xl,xz,__,,xn) - OyneBa (pyHKIHS, {Zf} - KJacc 3ama4 Z TOCTPOEHHS COKPAIIEHHBIX
ILH.G. 1715 Beex OyneBbIX QyHKiui f (x)

PaccMOTpHM MOHOTOHHYIO (YHKIHMIO () ( Yis Voreees yn) B S", cootBercTBYyMOIIYIO f (Xv Xyyenn) xn)
Teopema 3. CeneHue kiiacca {Z} K 3a7a4e pacin(pOBKH SBISICTCS] HETTOJIHBIM.
Hoxa3areanbcrBo. OHO CIENYeT U3 TOrO, YTO I MOHOTOHHOM (yHKIHH 1//( Yir Yoreens yn) B S"
TaKOH 4TO
n
. 1, ecnndeUUi,i<j<n
4 (a ) = i=]
0 —B mnpoTHBHOM Cily4ae

HE CYIIECTBYeT Z U3 {Zf }, 4To Y =@, -

AHAJIOrHYHO JOKa3bIBAETCS, UYTO CBEICHHE Kiacca {Z f} 3ama4 7, TOCTPOCHHUS COKpAIIEHHBIX

f
1.H.¢. vacTnunbix Gynkimii F, K -3a4H0i orukwm K 3a1aue paciiudpOBKY SBISETCS HEMOTHBIM.
ITycts F(xl,xz,,__,xn) - IIPOM3BOJILHASL HEBCIOMY ONpeneieHHaspyHkius K -3HauHON JOruKw,

Z'f - 3a7a4a I[OMCKA MHUHMMAILHOM COBOKYIIHOCTH II€PEMEHHBIX, CYINECTBEHHBIX Wit F u O -

MOHOTOHHasT OyneBa (GYHKIMA, cooTBeTcTByromias F . Jlomyctum, dro o, ,a ,...,q, - HyICBbIC
1 2 k

KOOPIMHATHI HabOpa (al, Oy an) € Ef .
TTonoxum

|0, ecim {Xil,Xiz,...,Xik}—TeCT TaOIAITBI

1 B npoTuBHOM ciydae

Teopema 4. JIns ¢ynkuuu Illennona M (n) MOWCKa M.B.H. B Kjacce {goF }n BCEX MOHOTOHHBIX
o n/2]+1
OyneBbIX (QYHKITHIA (r , COOTBETCTBYIOIINX F e {F}n CIIPABEIIUBO /u(n) = Cr[] M
JokasaTeabcTBo. U3 yrBepskaenus teopemsl 2 u [6] cremyer, uto mus modoro f ¢ M Haiizercs
TaKas F(xl,xz,,,,,xn), aro ¢ = f.

HerpynHo 3ameTnTh, YTO yTBEpKAEHHE TEOPEMBI 4 CHpaBeIMBO M IO OTHOIICHHIO K 3a/ade
TOMCKa MUHMMAIIBHOTO TecTopa K - 3Haukax Tabmuil.

Hyers T =Haij‘ - OunapHas Tabimua u3 M cTpok U N cronbuos. 3agaya 7! B {Z;},

min
COOTBeTCTByIOHIaH {T}, COCTOHUT B IIOMCKEC MUHUMAJIBHOI'O TECTa Ta6J'II/IHI)I. HOJ’IO)KPIM Q)T - MOHOTOHHAaAa
6yneBa (1)yHKL[I/I$[, COOTBETCTBYIOIIIAA T .

JomycTtum, 94To (ai VA e O ) HyJIEBBIE KOOpJMHATHI HAbopa (O‘i VO s )e Ef.
1 2 k 1 2 k
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ITycts
0, ecmn {X. X X }-TeCT Tabminel T

PERA SERRLTEA S

1 B mpPOTHBHOM ciydae

Teopema 5. Cenenue {Z; } K TIOMCKy M.B.H. Qynkumii B M - siBisieTcs HemomsbiM.

JokazarenbctBo. U3eectro [7], uto eciu X, X yoery X = TECT TAOIHIIBI T,10t> ]Iog ) m[ +1.
1 2 k
~ 2 ~ o ! !
Ilostomy, eciu uis HaGopa & B E Hopma |a| >n— ]Iog ) m[ —1 To He HaiimeTcs { Zf} c {ZT}
Takoi, 410, @ € { fa}- CenoBaTenbHO, CBEIEHNE {Z’} K MOMCKY M.B.H. (pyHkumii B M sBusercs
HETIOJIHBIM.
Teopema qokazaHa.

HyCTB 3ajJa4da Z{- COCTOUT B MMOUCKE MUHUMAJIBHOI'O IMOKPBITUA CTOH6HOB MmaTpuisl E = Haij‘

min
CTpOKaMH U Q)T - MOHOTOHHAasA 6yneBa (IJYHKI_II/I}I Takasd, 4To

0, ecrn {il, e Iy } -e CTPOKH 00pa3yeT MOKphITHE CTONOIOB T

e (e, .y =
1 B NpOTUBHOM CIlyyae

TAC o @ ,...,Q; - HYJICBbIC KOOPAHHATEI IPOU3BONBHOTO Habopa (0{1, Ay, O ) S En2 .

I

Teopema 6. Cenenue {ZT’} K IIOMCKY M.B.H. QyHKIMH B M = SBJISETCS MONHBIM.

~ . , . ~

HMoxasarenscrBo. [lycts @ - npousBosbHblii Habop E. ¥ 1, 1,,...,1, - HylI€BbIC KOODAHHATHI (X .
Hoctponm Gunapryto Tabmnuy T, . [Tonoxnm n=m. Crpoxku U,,U,,...,U, Tabmuubl BeiGMpaem Takum
o0pa3oM, 4To

U, =(1...0...00...0)
U, =(0...1...00...0)

U, :(O...O...Ol...O)
k

[IprueM ocTambHBIE CTPOKH Ta MOMAPHO Pa3JIMYHbIC W IEpPBbIe KOOPIUHATHI NPHHHUMAIOT
3HaYCHHUE HYJIb.

JIerko 3aMeTUTh, 4TO HAOOp (I ABIAETCA M.B.H. QDYHKIHH @ M@ € Mm. Takum obOpazom, mis

a a
moboro ¢ € E2 cymectByer Tabnuna T. Takas, 4To f
m CYHICCTBY a ’ ?r, e{ d}'

Teopema qokazaHa.

IMycts g)ﬁ:{fl, fyr, fm}- cucrema QyHkumid f, :{xl,xz,__,,xn}, i=1 m, anreOpsl JOTHKH.
3ajaua Z! COCTOMT B OUCKE MUHMMAJIbHOM COBOKYIIHOCTH IIEPEMCHHBIX, CYIICCTBEHHBIX Uit I U ¢ -

MOHOTOHHas OyseBa QyHKIM, cooTBeTcTBYOmAas It . Jlomyctum, a, &, ,...,q, -HYICBBIC KOODIMHATHI
1 2 k

2
Habopa (al,az,...,ak ) eE;.
ITonoxum

-\ |0, ecmn {Xil, X, seees X }-CymeCTBeHHaSI s N
¢m (0() - .
1 B mnpoTuBHOM Citydae

Teopema 7. Cenenue Zr'n K MOMCKY M.B.H. Qpynkiuii 8 M , SIBISIETCS TIOJTHBIM.

Jokazarenncrso. Ilycth ¢, - nponssonbHbii Habop EX i, I, Hy/eBBIC KOOIMHATHI ¢, U

210ens

~ ~ 2 ~
a,,..., 0, - NOIAPHO pa3IN4HbIC HAOOPHI MHTEpBAlIA Nd1 B E, HaTsaHyTOrO Ha HaOOph! . [TocTponm

m

CHUCTEMY Sﬁz{ f,f,. fm} Gynkumit f, ={x,X,,...,X,}, i =1 m, Takux 4To Ha BCex Habopax BeE?,
coepsKaIux (k —1) nyne#, f. (ﬂN) =0, f (d) =1i :1,_m.

H 6 E? m H
a OCTAJIbHBIX Ha Oan n q)yHKI_II/II/I CUCTCMBbI HC OHpeZ[CJ'IS[IOTCﬂ. epr,HHO 3aMCTHUTh, YTO

25



ILMIY AXBOROTNOMA MATEMATIKA 2021-yil, 1-son

{ Xy Xi e X } - MHHHMAJIbHAsE COBOKYITHOCTD, CyliecTBenHas i I, u Habop dl - M.B.H. QyHKIHH
1 2 k

@y » TIOITOMY @, e{ fdl} BM. .
Teopema qokazaHa.
Oyets f =2 v, v..v2 - cokpamennas nH.Qp. Gynesoit dymkumu f z{xl’XZ""'Xn}'

3amada Z'f COCTOHMT B IIOCTPOEHHMH Kparyaimei 1.u.¢. f = {xl, Xpyeenr X, }

ITonoxxum @, - MOHOTOHHas byHKIHS Mn cooTBeTcTBYytOmas f :{xi,xz,___,xn} u & Oy e O

2.
KOOpAMHATHI (ah Ne - ) eE’:

B 0, ecnm[f—)\iﬂ}:l
D= .

j=1

1 B IIPOTHBHOM ClIy4ae
Teopema 8. CBenenus {Z; } K MIOMCKY M.B.H. QyHKImi B M , ABIIACTCS HETIONHBIM.

Joka3arenncTBo. M3sectro [8], 4To 11 MaKCMMAIBHOTO 3HAYEHHS |k (n) - INTMHBI KpaTdanInein

Lof =]
IL.H.¢). OyJIeBBIX QYHKIHN f = {Xi, Xy yeeny Xn} - MIMEET MECTO PaBEHCTBO |, (n) = 2" Tlooromy, eciu
~ 2 n-1 , .
s moboro Habopa ¢ u E? Hopma |z| < 2" TO He CyIIECTBYeT 3a7a4n 7 TaKoH, uto ¢ { f, }
CremoBarenbHO, CBEICHHE {Z’f} K oMcKy M.B.H. Gynkimu B M & sBnsercs nenosubiM. Teopema

JI0Ka3aHa.
Iycrs 90 - cucrema m3 90 mepasencts. 3amaua Z | COCTOMT B IIOHCKE MAKCHMANBHOI

COBMeCTHOH mozacucteMsl cuctembl ). llomoxum ¢~ - MOHOTOHHas (YHKUHMs anreOpbl JIOTHKH,

COOTBETCTBYIOIIAA m, gpm (S M n I[OHYCTI/IM, qTo CAWUHHUYHBIC KOOPAWHATHI Ha6opa

A
2
(e, 0,00 ) € E.
0, ()= 0, ecmm i,li,,...,I HEpaBEHCTBAa M COBMECTHBIE
" 1 B mnpoTHBHOM cityyae

Teopema 9. Ceenienye Z K IOMCKY M.B.H. QyHKIHH B M = ABISETCS MOTHBIM.

Hoxka3zareabcrBo. Ilycts  cucrtema imq, (13 g< m) HUMEET  BUII X, = 0,i :]_,_q,

X+ X+ X, = —Cj, j=Lm-q+1 rae Nl, NZ,,,,, Nm_ - JIEWCTBHUTEIBHBIE TIOJIOKHUTEIBHBIC

g+1
qHCTIa, IPUYEM TIPH (=M, M = {Xi >0, i=1 m}.

HeTpyaHO 3aMeTHTh, 4TO eclu I Habopa ¢ € Erf1 HOpMa |07| €(, TO JUIA 3ajauM Z! TOMCKA

q
MaKCUMAaJILHON COBMECTHOH ITOACUCTEMEI m0| HMEET MECTO BXOXKJCHUE () € { f&} . Tak kak g= 1, m, To
mis HabopoB &, d,,..., 4, € E?, |d|:i MOXKHO 1OCTpOMTh crcteMbl N, 9M,,..., M, AT KOTOPBIX

Poy € { f&} eM,,i :]_,_m_ Teopema 0Ka3aHa.

Takum o00pa3oM, U3 YTBEPKACHUM JOKa3aHHBIX TEOPEM CIEAYEeT CBEACHHE pelleHUi
MIEPEYNCIICHHBIX TUCKPETHBIX AKCTPEMANBHBIX 33724 K PEIICHHIO 33124 PACIIN(POBKY MM ITOUCKA M.B.H.
MOHOTOHHBIX QyHKLMH M .

§3. IlonsTHe TecTa M CBA3B € CHCTEMO 0yJIeBbIX ypaBHEHUH
[IycTp 3amana Tabmuma (tabdmn.1) amemMeHToB, cocToamuxX U3 M cTpok (0OBEKTOB) U N cTONOIOB

(npusnaxos), npuuem ¢ €{0,1,....k =1}, k=1 j =1n,i=1m.

Tabmuna 1.
SX | % | % | X
1 2
S, |72 |72 | e o
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82 7; 722 .............................. 7;

Sm 7rln 7/; .............................. yr:

JUyist OIIMCAaHKS ¥ TIOCTPOCHHUSI TECTOB YIOOHO MOJIb30BATHCS AIAPaTOM AlIreOpbl JIOTHKH.
Mycrs T = {il, by it} - HEKOTOpBIH TecT. Paccmotpum S, S, u3 tabn.1. Tak kak T - Tect, TO

CYILIECTBYET TMpPHU3HAK xij eT, (1§ J gt) TaKoH, 4UTO aiil 0 aiil # aji.‘ OTOT  MNpHU3HAK,

jiv
CJICA0BATCIbHO, BXOJIHUT B MHOXCCTBO Tij — COBOKYIIHOCTH BCE€X IIPU3HAKOB, Ha KOTOPBIX 0OBEKTEI

Si u Sj pa3IuyaroTcs.

Takum 00pa3zoM, | - pe3ynbTar BeIOOPA MPU3HAKOB BCEX MHOXECTB Tij1 rae j, J =1m, (i + J)

CneayeT OTMETUTH, YTO MPUHIUIT BI>I60pa, I/ICHOHLS}/CMLII\/'I npu O6pa3OBaHI/II/I T y YCIIOKHSACT NOCTPOCHUE
TECTA.
HpI/ICTyHI/IM K OIMCAaHUIO ITOCTPOCHUSA TECTOB. Z[J'[f[ OTOT'0 HUCIIOJIB3YyEM alllapar peuICHUus CUCTEM

JIOTHYECKHX ypaBHEHHi. B camoMm nelne, 1mycTh Tij ={X1ij, Xigj,---'xlijji}' 3anuiieM MHOKECTBO T, B BuIC
ypaBHEHHS
9% X0 %)=L e (XXX ) =X VIS VLV (D)
SICHO, dYTO peIIeHHs (al,az,...,an) ypaBuenus (1), y KoToporo (ail’aiz""’aik ), k<t -
eIMHUYHBIC KOOPMHATHI, OYIyT 03HAYATh, YTO IPU3HAKH X; s X, yees X, TIPHHAIUIERAT MHOKECTBY T, , T.€.
pa3ianyaeT OOBEKTHI Sw SJ_ '

IMocTpouM crucTeMy JIOTHYECKUX ypaBHEHHH (2):
16 12 12

X v X v o o v xku =1
2 13
x; v xiF Voo v x; =1
s 13
1m 1m im _
x, % x5 v v o =1
2 2 23
x® v x28 v v x; =1
a3
xl1 " v x2" v v o =1
- 2m
(m—1)m (m—1)m (m—1)m _
-1 =1 X =
x; voooxg Voo eV Konetm 1 )
i
ne X €T

ij o
Bynem monarats 4to XiJ - mepeMeHHbIe anreOpbl Joruku. Torfa cucrema ypaBHEHHH (2)

SBJIIETCS] CUCTEMOM JIOTHYECKUX YpPaBHEHUI.
HerpynHo 3ametnth, uT0 crcteMa (2) COBMECTHA, TIO3TOMY JUTS €€ PEIICHHUSI UCTIONb3yeM

A(Xijvxizjv...vxii:ij)zL ILj=1Lm: ®)

i
IMonaras XIij A Xlij = Xlij , Xlij \% AXlij = XIij npuBeieM Boipaxerue (3) Kk BULY

):1 @)

q
\/(Xil v Xi2 V...V Xikj
i=1
IMpU4ICeM CyMMa HE 6y,I[CT COACPIKATDh JIMIIHUX CJIaraCMbIX.
Jlerko 3aMeTUTh, YTO KaXIOC CIAraeMoOe X X ,...,X, YPABHCHHS (4) Ha nBomuHOM Habope
1 2 j
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(al,az,...,an), Yy KOTOpOro (ail,aiz,...,a-

) CAUHUYHBIC KOOPAWHATDBI, IPUHUMACT 3HAYCHUC CIUHHIIBI,
iy

[I03TOMY TaKo# Habop (al, A,y an) SIBJISIETCS pelIeHUEM ypaBHeHus (4) u cucteMsl (2).

Teopema 10. [lycte K = x ,x ..., x - cnaraemoe BbickasbiBanue ypasuenus (1.10). Torma
o Xig e Xi
MHOKECTBO MTPU3HAKOB 00pa3yeT TYMUKOBLIMA TecT (Tabi.1.1), mpuueM YuCio cllaraeMbIX BHICKA3bIBAHUS B
(4) paBHO umCy BCeX TYMHMKOBBIX TecTOB. CIpaBeIIMBOCTh TEOPEMBI CIiEAyeT W3 TOro (hakrta, HTO

cIIaraeMoe COIEPKHT dJIEMEHTHI 13 KaXKI0H CKOOKH (X1U VR AVERVE'Y ) (3).
ij

3ameuyanue 1. Bompoc 0 HaXOXXICHWH TECTOB CBOAUTCA K ITOCTPOCHUIO MHOXKECTBA, KOTOPOE C
Ka)KIIbIM MHOYKECTBOM B BBIpakeHHUH (3) HMeeT, 10 KpaiHei Mepe, OMUH OOIIHI JIEMEHT.
3ameuanue 2. CnaraeMoe BBICKa3biBaHHE B ypaBHeHHH (4), cojepikaiiee MUHUMAIbHOE UYHCIIO
3JIEMEHTOB, COOTBETCTBYET MUHHUMAJILHOMY TecTy Tabu. 1.
§1.4. Tectepbl u cucTemMbl OyJeBbIX YPaBHEHH

* * *
IycTs Ep :{0,1,_,_, p—]_}, T, T,,..., T - IpAMOYroNbHBIE TAGIHMIbI C dIEMEHTAMH H3 E,
Ilycte T = {xi1 , xi2 reees xit } - HEKOTOPBIN TecTep. PaccmoTpum Si = kl_ Tak xak T - TecTep, TO CyIIeCTByET
NpU3HAK X, eT Takoii, 4yTo o =ay. OO6o3HaYNM Yepe3 MHOXKECTBO BCEX MPU3HAKOB, Ha KOTOPBIX
| |

0OBEKTHI Si nu Sj M3 KJIaCcCOB kp u kl COOTBETCTBEHHO Pa3invarOTCA. O‘{eBI/IZlHO, 4uTo T €CTh pE3yJIbTaT

BEIOOpA MPU3HAKOB U3 BCEX MHOXKECTB Tij'p , e i =1, m,.

Jia popMupoBaHUSI TECTEPOB HCIOJB3YyEeM allapaT PElIeHHs] CHCTEM JIOTUYECKHX ypaBHEHH.
bynem nonarars, 910 X;, X, ,..., X SBISIOTCS OyIIeBBIMU [T€PEMEHHBIMI.

ITycTs Tij'ﬂ = {Xh’sz v X }1 (q < t), Kas u B ciiy4ae TeCTOB, 3alIHMIIIEM MHOYKECTBO Tij'P B BUJIE
q

JIOTUYECKOTO ypaBHEHUS
rue

gij,p(xl,xz,...,xn)zl, gij,p(xi,xz,...,xn)zlevszv...vqu.
ITycts L - cucrema tornyeckux ypaBHEHUH gijlp(xl,xz,,_,,xn) =1 rne
i=Lm, j=1Lm, l,p=1 o i=]j, p=l

AHaJOrMYHO TecTaM cucTeMa L NmpuBoauTCs K BULY

q
v O (X, X0 X, ) =1 ()
i=1

ITycTs ypaBHenue (5) nmpeacrasisercs B BUIE

g
\/(XilVXiZV---V Xik')zl’ (6)

t=1

rae x; € (xl, Xy yoeey X ) Toria UMeeT MECTO CIIELYIOLIAs.

Teopema 11. CosoxkynHoctu | ={x. . X } i=1 q 00pa3syloT TYIHKOBBIE TECTEPHI
j (AR PERELERA N ) y

3TAIOHHOM TaOMHIIEI, IPHYEM HX YUCIIO PABHO YHCITy claraeMbiX i =1, p B ypaBHeHuH (6).

3akioueHue

HccnenoBanbl pemieHUs HEKOTOPHIX KIACCOB JMCKPETHBIX AKCTPEMANbHBIX 3amad. JlokazaHbl
TEOpPEMBl O CBEICHUM HCCIICJOBAaHHBIX KIACCOB AMCKPETHBIX JKCTPEMalbHBIX 3a/lad TaKhx, Kak o0
OIITUMAJIBHOM l'[OKprTI/II/I CTOJ'I6HOB 6PIHapHOI>i Ta6J'[I/IIH)I CTpOKaMI/I, IMoncKa MHHHMAJIbHBIX TECTOB,
TCCTCpOB Ta6JH/H_I, OIITUMAJIBHOT O HpO}lOJ’I)KCHI/IH YaCTUYHO onpe;leneHme JIOTUYCCKUX (byHKHI/Iﬁ UT. O K
3a/1a4e pacuIupoBKH U MOKCKA MAKCHMAIBHOTO BEPXHET0 TUCKPETHBIX MOHOTOHHBIX (DYHKIIHH.
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VJIK: 517.9
3AJIAYA KOIIIH /151 CACTEMBI YPABHEHMI MAKCBEJLJIA

K.O.Maxmynos
Camapranockuil 20cy0apCcmeeHublll YHUsepcument

AnHotanus. B pabote paccmarpuBaercsa 3amada Komu s 0600mEeHHONH CUCTEMBI ypaBHEHHA

Makcaemia. [Toctpoena dopmyna Kapnemana 11 BOCCTAHOBJIEHHUS PEIIEHHE TI0 €€ 3HAUYCHUAM Ha O.
Kmouussbie cioBa: 3amxaua Ko, kommeke e Pama, hopmyna CtpatroHa-y,
(dhopmyna ['puHa, onepatop Xomka.

Maksvell tenglamalar sistemasi uchun Koshi masalasi
Annotasiya. Ushbu ishda umumlashtirilgan Maksvell tenglamalar sistemasi uchun Koshi masalasi
garalgan. Soha chegarasining bir gismi S da berilgan funksiyalarga ko’ra Karleman formulasi olingan.
Kalit so’zlar: Koshi masalasi, de Rham kompleksi, Stratton-Chu formulasi, Grin formulasi, Xodja
operatori.

The Cauchy problem for the system of Maxwell equations
Abstract. In the paper considers the Cauchy problem for the generalized Maxwell equations.

Carleman's formulas are obtained for recovering a solution from its values on S.
Keywords: Cauchy problem, de Rham complex, Stratton-Chu formula, Green formulas, Hodge
operator.

Bgenenmne.

Xopomro W3BEeCTHO, 4TO 3amavya Komm A SJUIMITHYECKUX YpPaBHEHUM W CHCTEM SBISIETCS
HEKOPPEKTHOM BO BCEX CTaHAAPTHHIX (PYHKIIMOHAIBHBIX MPOCTPAHCTBaX. TeM He MeHee, OHA €CTECTBEHHO
BO3HHKACT B NPWIOKCHUSAX: B TUApoAnHaMuKe (kak 3amada Komm mnms romoMopdHBIX (YHKIHUH), B
reopusuke (kak 3amada Komum ans omeparopa Jlammaca), B Teopum ynpyroctd (kak 3amgada Komm st
cucremsl Jlame), B anekTponnHamMuke (Kak 3amada Komm mis cucteMbl MakcBeia) U T.0. DTHM 3aJ1adaM
TIOCBSIIICHO TPOMATHOE KOJIMYECTBO PabOT TAKUX M3BECTHBIX MaTeMaTHKOB, Kak XK. Anamap, T. Kapmeman,
I'M. Tony3un, B.1. KpeutoB, M.M. JlaBpentbeB, B. MBanoB, JI.A. AiizenOepra, A.Keitmanos, I11.
SApmyxamenos, H.H.Tapxano, A.A. IlnanyHoBa u gpyrux. OmHa w3 mepBbIX (Hopmyd,
BOCCTAHABJIMBAIOMIUX TOJOMOP(GHYIO (BDYHKIHIO B 00JACTH OTHOTO CIICIHATBHOTO BUA IO €€ 3HAYCHHSIM
Ha YacTW TpaHUIlbl, Obula mpemiokeHa KapiemanoM, a GopMynsl MOg0OHOTO poAa CTajdd Ha3bIBATHCS
dbopmynamu Kapnemana. Bee atu u MHOTHE Apyrue GOpMYJIbI, a TAKKE UX MPUIOKCHHUS MPEJACTABICHbI B
moHorpahuu JI.A.Aiizen6bepra [1]. B konme XX cromeTusi ymanoch MOHSATh, 4TO 3amada Komrw s
AITUNTUYECKUX CHCTEM JIMHEHHBIX YpaBHEHWH SKBHBAJICHTHA JpPYyroll HEKOPPEKTHOH 3amade: o0
"aHAIUTUYECKOM  MPOJODKEHWH" C  MEHBIIEr0  OTKPBITOTO MHOXecTBa Ha  Oombmiee.  Jlns
MEPEONPEAETCHHBIX JJUIMIITUYECKUX CHUCTEM JTOT IOAXOJl, OCHOBAaHHBIA Ha METOJE MHTErpPabHBIX
TpeACTaBIIicHUN, W paspaboranHblii mpu ydactuu JI.A.AizenOepra, A.Kerrmanoma, H.H.Tapxanosa,
A.A IllnanynoBa, M.B.llecrakosa, [.JI.dequenko m Ipyrux, TakkKe OKa3aJcs BIOJHE MPOAYKTUBHBIM
TEOPETUYECKU M TPAKTHYSCKH: OBUIM TTOCTPOCHBI MPOCThIC (YOPMYIBI Ui TOYHBIX W IPUOIHKCHHBIX
peurennii 3amaun. B paGote [4] , HE TOJBKO MOMYYEHBI YCIOBUS pa3pemmMocTd 3aaaun Korim, HO U
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noctpoeHa ¢popmyna KapremaHa st CHCTEMBI ypaBpeHEHHMiT MakcBemnoBckoro Tuma B R". Jlannas
paboTa mocesieHa 3anayaM Komu ais cucteMbl ypaBHeHHH MakcBesuia. 31eCh MBI ONHACATH CHCTEMBI
ypaBHeHHII MakcBeia B TepMHHax Komiiekca ge Pama B R® T.e. cucrema ypaBHeHH Makcsena
npejcTaBieHa Ha si3bike quddepenipanbbix Gopm, [4],[6]. 3mecs mpUBOIUTCS KOHCTPYKIUS MATPHUIIBI
neBoro (hyHIAMEHTaJbHOTO pEIIeHUs CHUCTEMBbl ypPaBHEHHH OJJIEKTPOJMHAMUKUA CHEIHMaJIbHOrO BHUJA.
[Tomyuennas 3nech obobmeHHas Gopmyna CtpaTroHa-Uy sSBISETCS OCHOBHBIM pabovMM HHCTPYMEHTOM
Hacrosmiel paboTel. Takke ykaspiBaeM pa3yMHOE yCIOBHUE pa3pemmmMoctd U ¢popmyny Kaprnemana mis ee
peleHusl.
1. Cucrema ypaBHeHuii MakcBe/Lia

HAns  TmpOCTOTHI  OTpaHUYMMCS TapMOHHYECKUMH  DIIEKTPOMAarHMTHBIMH — BOJHAMH. Torma
3JIEKTPUYECKUE U MarHUTHBIE TOJIS C AJIEKTPUUECKON MPOHULIAEMOCThIO & , MArHUTHOW MPOHUIIAEMOCTHIO
4 TIPOBOJVMOCTBIO O M YacTOTOH (U MMEIOT aCHMITOTHYECKUH B

E(t,x)=(s+ic/w)™?e " E(x),
H(t,x) =z "% "H(x).

W3 cucremsl ypaBHeHI/Iﬁ MakcBenna ¢ HpOI/I3BOHLHOﬁ 3aBUCUMOCTBIO OT BpEMCHHU

—&(d/dt)E +rotH = oE,
u(d/dt)H +rotE =0,

HNMECM, UTO 3aBUCANINE OT MPOCTPAHCTBEHHBIX KOOPAWHAT YaCTU moneit £ u H YAOBJICTBOPAIOT CUCTEME
ypaBHCHI/Iﬁ Makcgeia B TapMOHHNYCCKOM DPEIKNME

ikE + rotH =0,
—ikH + rotE =0,

2 . 2
rie BomHooe uncio K 3amaercs mepaxenneM K = (& +io/w)uw®. Brbepem 3uax Bemmaunsr K

)

TaK, 4T00bI BeITONHsIOCH yeosue IMK > 0,[8].
Beipaxkenue cucrembl ypaBHeHuit Makceemia (1) B TepmuHax aupdepeHMaTbHbX  (GopM
MIPUBOMT K JajbHeHeMy 0003HAYCHUIO U KOHIIENITYyaIbHOMY YIIpOIleHH 0. BBenem komimieke ae Pama B

R®
0——Q°(R})— -0 (R — 50’ (R) —— O°(R®) ——0

3nece Q°(R?) - npoctpancteo rnamxnx dpysxumii ma R® , Q'(R®) - mpocrpancteo 1-dpopm, To

ecTb Qi(Rg)-HpOCTpaHCTBO i -dpopm. Torma moxem BbiOpath E kak auddepermmansuyo hopmy U

crenenn 1, H - xax quddepennmansuyio popmy f cremenn 2. Bone sBHO, MBI OTOX/IECTBIAEM BEKTOD

E=(E,E,,E,) ¢ 1-popmoii  U=Edx" + E,dx* + E,dx* u sexrop H =(H,,H,,H,) ¢ 2-
dopmoit f=H, *dx*t+ H , *dx® +H 3 #dx® rtae * omeparop Xomka. Torma IOtE B tounoctn
coorserctyer AU u FOtH ¢ d” f , rae d”=% d % ¢opmanbho conpsuxEnubrii onepatop ms d .

C nomousto oneparopos d 1 Q) —» Q™ nd Q' > Q"
CTPOMTCA XOpOUIO H3BECTHBIN ONEpaTop WM, MHade, JamiacuaH ae Pama A=dd +dd*, KOTOpPBII
SABJIACTCS (I)OpMaJILHO CaMOCOIIPSKEHHBIM ~  HEOTPUIATCJIbHBIM  SJUJIMIITUYCCKUM Z[I/I(l)(bepeHLlI/IaHLHLIM
oneparopom Broporo mopsiaka A: Q' (X) — Q'(X). Oneparop d  compsxen ¢ omepatopom
BHELIHero Au(depeHInpoBaHus OTHOCUTENBHO CKAISPHOTO [IPOU3BE/ICHNUS

(du, f)=(u,d ) e UeQ(X) 5 feQ™(X)

Oneparop A xommyTupyer ¢ aByms ncxombivu oneparopamu A =Ad u d"A=Ad", u oneparopom
Xomka % A=A %, Koropslii SBISETCS H3BECTHBIM H30MOP(OHU3MOM BEKTOPHBIX MPOCTPAHCTB, K
Q'(X) > Q7(X).

T.€.
* dx' =(=1)"dx AdXE A Ad XA AL ADX
Hus 1-popmsr:
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E E E
du =d (E,dx"' + E,dx* + E,dx®) = [6 = dx! + ° = dx? + ° - dx3jdxl +
OX OX OX

E E E
+ 6E12 dx* + 8E22 dx? + 8E§ dx® |dx? + o 2 dxt + o 2 dx?® + o 2 dx® |dx®
OX OX OX OX OX OX
E E
= o 2 —an dx? A dx® + a—E;—a 2 ldx® Adxt + aEf —aEzl dx* A dx>.
OX OX OX OX oX OX

Jus 2-dopmsr:
d” f=&d % f =k d(H,dx" +H,dx* + H,dx®) =

oH oH oH oH oH oH
=| —2 - —F |dx +| -2 |dx® | —E —— |’
OX OX OX OX OX OX
Takum obpasoM, cucteMa ypaBHeHuit Makcsesuia (1) MoxkeT ObITh 3alicaHa B BUIE
iku+d” f =0,
—ikf +du =0,

3
KOTOpasi IMeeT CMBICIT He Toibko Ui auddepenmmansasix popm U u f cremenn 1 m 2 B R, a taxoke

(2)

nnsa muddepennmansaex Gopm U u T cremenn i u i+1 coorserctBenno B R", rme —1<i<n,

Onpenenenne 1. ITycmoy —1<1<3. Onepamop Maxcsernra ona komnnexca de Pama 6 R® na waze
i 3a0aoum kax
vi_[ik d "
d'" —ik

C apyroit croponsy, npumenss 0 k o6enm croponam u3 ikU+d ™ f =0, saxmouaem, uro d"™ u =0,
ecn K # 0. Ananornuno, us —ikf +du =0, cnenyer, uto d'™ f =0 ecom kK #0.
XapakTepHEIM M BaKHBIM TIPAMEPOM CHCTEMBI dIUTHNTHUecKoi mo Jlyrmucy-HupenGepry u He

o . 3
>MnTHYECcKoi 1o [leTpoBckoMy, sBIseTCs cucTeMa ypasHennii Makcsemna (2) B oomactu X < R”.

Ilpumep
B cnyuae kommiiekca ne Pama B R® mamare =2 cucrema ypaBHeHui MakcBeiuia (2) uMeeT BU/
—iku+ gradf =0,
. . 3
—ikf +divu =0, ®)

st cucremsi (3) Beibepem Habopel S u 1, Hanpumep, Buie
s=(-1-1,-10) n t=(1112).
COOTBETCTBYIOIas IMIaBHAs 9acTh onepatopa M’ umeer Bux
—-ik 0 0 o,
0 -ik 0 0,
0 0 -—-ik 0,
0, 0, 0; O

Mit(D)z

BhinuceiBaeM XapakTepUCTHYECKUI MHOTOUIEH M 52 (D(&))

ace onpe;lenmenb
detM2 (D(&) = k(&2 +&2+&E2) =0 k=0, £ eR*\{0}.

TIpUXOMM K BEIBOAY O TOM, 4TO cicTeMa (2) Ha mare | =2 sBIIseTcst IUIHITHYSCKOI 110 Jlyriucy-
HupenGepry.
2.®opmyJia CtpatToHa — Uy
st nzydenus 3anauu Kol Hy)KHO HEKOTOpOE MHTerpajibHOe npeacTapieHne. OObIYHO OHO
CTPOMTCS C TIOMOIIBIO ITOIXOMIEro (PyHAaMEeHTaIbHOTO peneHus 1 popmynsl ['puHa. UToObI 3Ty
CIIO’KHOCTH O0OHTH, MOXKHO, HAIIpUMEp, I0I00paTh ONepaTop
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C:[ik+(1/ik)dd* d’ j

. e 4)
d —ik—(1/ik)d"d

TaK 4ToObI OMIa OBl CTIpaBEIITUBO
Jlemma 1. Kax onpeoeneno sviue, C yooenemeopsem

CM=MC=[A_k2 0 j
0 A-k?
]_IOKaSaTeJ'ILCTBO.
CM:( —k?+dd" +d’d ikd*+(1/ik)dd*d*—ikd*]
ikd — ikd — (1/ik)d "dd dd” —k? +d"d

(A-k? 0
0 A-k?)

[ycts X KOMIIAKTHOE MHOTOOOPA3He ¢ KPaeM TIaIKO BIOYKEHA B OOJIBIIYIO

i o ' 3
C” muoroo6pasue X', u nocnenoBarensHoCTh e Pama onpenenena Ha Beer X' < R”.
Jlemma 2. [lcesdoougpghepenyuanvuviii onepamop

o [ Glk+/ik)dd") Gd”
- Gd G(—ik — (1/ik)d"d)

!
ecmp n1e6oe (ynoamenmanvroe peuenie onepamopa Maxceenna M na X',
Joxka3zateabcTBo. 13 nemmbl 1 cpasy cienyer, 4To

G 0
@ = oC
o o)

sABIIAETCS J1eBBIM PyHaMenTanbHbM pemenneM M . Ocraercs 3amennts siBHOE Bhipaxenue (4) mis C.
Teopemal. /[ua xawcowx UeH (X,F) u feHYX,F Hl), Y00671€mME0PAIOUIUX
M'(u, f) =0 suympu X , cneoyem, umo

[0 y)(i”(f) st -

(U(X)J, ecuu Xe X \oX,
—v at(u)

f(x)
0, ecu xe X'\ X.

31ech, V(y) SIBIISIETCS. BHEIIHUM €IMHUYHBIM BEKTOPOM HOPMAIIU K IPaHUIIE B TOUke Y € oX , ds

HOBEPXHOCTHAs Mepy Ha X .
JlokazaTrenncTBO. DTa (hopMyJa SIBISETCSA YaCTHBIM Cy4aeM obrieii ¢popmyisl 'puna [7], roe

(M) Z( 0 o )}
o(d) 0
st knaccuueckux ypaBHeHuii MakcBema (opmyna teopemsl 1 uzBectHa kak (opmyna Crparrona —
Uy, cm.[8]. B aToM ciydae oH mposiBiisieT O6ojiee YTOHUEHHYIO CTPYKTYpPY, MOCKOJBKY (yHIaMEHTaIbHOE
pemenrne @ MOXKHO 3aIUCATh SBHO.
Caencreue 1. ITyems (U, T) sensemca onexmpomaznumnoii eonnoti 6 X,  onexmpuueckas
komnonenma U u  macuummuas xomnonewma T, xomopoi aensemca nenpepvignviMu 6n10Mb 00

@/ikyd*d —d* in(f) u(x)
(— d — (1/ik)dd *j Dfxe(x - y)(— VA t(u)JOIS - ( f (x)j

ons ecex x € X \OX | u nesas uacmo ucuezaem daree om X .
Joka3zatenbcTBo. U3 (4) 1erko BRIBECTH, YTO

epanuywl. Toeoa

Q)
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%(A—kz—d*d) d*
_ |1

C= 1 , .
d —2o (A=K —dd)

TaK 4ToO

~Ldtde(x—y)  de(x—vy)
P(x,y)=- K 1
de(x — v) T dd’e(x —y)

B R®\{y} m1 (A+k?)e(x—y) =0 Bram or Hayana KOOPJMHAT.
Jl7s 3aBepIeHus JIOKA3aTENbCTBA JOCTATOYHO UCTIONB30BaTh TeOpeEMY 1 U 3aMETHTE, UTO
o(A)(v) = |V|2 Ek3 = Ek3 B HAIIIEM YaCTHOM CJIydae.
Jlerxo MOXHO TTPOBEPUTH UTO,
Lga  —ar 0 ~Lara—k?
M| K _ ik
—d —Xadr| | Ldia-k?) 0
ik ik
cremoBaTenbHO, seBas uacTh (5) yaoBIeTBOpseT ypaBHeHmsM Maxcemra B RP\OX  mis Beex
uHTerpupyemsix ¢yukimit t(u) u n(f) na rpanuma. Takum 00pa3soM, MbI NPUXOIUM K TOMY, YTO

00BIYHO HA3BIBAIOT HHTErpasioM Tumna Koriu, cBA3aHHBIM ¢ ypaBHeHUssME MakcBera, [7].
3. ®opmyma Kapiemana ajs yacTu mapa
Kak yxe ymomuHanzocs B 1-oM MyHKTe, KJIaccuueckasl cucteMa ypaBHeHus Makcsemna (1) umeer
BUJ:

ikE+d"H =0,

—ikH +dE =0,
e £ u H ¢ynxumit B samkayToit o6mactn = X < R® ¢ smavenmsmu B R®. Ecm E BBOmmtcs B
ykasaHHBIX mpenenax 1-opmoit 1 H  2-popmoii i kak BHemmuit mpomssousii d Tak u dopmanbHO

conpsukenHoe  d* MoryT 6biTh oToxkaecTBIeHs ¢ oneparopoM Ol B BexTopHbIX moMsx B R® .

B pabore [2] H.H TapxanoBbiM U A.A IllnamyHOBBIM MPOBHICHO HCCICAOBAHHE JOCTATOYHO
OOIIMX JUIMNTHYECKNX CHUCTEM M JAHbl KPUTEPUH Pa3peIllUMOCTH COOTBETCTBYIOIIMX 3amad Komm, a
TaKxke (GopMynbl AT MX PEHICHUS B TepMHUHAX 0a3MCOB C JABOMHONW OPTOrOHAIBHOCTHIO. MBI IPHUMEHHM
3TOT METOJ K pemieHuro 3anayu Komwm 1 OAHOPOJHOW CUCTEMBI ypaBHEHUH MakcBenjia B 4YaCTHOM

ciyuae, korma X sBisercst yacthio mapa B = B(0, R) ¢ uenrtpom (B Hauane) B Hyse u paguycom, R >0
IpexJae uYeM pa3BHBaTh TEOPUIO B oOmeM ciydae. IlycTh S sBOseTcs TIiamkoll  3aMKHYTOI
THIEPIIOBEPXHOCTBIO, B B, KoTopas He mpoxoaut uepes touky X = 0 u paséusacr B Ha nse o6nactu.
OGo3Haunm depe3 X TOUKy, KOTOpAs He COACP)KHT Hadano. Ero rpaHua COCTOMT M3 TOUKH S H 4aCTH
C(l)ep]:] aB B R3 . MEuI CUHUTaEM, 4TO 3a7a4a O HAXO0XKXJICHHUHU BHGKTpI/ILIeCKOFO 10J14 E 1 MAarHuTHOT'O ITOJIsA
H B X c 3amanHbIME TaHTeHIManbHOM kommonenToii E, B E n HopMansHoit kommonenroit Hy B H

Ha S.

IMTpumensist cnenctBre 1 K CHCTEMBI KITaCCHYECKMM ypaBHEHUsM MakcBeiia noiaydaeM Gopmyiy
Crparrona-Uy, [4].

Teopema 2. ITyemv (E,H) ssisemcs snexmpomazuumuoii eommoii 6 X, snexmpuueckas

komnonenma E  u maemumnas xommonenma H | xomopoii sensemcs nenpepwignvivu  énioms 00
epanuywl. Toeoa

(1/ik)}d*d -d=* -1 exp(ik | x—y|{in(H) E(x)
) 0 - ds=
—d —@Q/ikydd*) J 4z |x-y| —v At(E) H(x)

ons 6cex X € X \8)( , U 1eedsd 4acmov ucdesaem danee om X .
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Takum o06pa3oM, MOIXy4UM Tak Ha3biBaeMylo (yHkuuio Kapnemana nis pemenuit 3anaun Kommu.
A nMeHHO

(@/ikyd*d —d* 1 epik|x—y| LW j
SO _(mk)dd*]( 3y RS S ol ek |

g depeHITHaATBHBIN OIIepaTop C MPaBOW CTOPOHBI, IEHCTBYIOIIMIA IO TEpeMeHHOH X .

Teopema 3. ITycms (E, H) anexmpomacuummvix éonn ¢ X nenpepwisnvix enioms o S . Tozda
E in(H
() = lim [ K, (x, y) H) s
H(x)) No=g —v At(E)
onsiecex x e X \oX .

B [5], [7], [9] paspaboraHo HECKOJBKO MOAXOIOB K 3amade Kommm mjasi pemieHuil JTHHEHHBIX
JIUIMITUYECKUX YPAaBHEHUI C JaHHBIMU Ha 4acTd rpaHuipbl. OHU JAIOT HE TOJBbKO SBHBbIC GOPMYJIBI THIIA
Kaprnemana mist pemieHuid, HO ¥ yCIOBUS s AaHHBIX KoIw, KOTOpble HEOOXOIMMBI M JOCTATOYHBI IS
pemenns 3agaun Komm. Pe3ynbTaThl JOBOJNBHO MOPA3UTENBHO IOKA3BIBAIOT, YTO 3ajada Kommmwm s
JJUIMITUYECKUX YPaBHEHHWIl mepeorpeneneHa. JTo pa3peliuMo Ui TOHKoro Habopa maHHbix Ko, u
mo3TOMy Jitobas ommbka B JaHHbIX Komm mnpuBogut K Hepaspemumoctd. [lo 3Tod  mpuumne
BapHAIMOHHBIA MOAX0M K 3amade Kommu Iuis 3JUTMNTHYECKUX ypPaBHEHUH MPEICTaBISICT MPAKTHYCCKHUN
uHTEpec. DTO paboTaeT TaKkKe B ClIyvae HEIMHEHHBIX dJUTMITHIECKUX ypaBHeHuid, cM. [3]. B 6omee obmem
[IaHe mpobJieMa COCTOMT BO BBEACHHH Pa3yMHbBIX KIIACCOB MPHOIMKEHHBIX pelleHuid. B 3ToM cMbicie
mrobas dopmyna Kaprmemana, Takas kak (GopMmyia TeopeMmbl 3, JaeT MPUOIIDKCHHBIC PEHICHUS 3aladd
Ko ¢ 1aHHBIMU HA TPAaHUYHOM OTPE3Ke Ui ypaBHeHHs: MakcBeuia.
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VIIK 517.946
PETYJISIPUSALIMS PELIEHUE 3AIAYA KOIIM JJIS1 YPABHEHUS JIATUIACA B
HEOTPAHUYEHHOW OBJACTH

Typcynos ®@.P., Ilogues J1.C., Tyxraesa X.X.
Camapranockuil 20cy0apcmeeHHblll YHUsepcumen
farhod.tursunov.76 @mail.ru

AnHoTaums. B crarbe n3ydaercss 3ajada MpoAoJDKeHME pelleHus 3agada Komw [y ypaBHeHUs
Jlamtaca B obmactu G 1o ee M3BECTHBIM 3HAYEHWSIM HAa T[JIaAKOM dvacth S rpaHuipl OG .
PaccmarprBaeMast 3ajada OTHOCHTCA K 33JadaM MaTeMaTHYecKoH (M3MKH, B KOTOPBIX OTCYTCTBYET
HeTIpephIBHAsT 3aBUCHMOCTh PEUICHUI OT Ha4yaJdbHBIX NaHHBIX. llpenamoraraercsi, 4To pelIeHHe 3axadn
CYIIECTBYET M HeMpepbhiBHO auddepeHnmpyeMo B 3aMKHYTOH 00JacTH ¢ TOYHO 3aJaHHBIM JIAHHBIMH
Komm. [Inist 9TOTO Cydast ycTaHaBIMBACTCS sIBHASL (POPMYIIa POTOIDKEHHS PEIIICHUS.

KawueBbie ciaoBa: 3agaga Komm, HekoppekTHble 3amaunm, QyHKmms Kapiemana,
PeryIsipr30BaHHbBIC PELICHUS, PETYIApU3alis, (OPMYIIBI IPOIOTDKEHHS.
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Laplas tenglamasi uchun chegaralanmagan sohada Koshi masalasi yechimining regulyarizasiyasi

Annotasiya. Maqolada G soha chegarasi G ningbirgismi S sillig chizigda berilgan giymatlariga
ko’ra, Laplas tenglamasi uchun Koshi masalasi yechimini davom ettirishi garaladi. Qaralayotgan masala,
matematik fizikaning yechim boshlang’ich shartlarga uzluksiz ravishda bog’liq bo’lmagan masalalari
gatoriga kiradi. Masalada yechim mavjud va biror yopiq sohada uzluksiz differensiallanuvchi, hamda
Koshi shartlari aniq berilgan deb faraz qilinadi. Bu hol uchun oshkor ko’rinishda yechimn
iregulyarizasiyasi quriladi.

Kalit so’zlar. Koshi masalasi, nokorrek tmasalalar, Karleman funksiyasi, regulyarizasiyalashgan
yechim, regulyarizasiya, davom ettirish formulalalari.

Regularization solution the Cauchy problem for the Laplace equation in an
unlimited region

Abstract. The article studies the problem of continuation of the solution of the Cauchy problem
for the Laplace equation in a domain G by its known values on the smooth part S of the boundary 0G .
The considered problem belongs to the problems of mathematical physics, in which there is no continuous
dependence of solutions on the initial data. It is assumed that the solution to the problem exists and is
continuously differentiable in a closed domain with exactly given Cauchy data. For this case, an explicit
formula for the continuation of the solution is established.

Keywords: Cauchy problem, ill-posed problems, Carleman function, regularized solutions,
regularization, continuation formulas.

Ilycte X = (X11 X?_), y= (yl, y?_) € R? touku JBYMEpHOro EBKIMIOBOrO NpOCTpaHCTBA U G-
2 T .
HeorpaHuyeHHas oonacts B R” nexawas sayrpu nonocst 0 < 'y, <h, h=—, p >0 rpanuua, xoropoii

cocrontr u3 npamoii 1 :Y, =0 n nexoropoit xpusoiiS:Y, =F(Y,) ynoenersopsioweii ycnosusm

0<F(y,) <h, |F'(y) <M <oo. onoxmm G =G uUdG, 9G=SUT.

Hpe[{HOHOM(I/IM, YTO AJI1 HEKOTOPOTO bO > 0 BBITIOJIHACTCA YCIIOBUA:
[ expf-bychp, | y'[}dS <0, 0< p, < p.
oG

B o6nactu G paccmoTpum ypasuenue Jlammaca

o°U  o°U
+

oy, oy,

=0. )

O0603Ha4YNM

K, (G)={U(y) e C*(G) "C*(G): U(y) +gradU (y) <exp[o(exp o| y' ). | y'|->, y €G}.
Mocranoska 3axa4a. TpeGyeres naiitn rapmonnyeckyio gpynkumio U (y) € K (G) , y kotoporo

HU3BCCTHBI 3HAUYCHHA HA YaCTU S rpaHruIbl GG , T.€

U(y). = F(y). a”Tﬁy) -

31ech f(y)eC'(S)ug(y) €C(S)3amamusie  ¢ynxuum u  O/ON-  omeparop

muddepeHnupoBanus o BHemHe# Hopmanu k 0G .

PaccmarpuBaemast 3amada (1) - (2) OTHOCHTCS K HEKOPPEKTHBIM 337a4aM MaTeMaTHYeCKON (DU3HMKH,
T.K. OTCYTCTBYET HETIPEPbIBHASI 3aBUCHMOCTb PELLICHHS OT HA4alIbHbIX JAHHBIX.

B pa6ore [3] A. H. TuUXOHOB yKa3aj MPakTHYECKYIO Ba)XKHOCTh HEYCTOMYMBBIX 3a/1a4 U ITOKA3aJl, 4TO
€CIIH CY3WTh KJIACCBO3MOXHBIX PEIICHHUIN 10 KOMITAKTa, TO U3 CYIIECTBOBAHMS MEIUHCTBEHHOCTH CIICAYET
YCTOMYMBOCTB PEIIEHMUS, T.€. 33JauaCTaHOBUTCS YCTOHUMBOM.

B [1] T. Carleman ycranoBun ¢opmyiy, natomuryio peuieHue ypaBaenuii Komrn-Prumana B obnactu
crienuanbHOro Buja. PassuBas ero waero, I'. M. Tomysun u B. U. Kpeuios [2] BeiBenu dopmyny mis
OTIpENICNICHHsT 3HAYCHUH aHAJUTUICCKUX (YHKIHMU IO JaHHBIM, U3BSCTHBIM JIMIIb HAa yYaCTKE TPAHUIIBL,
yXKe JUId TpOM3BOJIBHBIX obOmactei. @opmyna tunma Kapnemana, B KOTOpoil Hcmosb3yeTcs

a(y). )
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¢dbynaaMenTanpHOe penieHre AU GepeHIMATFHOTO YPaBHEHHS CO CIICIHAIbHBIMU CBOHCTBaMU ((pyHKIHS
Kapnemana), 6puta nomydena M.M.JIaBpentseBbiM [5,6]. B aTux pabortax maHo ompesesieHue (GyHKIHH
Kapnemana mis ciydas, korga namable Komm 3amaHbl TpHOMIKEHHO, a TakkKe IPHBEACHA CXeMa
perymspuszanuu 3agaun Komm nnst ypaBHenus Jlammaca. Ilpumensst stor merox, 1. S. fApmyxamenos
[7,8,9] moctpoun ¢yukimu Kapiemana st MMPOKOro KJIacca SJUTMIITHIECKHX ONEPATOPOB, 3a/IaHHBIX B
MPOCTPAHCTBEHHBIX O0NACTSAX CIEMUATbHOTO BWAA, KOTAAa YacThb TPAaHUIBI O00JacTH, SBISETCS
TUNEPIIOBEPXHOCTHIO, JIMOO KOHUYECKOM MOBEPXHOCTHIO.

B pabore [8] paccmarpuBaeTcs Ha 4YaCTH TpaHMIBl 00nacTd mo maHHbIM Kommm 3amaya
IPUOIIKEHHOTO BOCCTAHOBIICHNS TAPMOHUYECKON (DYHKIIMY M HAHICHO PETYIIIPH30BaHHOE PELICHHUE.

OTMeTHM, YTO TPH pEIICHHHA MNPUKIAJHBIX 3a7ad HEoOXOAMMO HAXOOWUTh HE TOJBKO
NPUOITMKEHHBIE PEIICHHUS, HO M MPOU3BO/IHbBIC MPUOIMKEHHBIX pemenuii. B padote [4] mo manasmM Korum
Ha TJAJKOM YacTH TPaHUIBI OTPaHUYEHHOM OO0JIaCTH BOCCTAHOBJIECHA HE TOJBKO caMa TapMOHHYECKas
(yHKIUSA, HO ¥ €e TIPOU3BOJAHBIC, W MONyYeHA OLEHKA YCTOMYMBOCTH HPOHW3BOAHOW HPUOIMKEHHOTO
pelieHusl. JTU pe3yabTaThl MOTYT OBbITh MPUMEHEHbI K 3ajauaM TEOpHH YINPYTOCTH MPH HAXOXKICHUU
MPUOTMKEHHOTO 3HAUEHUS TTepeMeleHns, Ae(opMaluy v HanpsHKeHUs.

s paccmaTpuBaemoii obmactu Gpyrkimto Kapinemana Briepsoie moctpownit L. Spmyxamenos [9] B
CBOEH JJOKTOPCKOH JucCcepTaliy CICSAYIOIIIM 00pa3oM:

_ ¢(X1Y) , 3
D, (x,Y) = 22K (%) 3)
raec
i K(w) udu B e’ 1
<"(X'y)‘£'mw_xz T KW =gy Ko =gpe™, "

w=ivul+a® +y,, a=ly-x'], x'=(x,0), y'=(y,,0),0<x,<h.
B dopmyiie (4) Mbl BEIOHpaem

2
ow
e

1 e
KWw) =———, K(x,)=—e""
W) W—X, +3h (x.) 3h

1 OTIEJISST MHUMYIO YacThb ¢ y4eToM (3) IMoIydnM:

3N ot oip J‘Z(yz X,)e ™" coszayzm
o 2 (U +12)(U% +a” + (Y, =%, +30)°)

T e ™" cos 20y2\/u2 +a’
s (U )(u +a®+(y, — X, +3n)?)
+°° Ju? +a2e " sin 20y, \u? + o ud
¢ (U +r?)(U? + & + (Y, — X, +3h)?)
_T (Y, — %, +3h)(y, - X,)e ™" sin2cy,Nu?+a?  udu
(U +r*)(u* +a® +(y, —x, +3h)*) \/m '
Ecin U(Y) € K (G) ynosnersopsier ycnosuio pocra
ou(y)
on

udu +

D, (x,y) =~

udu +
(5)

VW) [+——
TO CIpaBeUInBa uHTerpansHas Gopmyna I'puna [9]

U= | [%cb (x,y)- umm} )

oG

<M exp[acos(yz—gjexppAy'q,azo, y € 6G,M = const (6)

[peanonoxum, uto U (y) € K » (G) orpannuena BMeCTO ¢ HOPMAIBLHON MPOM3BOAHON HA YACTH

oG, re:

<M, yeT. 8

|U<y)|+‘w
on
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B stux npeanonoxeHusx B hopmyiy (6) moaoxum a = 0.
0O0603HaUYNM

on
Teopema 1. Iycts Gymxums U (y) € K (G) na wactu S rpanmisr 0G ynosnersopsier ycnosue

U.0=]| o, n-um) LD s @

(2) m ma wactu T rpanmnsl OG BemonseHo HepasenctBo (8). Torma mma mooexXe€G u o >0
CIIpaBe/IiBa OLEHKA

U(X)-U, (X)| <, (o, x,)Me ™%, (10)

rac M - ITOJIOKHUTCIIBHOC YHCIIO

(%) = 3h\/_ 3z 3/ 3h\/_(x +3h) hJ_(exG+3)
& 8Vox, 8\/_(3h X,) 4\/_x(3h X,) \/_x(3h X, )2 aJox,

Jlokasarenbcro. O603naunm depes J_(X) pasHocts

Ja(x)=U(x)—UG(x):I[%—gQU(x,y)—U(y)w}dSy- (11)

OnenuBas (11) ¢ yaerom HepaBeHcTBO (8) moaydnm

Lol- || 5 2209 |

6—@ (x, y)-U(y) dS,|<MT_(X)

T,00=] {|cp (x, y)|+ ‘Mudsy.

Onenka (10) ciremyer u3 HepaBeHCTBA
T (X) <w,(o,%,)e ™, o>0. (12)
HokakeM HepaBeHCTBO (12).
CHayaja OIIEHHUM CI)J (X, y). Ilomoras y2 =08 (5) OLICHUM, W BBl IOJISIPHBIE KOOPAWUHATBI

MOJIYYUM:
3he ™% | % u|3h—x, e .
J‘|®G(X, y)|dSySJ. 2 J. 2 2 AYAY : 2 41 (3h 2 du e +
T . 7 |sUT+a”+X)U"+a”+(Bh-x,)%)
3he % | % ulx, e .
+ J‘ > - Zl 22| - - dU e (1—%) dylg
27 |y +a” +x)(U”+a”+(Bh-x,)")

3h e—axz sz T e—a(uzﬂzz) e—o‘(u2+a2) dUdy -
Y u? +a® +x2 u2+o:2+(?>h—x2)2 v

—oxZ 2r 0 —ot? —ox3 2r 0 —ot? )
S3he ¢I tze 2dt+3he jd(o_[ : te dt < 3h\/_ 3hz 0%
A 5 X 4r t°+(3h-x,) 8J_x 8\/;(3h—xz)
HpI/I OLICHKHU UHTCTPAJIOB UCIIOJIB30BAHO HEPABECHCTBA
u|3h—x u|x
2 l 2| 2< ! 2 |22| 2<1' 2 t 2< 1 Tog2 t 2< 1 ' (13)
u“+a”+3h-x,) u“+a”+x, t°+x,° 2x, t°+(@Bh-x,)° 2(3h-x,)
=2,
T on
00, (x,y) _ 0P, (x,y) .o . 0D, (%, ) in ’ 14)
on o, o,
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VYuurteiBas, 4to COSY, sin ¥ ABNAETCA KOOPAWHATOM €IWHUYHOM BHEmHeHd HopMmann N B Touke Y

rpanns 0G | 1.e.COS” ¥ +sin° y =1, OIICHI/IMJ. l:ac)%a—M}dS
n
.

oD, (%, y)

Jlanee BBIYMCIMM NPOU3BOJHY —————— , TIOACTaBIsA Y, = O u onenmBast, MeeM:
2

3he ™ || % ue " 2
dsS, < du [e™™ +
’ 7 -F[{D; U +a® +x2)(u? +a’ +(Bh—x,)%) }

®© 2 —ou?
ux;e
+ J. 2 2 2\2 22 2 2 dU e’Ua2+
o (U +a" + %) (U +a" +(Bh—X,)") |

N J- 2|3h—x, | x,ue _du e‘“‘*z}dyﬁ

v’

oD, (X, Y)
T ay2

y2=0

(U +a +x2)(U? +a’ + (Bh—x,)%)

9h%e % J- T X,ue du le-= +
7 allsW+a® +x5)? (U +a® +(Bh—x,)%)
T |3h—x, |ue™" ow?
+ du [e™™ tdy, +
D; (U? +a® +x2)(U® +a’® + (3h - x,)?)? Y
—axg o0 2 2 —ou? )
+3he J- I : 20‘|L: +2a |u2e _du e+
7 wllo W H+a+x)U+a”+(3Bh-x,)7%)

2
i |3h—x, |lue™" Co?
+ .[ 2 I - du e dy; . (15)
o (U +a” +x)(U” +a” +(3h—x,)°)
IIpu omenke uHTerpamoB Bxomsamue B (15), mcrmonszyem HepaBeHcTB (13) u BBems MONISPHBIE
KOOPAWHATHI MOJTYYHUM:

I|aq> (x, y)| . < 3hz 3hJ_ (X, +3h) h\/;(6xzo-+3) oo
4Jox,(3h—x,) J_x(sh X,)> 4/ox, '

C y4eToM NOJYYEHHOU OIICHKH UMEEM:

T (0 3h\/_ 3z 3z 3hJ_ (x, +3h) h\/;(6x20+3) % 00
7T 8Jox, 8J_(3h X,) 4J_x(3h X,) \/_x(3h X,)? 4o x, ’

Hepasenctso (12) mokazaHo u Clie0BaTENbHO JOKA3aHO Teopema 1.

. |

Caencreue 1. Tpu xaxaom X € G cnpaBenuBo paBeHCTBO

IirTJOUU(x) =U(X).

O603Haunm uepes G, MHOXeCTBO

égz{(xl,xz)ee, h>X 26 h=maxF(x)0<e<h }

Jlerko 3ameTuth, uto MHOMKECTBO G C G sBseTCSH KOMMAKTHBIM.
Caencreue 2. Ecin x € G, T0 cemelicTBO QyHKIMI {U " (X)}
CXOJIUTCS PABHOMEPHO NPU 0 —> 0.

OTMETHUM, YTO MHOYKECTBO HE =G\G. CIIYXUTh MOTPAHUYHBIM CJIOEM JaHHOM 3a/ayu, KaK B

TCOPHUU CUHTYJIAPHBIX BOSMymeHPIﬁ, I'1C HECT paBHOMCpHOﬁ CXOAUMOCTH.
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ABTOpbl  BBIP@KAIOT HCKPEHHIOI  OnarojapHocTh  mpodeccopy XacaHoBy  AKHazapy
BexnypaueBudy 3a MoCTaHOBKY 3a/1a4 U 00CYXI€HHE TOTY4YEHHBIX Pe3yJbTaToB.
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YIG’INDILARNI HISOBLASHDA GEOMETRIK USULDAN FOYDALANISH

A. Qahhorov, J. Husanov
Islom Karimov nomidagi Toshkent Davlat texnika universiteti,
azizgahhorov@gmail.com

Annotatsiya. Ushbu magolada asosi arifmetik progressiyani, darajasi esa istalgan natural sondan
iborat bo’lgan sonli gatorlarning yig’indisini topishning bir necha usullari keltirilgan. Oson ko’rinishdagi
yig’indilardan boshlab, murakkab ko’rinishdagi yig’indilarni hisoblash formulalari keltirib chigarishda
asosan geometrik usulga ko’proq e’tibor garatilgan. Olingan natijalar umumiy holda ham keltirilgan.

Kalit sozlar: Sonli gatorlar, Nuyuton binomi, Binomial koeffitsent, Arifmetik progressiya, gisga
ko’paytirish formulasi, to’g’ri to’rtburchak, kvadrat.

[IpuMeHeHnEe reOMeTPUYECKOT0 METOIA MPH BHIMHCJIEHUH CYMM

AnHoTauusa. B JaHHON cTaTbe MNPENCTaBICHO HECKOJBKO CIIOCOOOB HAXOXKACHUS CYMMBI
YHCJIOBBIX PSIOB, Y KOTOPOI'O CTENEHb IMPOU3BOJIFHOE HATYPAIBHOE YHCIIO, 2 HA OCHOBaHHH, KOTOPOTO
JSKUT apudmMeTHueckas mporpeccus. HauwHas ¢ MpOCTHIX BHA CyMM, IPH BBIBOAE (OPMYN Ui
BBIYMCIICHUS CJIOXKHBIX BHJI CYMM OOJbIllEé BHUMAaHHs YJAEIEHO MPEUMYIIECTBEHHO TE€OMETPUYECKOMY
MeToyy. [loydeHHbIe pe3ynbTaThl TAKXKE MPEICTaBICHBI B 00IIEM BHUJIE.

KiroueBble cjioBa: 4YuCIOBBIC psinbl, OnHOM HploTOHa, OMHOMHUANBHBIN KO3(h(UIKEHT,
apudmeTHIecKas mporpeccusi, opmyia KpaTKOro YMHOXKEHHUS, PSIMOYTOJIbHUK, KBaJIpart.

Application of the geometric method to calculate sums
Abstract. This article presents several ways of finding of the sum of numerical series, in which the
degree is an arbitrary natural number, and on the basis of which the arithmetic progression lies. Starting
with simple types of sum, when deriving formulas for calculating complex types of sum, more attention is
paid mainly to the geometric method. The obtained results are also presented in general terms
Keywords: number series, Newton binomial, binomial coefficient, arithmetic progression, formula
of short multiplication, rectangle, square.

Ko’plab masalalarni hal etish jarayonida ba’zi murakkab ko’rinishdagi yig’indilarni hisoblashga
to’g’ri keladi. Bunday vagtda ko’pincha tayyor formulalardan foydalanamiz. Lekin bu formulalarni
gayerdan kelib chigganligiga gizigmaydigan matematik bo’lmasa kerak. Shu bois bunday yig’indilar asrlar
davomida muntazam o’rganilib kelingan va o’zining bir gancha isbotini topgan.
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Shu yig’indilardan bir guruhini isbotlarini misollar yordamida ya’ni hususiy holda, hamda umumiy
holda ham keltirib o’tamiz.

1-misol. A! :i(a+kd)=a+(a+d)+(a+2d)+...+(a+(n—1)d) 1)

ni hisoblang.

Bu yerda AL birinchi hadi a ga, ayirmasi d ga teng bo’lgan arifmetik progressiyaning nta hadi
yig’indisidan iborat. Shuning uchun

2a+(n-1)d
o2

ekanligi ko’pchilikka ma’lum va bu formuladan doimiy foydalanib kelganmiz. Lekin bu formulaning ba’zi
isbotlarini hamma joyda ham uchratavermaymiz. Bu misolning yechimini keyinrogga goldirgan holda
misolimizni ozroq giyinlashtirsak.

2-misol. A? =r§(a+kd)2 =a2+(a+d)2 +(a+2d)2+...+(a+(n—1)d)2

ni hisoblang.
Bu yig’indining hadlari 1-misoldagi arifmetik progressiyaning mos hadlarining kvadratlaridan
tuzilgan. Endi bu misolning yechimi anchagina murakkab deyishimiz mumkin. Agar

A’ :nzil:(ajtkd)3 :a3+(a+d)3+(a+2d)3+...+(a+(n—1)d)3

ko’rinishdagi yig’indini hisoblashni magsad gilsak, bu yanada murakkab tug’diradi.
Biz endi istalgan A7 (m € N) larni topish usullarini keltiramiz.

3-misol. A :i(ew kd)"=a"+(a+d)" +(a+2d)" +..+(a+(n-1)d)"

ni hisoblang.
1-usul: Bu usulda Nuyuton binomi formulasidan foydalaniladi.

m
(a+b)" =>"Cka™ " b", bu yerda ¥ = m(m _1)';'("‘ ~K+D binomial koeffitsient. Bu formuladan
k=0 :

foydalanib quyidagilarni yozib olamiz.
(a+d)m+l _am+l — Cl amd +C2 am—1d2 +m+dm+l

m-+1 m-+1
(@a+2d)™ —(a+d)™ =C’ ,(a+d)"d+C? (a+d)"*d*+..+d™

(a+nd)™ —(a+(n-1)d)™* =C. (a+(n-1)d)"d +C? (a+(n-1)d)"*d*+...+d™*
Hosil bo’lgan ifodalarni chap va o’ng gismlarini qo’shib, quyidagilarni olamiz [2].

(@+nd)™-a™ =C! A"d+C2 A"d’+C> A"?d°..+nd™ )
Endi (2) formuladan A’ ni hisoblaymiz. Binomial koefsiyentdan agar K > m+1bolsa, C:Hl =0
ekanligi ma’lum. Shuning uchun, M =0 da (2) ifoda (a+nd)'—a'=C;A’d tenglikka kelib goladi.
Bundan A? =N ekanligi kelib chigadi. Agar (2) ifodaning m =1 dagi giymatini hisoblasak
(a+nd)*-a*=C;Ad +CZA’d’

A= 2a+(2—1)d 0
ekanligini topamiz. Bu natija birinchi misolimizdagi (1) arifmetik progressiyaning hadlari yig’indisi
formulasini isbotlaydi. Shu bilan 1-misol 0’z yechimini topdi desak bo’ladi.
2-misolimizni ham shu tariga yechishimiz mumkin. Buning uchun (2) ifodadagi M ning o’rniga 2 ni

go’yamiz.

(a+nd)’ —a° = CLAX +CZAd? + CIA'?

(a+nd)’-a® =3A’d +2A'd* + A’d® ?)
(3) ifodaga A? va Af ning giymatlarini olib borib qo’yib An2 ning giymatini topamiz.
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Af:n[a2+a(n—1)d +d£(2n2—3n+1)} (4)

Demak, 2-masalaning yechimi (4) ko’rinishda ekan.
Xususiy holda
n 2 —
(k=17 =1 +3 +...+(2n—1)’ =n4”3 1 )
k=1

2 —_— [—
Z(3k 2 =12 +4% +...+(3n—2)° —n&‘Tg”l- (6)
=1
Endi yig’indllarm hisoblashning 2-usulini keltiramiz.
Buning uchun bizga kerak bo’ladigan ba’zi soda yig’indilarning formulalarini yozib olamiz.

1. Zk n(n+1) (7)
2 D(2n+1

2 Zk =n(n+)6( n+1) (8)

3. st n (I”H—l) 9)

Bu usulni to’g’n to rtburchak usuli deyishimiz mumkin. Yani, geometriyaga murojat etib,
geometrik shakldan hamda tushunchalardan foydalangan holda algebraik yig’indilarning formulalarini
keltirib chigaramiz. Shunu aytib o’tish joyizki, bu geometrik usuldan X-XI asrlarda buyuk Eron matematigi
Al-Karaji ba’zi sodda yig’indilarni hisoblashda foydalanilgan [1]. Bu usul hagida oson tushuncha hosil
gilishimiz uchun soddaroq yig’indilarni hisoblashdan boshlaymiz. Buning uchun yuqoridagi (5) yig’indini
hisoblaymiz.

4-misol. S? = Z(zk —1)% =1 +3% +...+ (1+(n—1)2)* ni hisoblang.
k=1
Bu misol birinchi usul bilan o’z isbotini topgan edi. Endi bu usul bilan ham isbotlab natijalarni
taggoslaymiz.
Bu yig’indini hisoblash uchun bo’yi (1+3+5+...+(1+(n-1)2) tasatrdan, enida esa boyini tashkil

gilgan yig’indini 1 dan boshga har bir qo’shiluvchisiga 2 tadan ustunni va 1 uchun esa 1 ta ustunni mos
qilib olib jami (1+(n—1)2) ta ustundan iborat to’g’ri to’rtburchak olamiz (1-rasm). Satr va ustunlarning

kesishishidan to’rtburchakning ichida kvadratchalar hosil bo’ladi. Jami kvadratchalar soni ustun va satrdagi
kvadatchalarning ko’paytmasiga teng. Yani,

(1+3+5+...+(n-1)2)-(1+(n-1)2) = Lz_l)zn(zn—l) —n?(2n—1)- (10)

= (1+(n-1)2)

=~

¥

& (1+(n-2)2)

&:) S5 S (1 1 1

¢

T 11 212
1+(n-1)2 1
1-rasm 2-rasm

Endi to’rtburchak ichidan 1+(n—1)2 ta satrni va 2 ta ustunni 2-rasmdagi ko’rinishda ajratib
olamiz va ajratib olgan sohamizdagi jami kavadratchalar sonini hisoblaymiz.

1+(1+(n-2)2) (n—l)j _

@+(n—1)2)? + 210 +3+5+..+(1+(n—2)2)=(1+(n-1)2)’ +2( >

=(1+(n-1)2)" +2(n-1)°
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Qaralayotgan sohada (1+(n—1) 2)2 +2(n—1)? ta kvadratcha bor ekan. Endi to’rtburchakning
qolgan gismidan yana shu ko’rinishda 1+(n—2)2 ta satrni va 2 ta ustunni ajratib olib, undagi

kvadratchalar sonini hisoblaymiz.

@+(n—2)2)% +2A+3+5+...+(1+(n—-3)2) = (1+(n-2)2) +2{1+(1+(2n_3)2)(n_2)j:

=(1+(n-2)2)" +2(n—2)?

Xuddi shu ko’rinishda davom etib, yani to’rtburchagimizning bo’yini tashkil etuvchi yig’indining
har bir qo’shiluvchisiga mos alohida sohalarni ajratib olib (2-rasm), undagi kvadratchalar sonlarini ketma
ket gilib yozib olamiz.

(1+(n-1)2) +2(n-1)?, (1+(n—-2)2)" +2(n—2),....., 31’

Bu giymatlarning barchasini yig’indisi to’g’ri to’rtburchakning ichidagi jami kvadratchalar soniga

(10) ga teng.

(12 +3.+ (1+(n—2)2)2 +(l+(n—1)2)2)+2(12 +22 ..+ (n-2) +(n—1)2)= n*(2n-1)

Endi (8) dan foydalanib, 2 Lon(n-DH(2n-1) _ n?(2n—1) tenglikni olamiz. Bu yerdan S}

6
ni topamiz.
52 _ 3n*(2n-1) n(n-1)(2n-1) n(4n®-1)
n 3 3 3
Demak, g2 — Zn:(Zk _1)? = nA4n° -1 exanvau (5) natija bilan bir xil.
" e 3
k=1

Endi masalani umumiylashtirsak.
5-misol. D? = Z(1+ (n _1) d?2 =1 +@+d)?+...+ 1+ (n _1) d)? yig’indini hisoblang.
k=1
Bu misolda ham xuddi yuqoridagi misolga o’xshash to’g’ri to’rtburchak olamiz. To’rtburchakning
bo’yi (1+(+d)+...+(1+(n-1)d) ta satrdan eni esa (1+(n—1)d) ta ustundan iborat bolsin (3-
rasm). Undagi jami kvadratchalar sonini hisoblaymiz.

(1+(1+d)+...+(1+(n—1)d)(1+(n—1)d):Mn(ﬁ(n—l)d) (11)
(1+(n-1)d)
i
-+:, (1+(n-2)d)
Naas dfd
1
1+(n-1)d
3-rasm 4-rasm

Endi to’rtburchakning bo’yidan (1+(n —1)d) ta satrni enidan d ta ustunni ajratib olamiz (4-rasm). Bu
sohadagi kvadratchalar sonini hisoblaymiz.

(1+(n—1)d)2+d(1+(1+d)+...(1+(n—2)d))=(1+(n—1)d)2+d(@(n—l)}=.

B IRVRY 2-d+(n-1)d ) _ B 2 2d—d® . d* .,
—(1+(n-1)d) +d[ > (n 1)]—(1+(n Dd) +=———(n-1)+—(n-1

42



ILMIY AXBOROTNOMA MATEMATIKA 2021-yil, 1-son

To’rtburchakning ajratib olgan sohamizdan tashgaridagi gismida ham shu ishni takrorlaymiz. Bu safar
(1+(n-2)d) ta satrni va unga mos d ta ustunni olamiz va undagi kvadratchalar sonini ham

hisoblaymiz (4-rasm).
(1+(n-2)d)’ +d(1+(1+d)+...(1+(n-3)d))=(1+(n-2)d)" +d [@(n—a}:

=(1+('“—2)0')2+d(2_d+(2n_2)CI (n—2)j=(1+(n—2)d)2+2d;d2

Shu ko’rinishda oxirigacha davom etib, olingan natijalarni barchasini yozib olamiz.

(n—2)+d—22(n—2)2

(1+(n—1)d)2+2d;dz(n—1)+d—22(n—1)2,
2 2d—d? d? )
(1+(n=2)d) + > (n—2)+7(n—2)
R 2
(1+(n—2)d) + 1+=-1

12
Hosil bo’lgan giymatlar ketma ketligining barchasini yig’indisi to’rtburchakning ichidagi jami
kvadratchalar soni (11) ga teng.

@ +(1+d)’ +...+(1+(n—1)d)2 4 2d mi (1+2+...(n—1))+d—22(12 + 22 +...(n—1)2)=
:Mn(u(n—l)d)

(7) va (8) yig’indilarning formulalaridan foydalanib, yuqoridagi ifodani quydagicha yozib olamiz.

2 2 —
Dnz+2d—d n(n—1)+d_n(n—l)(2n—1):2+(n 1)d N+ (n—1)d)
2 2 2 6 2

Bu yerdan Df ni topib olamiz.

N dn(n—l)(26dn+6—d) (12)

Demak bu (12) formula yordamida birinchi hadi 1 ga, ayirmasi ixtiyoriy musbat butun d ga teng
bo’lgan arifmetik progressiyaning hadlarining kvadratlaridan tuzilgan gator yig’indisini topish mumkin. (6)
yig’indini shu formula bo’yicha hisoblab ko’ramiz. Buning uchun d = 3 ni (12) ga qo’yamiz.

Zn:(?’k 2 —n+ 3n(n—1)(2:3n+6-3) _  n(n-D(6n+3) 6n° —3n-1
Py 6 2 2
Nihoyat (6) natijani yana bir bor isbotladik.

Hozir biz yugoridagi ikkita misolda birinchi hadi 1% bo’lgan yig’indilarni hisobladik. Agar shu
birinchi hadni boshga bir musbat butun sonni kvadrati bilan almashtirsak misol giyinlashishi bilan bir
gatorda yanada umumlashadi. Axir hamma arifmetik progressiyalar ham 1 sonidan boshlanavermaydiku.
Shu hisobda quyidagicha misolni ko’ramiz.

6-misol. A? =>"(a+(n-1)d)> =a’+(a+d)*+...+(a+(n—1)d)?* yig’indini hisoblang.
k=1

D?=n

Bu misolda bo’yi (a+(a+d)+...+(a+(n-1)d) satrdan, eni esa (a+(n—1)d) ustundan
iborat to’g’ri to’rtburchak olamiz. Yani satrlar sonini ifodalovchi yig’indining @ qo’shiluvchisidan tashqgari
boshqga har bir qo’shiluvchisiga d tadan ustun va @ uchun esa a ta ustun olgan holda jami ustunlar soni
(a+(n-1)d) tabo’ladi (5-rasm). Dastlab to’g’ri to’rtburchakning ichidagi jami kvadratchalar sonini topib
olamiz
2a+(n-1)d "

2

Bu misolda ham yuqgoridagi misollar kabi to’rtburchagimizdan sohalar ajratib olib, undagi

kvadratchalar sonini hisblaymiz. Birinchi sohamiz uchun (a+(n-1)d) ta satrni va d ta ustunni tanlab

(a+(a+d)+...+(a+(n—1)d)(a+(n—1)d):[ ](a+(n—1)d) (13)

olamiz(6-rasm).
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(a+(n—1)d)2+d(a+(a+d)+...(a+(n—2)d))=(a+(n—1)d)2+d(M(n—l)jz
2a—d+(n-1)d (

:(a+(n_1)d)2+d[ 5

Bu ifoda tanlagan birinchi sohamizdagi kvadratchalar sonini ifoda etadi.
Keyindi gadamda (a+(n—2)d) tasatrni vayana d ta ustunni tanlab ajratib olamiz. Endi undagi
kvadratchalar sonini topamiz (6-rasm).

n—l)J :(a+(n—1)d)2 +&Z_dz(n_1)+d_22(n_1)2

(a+(n-1)d)
=
£
©
¥ (a+(n-2)d)
£
©
+
&
+
©

all d|d
a+(n-1)d a
5-rasm 6-rasm

(a+(n—2)d)2+d(a+(a+d)+...(a+(n—3)d)):(a+(n—2)d)2+d[w(n—aj:

:(a+(n—2)d)2+d[2a_d +2(n—2)d (n—2)]:(a+(n—2)d)2+&2_d2(n_2)+d_22(n_2)2

Shu zayilda hisoblashlarni davom ettirdigan bo’lsak har safar yugoridagiga o’xshash natijalarni
olaveramiz. Olgan giymatlarimizni yozib olamiz.

2 2
(a+(n—1)d)2+y(n—l)+d7(n—l)2

2 2
(a+(n—2)d)2+M(n—2)+d?(n—2)2

s -

(a+rdy+ 2294, d p

2 2
aZ

Bu giymatlarning yig’indisi 5-rasmdagi to’rtburchakning ichidagi jami kvadratchalar soniga (13)
ga teng.

(a2+(a+d)2+...+(a+(n—1)d)2+%_d2(1+2+...(n—1))+§(12+22+...(n—1)2):
:[wn](a+(n—l)d)
. 2ad—-d’n(n-1) d?n(n-1)(2n-1) (2a+(n-1)d B
AZ + > >t 5 _( > nj(a+(n 1)d)
Bu yerdan Af ni topib olamiz.

2 2 2
Af=d?n3+£ad—d7Jn2+[a2—ad+%]n (14)

Topilgan (14) ifoda (4) ifoda bilan bir xil ma’no anglatadi fagat boshgacha ko’rinishi. (14) formula
(5), (6) kabi yig’indilarning istalgan gism yig’indisini ham topish imkonini beradi. Shu bilan arifmetik
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progressiyani tashkil etuvchi sonlarning kvadratlari yig’indisini topish masalasiga yakun yasasak ham
bo’ladi.

Endi arifmetik progressiya hadlarining kublaridan tuzilgan yig’indilarni topish masalasi bilan
shug’illanamiz.
7-misol. Zn:(zk )P =1 +3F . ++ (n—1) 2)® yig’indini hisoblang.

k=1

Bu misol uchun bo’yi (1*+3”+..+(1+(n-1)2)?) ta satrdan, eni esa (1+(n-1)2) ustundan

iborat to’g’ri to’rtburchak olamiz(7-rasm). Satrlar va ustunlarning kesishishidan hosil bo’lgan jami
kvadratchalar sonini (12) dan foydalangan holda topamiz.

2, 2 2 n?(n+1)°
@ +3F+..+1+(n-1)2) )(1+(n—1)2)=T(1+(n—1)2) (15)
N (1+(n-1)2)?
N:f (1+(n-2)2)?
1] | 212
1+(n-1)2 1
7-rasm 8-rasm
Endi to’rtburchakning bo’yidan (1+(n—1) 2)2 ta satrni va enidan 2 ta ustunni 8-rasmdagidek
qilib ajratib olamiz. Ajratib olgan sohamizdagi kvadratchalar sonini
(1+(n —1)2)3 +2(2 +3 +...+ (L+(n—2)2)?) gateng. (5) formuladan foydalansak bu ifodamiz

(1+(n_1) 2)3 +2(n_1)4(n_—1)2_1 = (1+(n—1)2)3 ng(n—l)3 —%(n—l)

ko’rinishga keladi. Demak bu sohada (1+ (n-1) 2)3 + g (n-1)° _g(n —1) ta kvadratcha mavjud.
To’rtburchakning golgan gismining bo’yidan (1+(n—2)2)2 satrni, enidan 2 ta ustunni tanlab olib
(8-rasm), undagi kvadratchalar sonini xuddi yugoridagi kabi hisoblasak,
(1+(n - 2)2)3 +g(n -2)° _g (n—2) ga teng ekanligi kelib chigadi. Shu ko’rinishda davom etib barcha
sohalardagi kvadratchalar sonini ketma ket yozib olamiz.
(1+(n-1)2)’ +§(n —1)° —%(n —1)

s 8 s 2
(1+(n-2)2) +§(n—2) —g(n—Z)

13
Bu giymatlarning barchasini yig’indisi bizga 7-rasmdagi jami kvadratchalar sonini (15) ni beradi.
2 2
@ +3 +..+ (1+(n-1)2)° +§(13 +2° +...+(n—1)3)—§(l+2+...(n—1)) - %(u(n—l)z)
Bu ifodani, (7) va (9) formulalardan foydalanib quydagicha yozib olamiz.

n , 8 n’(n=1° 2 n(n-1) n%(n+1)>
kz:;(zk—l) e (4 ) —5.”(”2 ) _n (”4+) (1+(n-1)2)

45



ILMIY AXBOROTNOMA MATEMATIKA 2021-yil, 1-son

Bu yerdan Zn:(zk —1)* ni topib olishimiz mumkin.
k=1

Demak, Zn:(zk -1)%=n%(2n*-1) ekan.
k=1
Endi masalani umumiy holda ko’ramiz.
8-misol. A®=>"(a+(n-1)d)’=a’+(a+d)’+...+(a+(n—1)d)* yig'indini hisoblang.
k=1

Yig’indining qiymatini hisoblab beruvchi formulani to’g’ri to’rtburchak usulidan foydalanib
keltirib chigaramiz.

Buning uchun bo’yi (a2+(a+d)2+...+(a+(n—1)d)2) ta satrdan iborat, eni esa
(a+(n—1)d) ta ustundan iborat to’g’ri to’rtburchak olamiz (9-rasm). To’rtburchakning ichida hosil
bo’lgan jami kvadartchalamning jami soni (a’+(a+d)*+..+(a+(n-1)d)?)(a+(n-1)d) ga teng.
Yuqoridagi (14) formuladan foydalanib bu ifodani quyidagicha yozib olamiz.

(d—;n3+[ad—d—22Jn2+[a2—ad +d—62]nj(a+(n—1)d) (16)

Endi to’rtburchak bo’yidan (aJr(n—l)d)2 ta satrni enidan esa d ta ustunni ajratib olamiz (10-
rasm). Ajratib olgan schamizdagi kvadratchalar sonini hisoblaymiz.

(a+(n-1)d)?

(a+(n-2)d)?

at+(a+d)®+..+(a+(n-1)d)?

al | d|d
a+(n-1)d a
9-rasm 10-rasm
(a+(n-1)d) +d(a+(@+d)*+..+(@+(n-2)d)?) =

:(a+(n—1)d)3+d[d—;(n—1)3+[ad—%j(n—1)2+(a2—ad +%j(n—l)j:
s d° 3 2 d? 2 2 2 d?
=(a+(n-1)d) +?(n—1) +[ad —?](n—l) +[ad—ad +?j(n—l)

Demak bu sohada jami kvadratchalar soni
3 3 3
(a+(n-1)d)’ +d?(n —1)° +(ad2 —0'7j(n—1)2 +(a2d —ad? +%)(n—1)
ga teng.
To’rtburchakning golgan gismidan yana yuqoridagiga oxshab bo’yidan (a +(n — 2) d )2 ta satrni,

enidan  d ta ustunni ajratib olamiz va undagi kvadratchalar  sonini  hisoblasak,
3

3 3
(a+(n—-2)d)’ +%(n—2)3 +[ad2 —O'?J(n—z)2 +(a2d —ad? +%j(n—2) ko’rinishdagi

natijani olamiz.
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Shu jarayonni oxirigacha davom ettirib, yani to’rtburchakning bo’yini ifodalovchi yig’indining a°
dan boshga har bir qo’shiluvchisiga d ta ustunni mos qo’yib hosil bo’lgan sohalardagi kvadratchalar
sonini hisoblab ketma ket yozib olamiz. Bunda a® ga esa a ta ustun mos qo’yiladi (10-rasm).

CI3](n—l)2 +[a2d —ad? +%3](n—1)

(<51+(n—1)d)3+d—33(n—1)3+[ad2 -

3 d? d? d?
(a+(n—2)d) +?(n—2)3+(ad2—?J(n—2)2+(a2d—ad2+?j(n—2)
3 3 3
(a+d)3+d—13+ adz—d— 17 + azd—ad2+d— 1
3 2 6

a3

Hosil bo’lgan giymatlar ketma Ketligining yig’indisi to’rtburchak ichidagi jami kvadratchalar
soniga (16) ga teng.

3 3 3 d3 3 3 3
(@°+(a+d) +..+(a+(n-1)d) )+?(1 +2°+..+(n-1) )+

+(ad2 —d—aj(l2 +2% + +(n—1)2)+(a2d —ad? +d—3j(1+ 2+..+(n-1)=
5 5 =

z[d_;nu(ad —d—;JnZ +(a2 —ad +d—62jnj(a+(n—1)d)

Endi (7), (8) va (9) formulalardan foydalanib, yuqoridagi ifodani quyidagicha yozib olamiz.

3 2 _1)\? 3 _ _ 3 _
A3+d_.M+£adz_d_).n(n D(2n 1>+(azd_adz+d_j.M:
3 4 2 6 6 2

:[d—;n3+(ad —d—;an +[a2—ad +d—62jnj(a+(n—1)d)

Algebraik soddalashtirish ishlarini bajarib, A? ni topib olamiz.

3 3 2 2 3 2 2
A?zd_n4+ adz_d_ n3+ ﬂ_ﬂ_kd_ n2+ as_ﬁ_'_ﬂ n
4 2 2 2 4 2 2

Demak,

n d? d® 3a’d 3ad® d° 3a’d ad?
*=>'(a+(n-1)d)’=—n*+| ad®* —— |n®+ — +— [n*+| a’— + n
R L G Y i) )

2 2 2 2
ekanligini topdik.
To’g’ri to’rtburchak usuli yordamida hisoblangan yig’indilardan shuni xulosa qilib aytish
mumkinki bu usul yordamida istalgan A:" (meN) larni topish mumkin. Buning uchun to’g’ri

to’rtburchakning bo’yini A} " ta satrdan, enini esa (2+(n—1)d) ta ustundan iborat gilib olish yetarli.

(Bu yerda a va d ixtiyoriy mushat butun son) Hisoblash jarayoni esa yuqgoridagi misollarniki kabi amalga
oshiriladi.
Xulosaga keltirilgan fikrga asoslanib,

n
A=Y (a+(k-1)d)=a+(a+d)+..+(@+(n-1)d)
k=1
ni yani,bizga tanish bo’lagan arifmetik progressiyaning hadlari yig’indisini shu usul yordamida

2a+(n—-1)d

n ga teng ekanligini chiroyli ko’rinishda isbotlashimiz mumkin.
2
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VK 519.63
OB OJTHOM AJITOPUTME YHCJEHHOTO PEIIEHHS KPAEBBIX 3AJIAY TEPMO-
VIIPYTO-TUNIACTUYHOCTH

A.AXammkurutos!, A.A.Kanannapos?, ¥.3./lxxymaéson®
LHayuonanvuwiii ynusepcumem Ysbexucmana
2[ynucmanckuii 20cy0apcmeeHHblil yHueepcumen
SCamapxanockuii punuan Tawkenmcko2o yHusepcumema uHpOpMayUoHHbIX MeXHONO0UiL
takhald@mail.ru; 2abrorshox@mail.ru; djumayozov@bk.ru

Annoranusa. B cratee paccMoTpeH >(QQEeKTHBHBIN UYUCIEHHBIA METOJA pPElIeHHs JBYXMEPHBIX
TEPMO-YIPYro-IIacTUYECKUX KPaeBhIX 3a7au JJIsi U30TPOIHBIX Tel. J{MCKpEeTHbIE YpaBHEHHs COCTABIICHBI
KOHEYHO-Pa3HOCTHBIM MeTofoM. CyTb NpEeANoKeHHOI0 MeToJa COCTOUT B pa3pellieHMH KOHEYHO-
Pa3HOCTHBIX YpaBHEHHH OTHOCHTEIHEHO HEHTPAIBHBIX Y3JIOBBIX TOUEK MCKOMON (DYHKINH IMEpEeMEIICHUH,
OTJIENIBHO I BHYTPEHHUX U TPAHUUYHBIX TOYEK M OpraHu3allii UTepalioHHOro mpoiecca. MccnenoBaHo
HanpspKeHHO-IepopMupoBaHHOE COCTOSIHHE TEPMO-YIPYro-IIaCTUIECKOT O MPSIMOYTOJIbHUKA,
HAXOJIIEToCcs I0J MACHCTBHEM BHYTPEHHETO TEIUIOBOTO NONS C 3alleMICHHBIMH W CBOOOIHBIMU
TPaHUIIAMH, COOTBETCTBEHHO.

KiroueBble cii0Ba: TepMO-yNpyro-miacTUYHOCTh, TepeMellleHHe, HampsDKeHUs, pa3zHOCTHOE
ypaBHEHUE, UTEPALMOHHBIA METOM, CXOAUMOCTb.

On one numerical solution algorithm boundary problems of thermo-elastic-plasticity

Abstract. The article discusses an effective numerical method for solving two-dimensional
thermo-elastic-plastic boundary value problems for isotropic bodies. Discrete equations are compiled by the
finite-difference method. The essence of the proposed method is to resolve finite-difference equations for
the central nodal points of the desired displacement function, separately for internal and boundary points
and the organization of the iterative process. The stress-strain state of a thermo-elastic-plastic rectangle
under the action of an internal thermal field with clamped and free boundaries, respectively, has been
investigated.

Keywords: thermo-elastic-plasticity, displacement, stresses, difference equation, iterative method,
convergence.

Termo-elastik-plastiklikning chegaraviy masalalarini sonli echish algoritmi hagida

Annotatsiya. Maqolada izotrop jismlar uchun ikki o'lchovli termo-elastik-plastik chegara
masalalarini yechishning samarali sonli usuli muhokama gilinadi. Diskret tenglamalar chekli farglar usuli
bilan tuziladi. Tavsiya etilgan usulning mohiyati kerakli siljish funksiyasining markaziy tugun nuqtalari
uchun chekli va fargli tenglamalarni, ichki va chegara nugtalari uchun alohida va takrorlanadigan jarayonni
tashkil etishdan iborat. Ichki termal maydon ta'sirida termo-elasto-plastik to'rtburchakning sigilgan va erkin
chegaralari mos ravishda gisgargan va erkin chegaralari o'rganilgan.

Kalit so’zlar: termo-elastik-plastiklik, siljish, kuchlanish, ayirmalar tenglamasi, iterativ usul,
yaginlashish.

BBEJEHUE
B coBpemenHoM dTame pa3BUTHS HAayKd W TEXHUKH, HCCIEIOBAaHUE HAaNpsHKEHHO-
Je(hOPMUPOBAHHOTO COCTOSIHHSI KOHCTPYKIIMH W WX OIEMEHTOB, C IENBI0 OMNpeAclieHHs] WX 3alacoB
MPOYHOCTH M HAIECKHOCTH, C YICTOM TEPMOMEXAHWICCKUAX YIPYTOIIIACTUICCKUX Ie(OpPMAIIiA SBISCTCS
aKTyaJbHOH 3a/1aueil HayYHO-TEXHUYECKUX MPHIOKESHHH.
MareMaTHuecKue MOJICNH, OMUCHIBAIONIME TMPOIECC PACHPOCTPaHEHMs Teruia, ObLIM BIIEPBBIC
paccMoTpeHsl B paboTax Jlroamens—Helimana, B KOTOpO#l mpenrnoaraioch, 4TO TMONHAs JedopMaius
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COCTOUT M3 YIPYroil AeopManuy ¥ TEIIOBOTO paciuupeHus. IIpu pelueHnH 3anad TepMOYHNPYrOCTH U
TEPMOIIACTUYHOCTH, OOBIYHO, pacrpeneicHHs] TEMIIEPaTypbl ONPEACISUTICH PEABAPUTENBHO Ha OCHOBE
pEIleHUsI ypaBHEHWs TPUTOKA Tella, W TPH PENIEHWH KpPAeBBIX 3a7ad TEePMOYIPYTOCTH U
TePMOIIACTUYHOCTH TEMIIEPATYPHBIE CllaracMble paCCMaTPHBAEMBIMU B COYCTAHHHU C OOBEMHBIMH CHIIAMH.

B mocnenHue TOABI, HAy4YHbIE KCCICIOBAHUS, TOCBSIICHHBIE HW3YYCHUIO B3aUMOBIIHSHUS
TEPMHUUYECKUX U MEXaHHYECKUX (PAKTOPOB HA BOZHUKHOBEHHE TEPMO-YIPYTO-TUIACTHIECKHUX AePOopMAaInii,
UHTCHCHUBHO pACTyT. YUYeT B3aUMOBIMSHHS TCPMOMEXaHHUECKUX CHJI MOXKET OBbITh JOCTUTHYT
PAacCMOTPEHHEM ypaBHEHHMS MPHUTOKA TEIUIA B COYCTAHWH C TEPMOIMHAMHYECKHMH YPABHEHHSMU TEPMO-
YIPYro-IIACTHYECKUX TBEepABIX Ted. OOBIYHO, OTH 3ama4 HA3BIBAIOTCS CBS3aHHBIMH 33/1add TEOPUH
YIOPYrOCTH W TEPMOIUIACTHYHOCTH. 3/eCh, MOJ CIIOBOCOYETAHHEM TEPMO-YIPYTrO-TUIACTHYHOCTb,
HOpPa3yMeBacTCs KpaeBble 3a1a49d TEOPHH TEPMOYIIPYTOCTH U TEPMOILUTACTHYHOCTH.

OCHOBHBIMH YHCJIIEHHBIMH METOMAMH PEIICHUS] TePMOYIPYrOMIACTHYECKUX 3aj1au  SBISIFOTCS
METO/I KOHEYHBIX 3JIEMEHTOB, BapHAI[HOHHO-PA3HOCTHBIE METOABI M KOHEYHO-PA3HOCTHBIE METOIBI. B
nocJeAHee BpeMsl LIMPOKO CTald MPUMEHITh METOJ TPAaHUYHBIX SJIEMEHTOB. Y BCEX JTHX METOIOB
UMEIOTCS PAa3UYHbIC CIOKHOCTH MPH YHCICHHOW peaim3auud. B nmaHHO#W pabore mpemnaraercs
3¢} heKTUBHBIN BapHaHT KOHEYHO-Pa3HOCTHOTO MeTona. CyTh MeTOo/a COCTOMT B Pa3pelleHHH KOHEYHO-
Pa3HOCTHBIX YpPABHEHUH TEPMO-YIPYro-MIACTUYHOCTH OTHOCHTENBHO TJIABHBIX Y3JIOBBIX MEPEMEHHBIX
Pa3HOCTHBIX YpaBHEHMH W TPAaHUYHBIX YCJIOBHM, M PELHIEHMH HTEPAlMOHHBIM METOIOM. MeToauKa
000OCHOBaHA HAa OCHOBE pENIEHHS KIACCHYECKHX 3a7ad TePMO-YIPYro-TUIACTHYHOCTH Ha OCHOBE
ne(hOpMaIOHHOM TEOPHH ITACTHYHOCTH NP PA3INYHBIX KPACBBIX YCIOBHSX.

Bo BTOpoMm maparpade gaHa MMOCTAaHOBKA HECBA3aHHOH KpaeBOH 3alaud TEPMOILIACTHYHOCTH
COCTOANIasT W3 YpPAaBHEHHUsS pPABHOBECHS, OIPENEISIONIET0 COOTHOIICHUS Ie(OPMAIOHHON TeopHn
TEPMOTUTACTHYHOCTH, COOTHOUIEHHT KOMHK € COOTBETCTBYIOIIMMH TEPMOMEXAHHUECKAMH KPAECBBIMH
YCIIOBHUSIMHL.

Tperuii maparpad) TOCBSIIEH YHCIEHHOMY pENICHHUIO KPaeBOW 3a1add TEPMOYIPYTOCTH O
3aIEMIIEHHOM, W CBOOOJHOM TIPAMOYTOJNBHHAKAX C 33/JaHHBIM TEMIIEPATYPHBIM ITOJIEM BHYTPH OOIACTH.
CocTaBieHbl KOHEYHO-PA3HOCTHBIC YPAaBHEHHs pelIacMble HTECPAlMOHHBIM METOmoM. B oTiamdme ot
3al[EMJICHHOTO, B Cydae CBOOOTHO MPSAMOYTOJbHUKA KPACBBIC YCIOBHS BBITOJIHSIIOTCS HTEPALOHHBIM
ciocoboM. HccrmemoBano —pacripeniefieHVie  HANpsHKCHHM  BHYTPH  3alllEMJIEHHOTO W CBOOOIHOTO
OpSIMOYTONTbHUKOB. [I0Ka3aHO, YTO 3HAYCHHWE HAMPSOKCHUM BHYTPH 3al[EMIICHHOTO MPSIMOYTOJbHHKA
HAMHOTO 0OJTBIIIE YeM CBOOOIHOTO MO/ ISHCTBHEM TEILIOBOTO OIS

B ueTBepTOM Maparpade YHCIEHHO pelieHa TepMOyIpyTas 3a71a4a 0 CBOOOTHOM MPSAMOYTOBHUKE
C BHYTPEHHHUM TETIJIOBBIM TI0JIEM KYTIOJI000pa3HOTO BUAA.

IMOCTAHOBKA 3AJIAYN
PaccMOTpUM MaTeMaTHUeCKYI0 MOJIENh TEPMOYIIPYTOILIACTHYECKOTO JeOPMUPOBAHHS, KOTOpAst
COCTOWT W3 YPaBHEHHSI PABHOBECHSI
3
Z%+xi=o, i=13 )
7 OX;
OTPEETSIONIETO COOTHOMICHUSI MEXIY AehOPMAIMAMUA U HAMPSHKSHUSIMH Ha OCHOBE Ae(hOpMAIMOHHON
teopun Wipromuna [1-4]

o
0, =00, +—¢, 2)
rIe
o =Ko, K=/1+§,u &)
o,=o0,(g,) (4)
cooTHomeHus Ko
1 - ou,
_Lpow oy (5)
bo2(ox, ox
¥ COOTBETCTBYIOIINX KPAaeBbIX YCIOBHUIA:
3
u; |21:ui0- zo-ijnj |22 =S, (6)
=

Ijie O, —TeH30p HANPSIKEHUH, &; —TeH30p Aedopmannid, U, — nepemerenus, A, [ — ynpyrue
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nocrosiHubie  Jlame, T-Temmeparypa, |, -HadanbHas TEMIEpPaTypa, ¢ - KOd(GGUIHEHT TEIIOBOrO
pacumpenus, eij, € - COOTBETCTBCHHO IEBMATOp W INAapoBas 4YacTH TeH3opa neopmaumi, S —

TMOBEPXHOCTHAS HArpyska, X, — OObEMHBIC CHIBL, O, &, — MHTCHCHBHOCTH TCH30pA HANPIKCHHI H

Jnedopmaluu, 5” — cumBon Kponekkepa.

CootHomrerre (4) MOKeT OBITh ITPEACTABIECHO B cieayromieM Buae [3]
{Zygu npHu &, < &, @)
2#(1_ ZD-(‘;"u ))gu &y = 5‘:

u

rae @(&,) — QpyHKUMS WIACTHYHOCTH, 8: - IIpeiell YIPYTOCTH.

3aBUCUMOCTL O, =0, (gu) Ha3bIBaeTCA AWArpaMMol Ae(OpPMHPOBAHHS U OIpENeNseTcs U3
JKCIIEPUMEHTOB Ha OCHOBE pACTsDKEHUS WM KpydyeHMss Martepuana. IlpexncraBiss aguarpaMmy

nepopMupoBanus O, =0, (Eu) B BUJIC KyCOYHO-TTMHEHHOH (pyHKIINN
o, =2us, +2(u—p)(&, +&) TPH &, 2 &, (8)

u, nozactasisiss cootHomenus (3) u (8) B (2), ompenensroniee COOTHOLIEHHE AePOPMAIMOHHON TEOPHU
MOKHO IPHBECTH K CIEAYIOIIEMY BULY

205, +2us, —(3A+2u)a(T =T)5, npu & <&,

o. = : &
’ /106‘” +2/’18ij _(3/14‘2/,1)0_’(1- _T0)5ij _2(/’!_/’1)(1_ .
&

)e, mpu & =&, ©)
YUCJIEHHOE PEHIEHHUE JIBYXMEPHBIX TEPMOYIIPYI'UX 3AJIAY
PaccMOTpUM 4YHCIICHHBIC MOZICIIH TIEPBOM U BTOPOil KPaeBOil 3a1a4 TEOPUH TEPMOYIPYTOCTH IS
M30TPOITHBIX TEIl B IByXMEPHOM CIIydae.

YuciieHHOe pelieHre ABYXMepPHO# 3a1a4i TEPMOYIPYTOCTH O 3allieMJIeHHOM

NPsSIMOYToJIbHUKE.
Pacrimiiem ypasuenws (1)-(7) ams IByXMEpHOTO Cilydast: TOTia ypaBHeHHe paBHoBecks [5-10]
oo, oo,
—2+—24+X =0
OX ~ OX, (10)
10
oo, N oo, +X, =0
OX OX

1 2

olpeeNsiolee COOTHOmeHHe NinbronmHa:
o,=Ae,+¢&,)+2us, —BA+2)ax(T —T,))J,
o, = Ao, +8,)+2us, —BA+2)a(T ~T))5, npus <z A
o, =2ue,—CBA+2)a(T —T))05,
cootHoutenue Komu:
1({0ou, ou, ou,
g, == —=+—=2 |=—=
o2 [ ox, O J OX,

1

1( Ou, ou, ou, (12)
& =— 24 "2 |=_"2
# 2 ox,  ox, OX,
1(ou, ou,
812 == = +t=
2\ 0ox, OX
IMoxcrasisis (12) B (11) u monyuennoe B (10) 6yaum nMeTh ypaBHEHHUSI pABHOBECHS OTHOCHTEIIHHO
nepemMeIleHnid Mpu &, < 8:

o’u o’u o’u oT
A+2 L+ (A + 2 442,27 X =0
( #) o (A + 1) xox Mo T TS (13)
o’u o’u o’u oT
A+2 2+ (A+ i+ L—y—+ X, =
( ) ox A+ axox, M ok ¥ 2 2
CO CIIEAYIOIMMHU KPAEeBBIMU YCIOBHUSIMHU:
u, (%, %) |, =u;

(14)
uz(Xl’ Xz) |r: uf
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rae ¥ =31+ 2u)a, I’ - rpannna paccMaTpuBaeMoii IPSIMOYTOIBHO 001acTH.

Jlnst uncnennoro pewenus 3anaqan mpoeném B 0< X<l , 0<y<l  (li n |2 pasmepsi
paccmaTpuBaeMoil IpsMOYTOIbHON 00IaCTH M IPHHATEL creAyomue obo3Hadennst X =X, Y =X,) asa
cemeifictea mapamtemsneix  npambix X =1h (1=0,n), y=]jh, (j=0,n). Jlanee s3amenss
NpOM3BO/IHBIE B ypaBHeHHAX (13) pasHOCTHBIMM OTHOLICHHAMH TIOMYYMM CJEIYIOIIHe KOHEYHO-

Pa3HOCTHBIE yPaBHEHMs, IJI€ NMPUHATHI Caeayromue oboszHauenus U=Uu V=U, (Oyaum cuMTaTh 4TO

00BEMHBIE CUIIBI OTCYTCTBYIOT)

(/1 + 2 ) ui+11 - 2ui j + u|71j + (/1 + ) V|+1 j+ _Vl—l j+ _V|+1 j1 + Vi—l ja +
H ' > ‘ M ' ' ' ‘
u|,1+1 - 2uI,J + u|,j71 T|+l,j _T|71,j -0
# h? "“on T
vl +1 - 2Vl + V| -1 lJI+1 +1 - ul—l +1 - ui+1 -1 + ul—l -1
(A+2u)— — 2 (A4 p)— - = =+
h, 4hh, (16)
V. —2V. . +V =T
i+1,] ij i-1, _ i+l i1 :0.
h! 2h,
Ha ocnoge cootnomenuii (15) u (16) opranusyem ciieayronui nTepannoHHblil mporecc [5-8]
u(k) +u(k) V(K) _V(k) _V(k) +V(k)
ui§k+1) — [(ﬂ + 2#) i+, - i1, + (2/ + #) i+, j+1 i1, j+1 i+1,j-1 i-1,j-1 +
h; 4hh, (17)
u® +u® T, -T
+ /J i j+Ll it 7/ i+1,j i-1,j / 2(2 + 2/1) + 2_/'[
h? 2h, h? h?
V(k) +V(k,) u,(k) —u,(k) —u,(k) +u(k),
Vi(-kﬂ) — (/1_'_2#) i, j+l i j-1 +(/1+/1) i+l j+1 i—1,j+1 i+, j-1 i-1,j-1 +
J h; 4hh, (18)
(ARRESVAR T . —-T.
g e Ve T T | 2A+2p) 2p |
h 2h, h; h
Kpaessie ycnosust (14) OTHOCHUTENBHO Y3JIOBBIX TOYEK HMEIOT BH/T
ul =0, v| =0. (19)
i|, if,

HTepanoHHBIN ITpoIiece MPOAOIKASTCS 10 JOCTHKEHHUS TpeOyeMoit TOUHOCTH.
B paccmarpuBaeMoil MosIeTIbHOM 3a1aue TeMIlepaTypa BHYTpY IPSAMOYTOJIBHOM 00JIacTH 3a/laHa 1Mo
cnenyromei popmyiie

. TTX . 7Y,
T =T sin—-sin—,
ij 0 I1 |2 (20)
x =hi, y,=hj, i=LN, j=LN,.
I/ICXO,I[HHG JTAHHBIC mapamMmeTpoB HNMCHOT CJ'IeI[yIOH_IHﬁ BU]

A=151=0.75a=0.125T,=20,1 =1, =1, N, =N, =10 .

Tab6muua 1. 3navenns ¢pynxuuu u(x,y) mpu £ =0.001

x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=0.9 x=1
y=0 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
y=0.1 0.0000 | -0.0955 | -0.1231 | -0.1060 | -0.0602 | 0.0000 | 0.0602 | 0.1060 | 0.1231 | 0.0955 | 0.0000
y=0.2 0.0000 | -0.1389 | -0.1903 | -0.1693 | -0.0976 | 0.0000 | 0.0976 | 0.1693 | 0.1903 | 0.1389 | 0.0000
y=0.3 0.0000 | -0.1642 | -0.2297 | -0.2072 | -0.1205 | 0.0000 | 0.1205 | 0.2072 | 0.2297 | 0.1642 | 0.0000
y=0.4 0.0000 | -0.1785 | -0.2514 | -0.2281 | -0.1331 | 0.0000 | 0.1331 | 0.2281 | 0.2514 | 0.1785 | 0.0000
y=0.5 0.0000 | -0.1832 | -0.2584 | -0.2348 | -0.1371 | 0.0000 | 0.1371 | 0.2348 | 0.2584 | 0.1832 | 0.0000
y=0.6 0.0000 | -0.1785 | -0.2514 | -0.2281 | -0.1331 | 0.0000 | 0.1331 | 0.2281 | 0.2514 | 0.1785 | 0.0000
y=0.7 0.0000 | -0.1642 | -0.2297 | -0.2072 | -0.1205 | 0.0000 | 0.1205 | 0.2072 | 0.2297 | 0.1642 | 0.0000
y=0.8 0.0000 | -0.1389 | -0.1903 | -0.1693 | -0.0976 | 0.0000 | 0.0976 | 0.1693 | 0.1903 | 0.1389 | 0.0000
y=0.9 0.0000 | -0.0955 | -0.1231 | -0.1060 | -0.0602 | 0.0000 | 0.0602 | 0.1060 | 0.1231 | 0.0955 | 0.0000
y=1 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
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Tabnuua 2. 3uayenus Tensopa Hanpsokenuit o, npu ¢ =0.0001

x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=0.9
y=0.1 -4.2016 | -4.3092 | -45295 | -4.7032 | -4.7668 | -4.7032 | -4.5295 | -4.3092 | -4.2016
y=0.2 -5.6580 | -5.8654 | -6.0650 | -6.2184 | -6.2754 | -6.2184 | -6.0650 | -5.8654 | -5.6580
y=0.3 -6.7234 | -7.0831 | -7.3608 | -7.5459 | -7.6116 | -7.5459 | -7.3608 | -7.0831 | -6.7234
y=0.4 -7.3835 | -7.8598 | -8.2128 | -8.4361 | -8.5132 | -8.4361 | -8.2128 | -7.8598 | -7.3835
y=0.5 -7.6080 | -8.1268 | -8.5089 | -8.7481 | -8.8301 | -8.7481 | -8.5089 | -8.1268 | -7.6080
y=0.6 -7.3835 | -7.8598 | -8.2128 | -8.4361 | -8.5132 | -8.4361 | -8.2128 | -7.8598 | -7.3835
y=0.7 -6.7234 | -7.0831 | -7.3608 | -7.5459 | -7.6116 | -7.5459 | -7.3608 | -7.0831 | -6.7234
y=0.8 -5.6580 | -5.8654 | -6.0650 | -6.2184 | -6.2754 | -6.2184 | -6.0650 | -5.8654 | -5.6580
y=0.9 -4.2016 | -4.3092 | -4.5295 | -4.7032 | -4.7668 | -4.7032 | -4.5295 | -4.3092 | -4.2016

Puc. 2. I'paduk pacrpenenenus TeH30pa HAIPHKEHUH O, U & = 0.0001

Yuciiennoe penieHue IBYMEPHOii 3a1a41 TEPMOYNIPYTOCTH 0 MPSIMOYTOJIbHUKE CO
CBOOOIHBIMH CTOPOHAMH.
Tenepb paccMOTPHM BTOPYIO KpaeBYIO 3afady TEpMOYIPYrOCTH, TIE T'PAaHUYHBIC YCIOBUS
3a7al0TCA B HANPSOKEHHAX. 3aluIleM I'PaHUYHbIC YCIOBHS B HANPSUKCHHUSAX OTHOCHTENBHO HEepeMenIeHuH
JUTSL TIPSIMOYTOJIBHON 001acTH

ou au
oulp,, =A+2) —F+ A% —y(T =T,)==S,
1 OX, OX, wa I I
_ o (ou  au ), e (21)
Cualyy py =H EJraT =%5,
1
ou ou
O-zzlrr =(A+2u) 2+ A+ —y(T -Ty)==S,
204 OX, OX, rr
ou, ou, N Hd 2074
0'21|1_2'1_A =u axz +7ax :_S4
1
¥
G
T—)G:l
I,
O
I, L’Gn

G”(__l

On

Iy
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KoneuHo pa3sHOCTHBIN aHanor ypaBHeHuid (21) mmeer Bua (OPUHSATHI CIEAYIOIINE 0003HAYCHUS
U=U1 1 V=Uy)
Ha rpanune /1

U(Ng, j) —u(N; =1, j) VN, j+D —Vv(N;, j-1) N
h, + A 2h, V(TNl,j To)=S, (22)
ﬂ(u(Nl, 4D (N, =) | (N, ) - v(N, -1 j)]: S
2h, h,

(A +2p)

Ha rpaHuue / 3
(ﬂ,—'— 2#) U(l, J);U(O, J) +/1V(O! J +1)2;V(0v J _1) _V(Toj _To) :_Sl
1 2
#(u(o, j+1H-u©,j-1  v@ j)-v(, J)J:_S2
2h, h,

PaspenuB 3TH ypaBHEHUS OTHOCHUTEIBHO u(Nl, j), V(Nl, j) u u(O, j) , V(O, j) MOYHO MOCTPOUTH

CIeAYIOUTNI UTePAIMOHHBIN TPOIECC

. . h VO(N, j+1) —vS (N, j-D
u®D (N , =u®(N -1, _ 1 A 11 11 —(T.  —T.)—S
(N, J) (N, ) ﬂ,+2/1( 2h, 7( Ny, 0) 1
(k) H _n® i
V(k+1)(Nl, J):V(Nl —l, J)_hl u (Nlr J +1) u (vaj 1) +i (23)
2h, H
u(k+l)(o j)_u(k)(l J)+ hl lV(k)(O,j+l)—V(k)(O,j—l) _ (I- -T )+S
! I 2u 2h, PN T e
(k) H _ K H-
Ve, jy=va, )+ hy SOV QI S
2h, H

AHAJOTUYHO MOTYT OBITh HAMJCHBI PA3HOCTHBIC YPABHEHUs W OPTraHW30BaH HTEPAL[MOHHbIH
IpoLece IS PYTUX CTOPOH MPSIMOYTOJIbHUKA.

O1r ypaBHeHus BMecte ¢ ypaBHeHusmu (17) u (18) cocTaBisfioT pasHOCTHBIN aHAIOT TBYXMEPHOM
TEPMOYINPYTO# 3a1auu U MPSIMOYTOJbHHUKA. PaccMOTpUM 3a1ady B KOTOPOW CTOPOHBI MPSIMOYTOJbHHUKA
cBabOIHBI OT HArPYy30K, a BHYTPH 3amaHo TemIiepaTypHoe moje mo ¢opmyae (20), B 3ToM ciaydau
BeJleueHbl S1 M Sy B ypaBHeHUsX (23) OyayT TPUBHAIbHBIMH. 3HAYEHHS TEPEMENICHUNA W HAMpPsKEHHI

pUBeJeHBI B Ta0Uax 3 U 4 COOTBETCTBEHHO.
Ta6muma 3. 3nagenns gyakmun u(x,y) mpu £ = 0.001

x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=0.9 x=1
y=0 -0.5145 | -0.5145 | -0.4759 | -0.3659 | -0.1992 | 0.0000 0.1992 0.3659 0.4759 0.5145 0.5145
y=0.1 -0.5054 | -0.5151 | -0.4654 | -0.3527 | -0.1900 | 0.0000 0.1900 0.3527 0.4654 0.5151 0.5054
=0.2 -0.5133 | -0.5504 | -0.5027 | -0.3808 | -0.2047 | 0.0000 0.2047 0.3808 0.5027 0.5504 0.5133
=0.3 -0.5265 | -0.5957 | -0.5524 | -0.4202 | -0.2260 | 0.0000 0.2260 0.4202 0.5524 0.5957 0.5265
y=0.4 -0.5397 | -0.6312 | -0.5913 | -0.4513 | -0.2430 | 0.0000 0.2430 0.4513 0.5913 0.6312 0.5397
y=0.5 -0.5449 | -0.6445 | -0.6058 | -0.4629 | -0.2494 | 0.0000 0.2494 0.4629 0.6058 0.6445 0.5449
y=0.6 -0.5397 | -0.6312 | -0.5913 | -0.4513 | -0.2430 | 0.0000 0.2430 0.4513 0.5913 0.6312 0.5397
=0.7 -0.5265 | -0.5957 | -0.5524 | -0.4202 | -0.2260 | 0.0000 0.2260 0.4202 0.5524 0.5957 0.5265
y=0.8 -0.5133 | -0.5504 | -0.5027 | -0.3808 | -0.2047 | 0.0000 0.2047 0.3808 0.5027 0.5504 0.5133
y=0.9 -0.5054 | -0.5151 | -0.4654 | -0.3527 | -0.1900 | 0.0000 0.1900 0.3527 0.4654 0.5151 0.5054
=1 -0.5145 | -0.5145 | -0.4759 | -0.3659 | -0.1992 | 0.0000 0.1992 0.3659 0.4759 0.5145 0.5145

TaGnuua 4. 3nauenns ensopa Hanpspkennit o, npu € = 0.0001

x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=0.9 x=1
y=0 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
y=0.1 | 0.0000 | -0.5311 | -0.2096 | -0.1864 | -0.4956 | -0.6080 | -0.4956 | -0.1864 | -0.2096 | -0.5311 | 0.0000
y=0.2 | 0.0000 | -1.3476 | -1.3661 | -1.3471 | -1.3234 | -1.3138 | -1.3234 | -1.3471 | -1.3661 | -1.3476 | 0.0000
y=0.3 | 0.0000 | -2.0730 | -2.2659 | -2.4751 | -2.6260 | -2.6805 | -2.6260 | -2.4751 | -2.2659 | -2.0730 | 0.0000
y=0.4 | 0.0000 | -2.5367 | -2.8303 | -3.1652 | -3.4129 | -3.5030 | -3.4129 | -3.1652 | -2.8303 | -2.5367 | 0.0000
y=0.5 | 0.0000 | -2.6992 | -3.0228 | -3.3978 | -3.6766 | -3.7782 | -3.6766 | -3.3978 | -3.0228 | -2.6992 | 0.0000
y=0.6 | 0.0000 | -2.5367 | -2.8303 | -3.1652 | -3.4129 | -3.5030 | -3.4129 | -3.1652 | -2.8303 | -2.5367 | 0.0000
y=0.7 | 0.0000 | -2.0730 | -2.2659 | -2.4751 | -2.6260 | -2.6805 | -2.6260 | -2.4751 | -2.2659 | -2.0730 | 0.0000
y=0.8 | 0.0000 | -1.3476 | -1.3661 | -1.3471 | -1.3234 | -1.3138 | -1.3234 | -1.3471 | -1.3661 | -1.3476 | 0.0000
y=0.9 | 0.0000 | -0.5311 | -0.2096 | -0.1864 | -0.4956 | -0.6080 | -0.4956 | -0.1864 | -0.2096 | -0.5311 | 0.0000
y=1 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
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Puc. 4. I'paduk pacupenenenus Gpyskuuu U(X,y) mo ocu OX mpu € = 0.001

Yucnennsle pesynsTatel ompenenensl ¢ tounocthio & =0.0001, nna mocTmxenus xoTopsix
notpeboBasiock 59 nreparmii.

CpaBHUBasl MOJIy4YeHHbIE YHUCICHHBIE PEe3yJIbTaThl IEPEMEIICHUN U HAPSDKEHUH, MOXKHO CenaTh
CJIeTyIOIUe BBIBOJBI, 3HAYCHHS TEPEMEINCHUN B ClIydaW 3alleMJICHHON TpaHUIBI JOCTATOYHO MAaJIbl
OTHOCHUTEJIBHO 3HAYeHHH TNepeMelIeHU! B clydyau TpaHHUIBl CBOOOAHON OT HAarpy3oK, a 3HaueHUs
HANPKEHUH JOCTUTalOT CBOET0 MaKCHMyMa B CIIy4ad 3allleMJICHHON TPaHUIbL.

YucsieHHOe pelieHre IByXMEPHbIX TEPMOIIIACTHYECKHX 32124
Kpaesas 3aga4a 0 3a1eMJIEHHOM TEPMOILIACTHYECKOM NPAMOYI0JIbBHHKE,
KpaeBass 3amaua tepmormiactuuroctn (1-6 ) 3amucaHHas OTHOCHTENBHO IIEPEMEIIEHHH B

IBYMEPHOM city4ae TIPH &, > 8J HMEET BUJL
o’u o’v N o’u oT

A+2 + A+ —y—+ X =0
( £0) PV A+ ) axoy Moy ox . (24)
o*v ou o*v oT .
A+2 + A+ + —y—+ X =0
( £) oy A+ ) oxdy MY oy .
CO CJIEeIYIOLIUMH KPaeBbIMU YCIOBUSAMMU:
u,(x, y).=u
u. (6 V)=, (25)

rae
. . e .28%°u 10°u 1 &*v
Xi=2(u—pn)l-—)c=—+-==+=
g, '3ox*> 20y* 6 oxoy

. : £,,,20°% 10°v 1 d%
Xo=2u— ) l-2y e 222 =
2 (=)= G 57 2 5¢ 6 ooy
3aMeHsis TIPOM3BOJHBIE B ypaBHEHUSX (24) COOTBETCTBYIONMMH Pa3HOCTHBIMH OTHOIICHUSIMH
MOYKHO HalTH CIEIyIOIIre KOHEYHO-Pa3HOCTHBIE ypaBHeHus [1]

)

uil'_zui'_'_ui—l' Vidja  Viaja " Vis TV
) e R e B e
h 4hh,
+ u|,1+1 _zui,j +ui,j—1 Ti+1,j _-I—ifl‘j + X" =0
# h? T T (26)
(ﬂ,+2 )Vl,J>1_2V|,J +VI,J*1 +(2¢+ )ul\l,J»l_uifl,pl_u|\1,171+u|71,171 +
# h: # 4hh,
n Vi+1,j _zvi,j +Vifl‘J' Tivi+1 _—I—i*j’l +X" =0
# h ¥ on, e
* ' & 2ui+1'_2ui j TUig 1y '+l_2ui j TUi
X = _2( 1 — 1-%uy& 3| 3 o, L 3| 3
1 (= )( ., )G he 5 h
1 Vi Vi i “Vija +Vi—1,j—1)
6 anh,
rae *
N , E 2V g =2V, i +V, i AV, =2V Vg
X =_2 _ 1__u < i, j+1 i,j i, ] l+_ i+1,j i,j i—1,j
2 (ee— 1) e, )(3 h22 2 h12
l ui+l,j+l _ui+l,j—l _ui—l,j+1 + ui—l,j—l)
6 4h;h,
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Jlanee, Ha OCHOBE COOTHOIIEHHMiT (26) OpraHuzyeMm CIEIyIOMUHA HTEPALMOHHBIA IIPOIECC MO
unnexcy K =0,1,2,...

(k) (k) u(k) 4 (k) V(k) _ vk _V(k) _|_V(k)
u'(k.+1) — 2/_'_2 i+1,] i-1,j + i, j+ ij-1 + i'f‘ i+1, j+1 i1,j4 i1 i1,j-1
o =((A+20) hf S (A+ 1) ann.
T, -T.
_}/ i+1,j i-1,j + Xl*) / (2(/1_'_22/1) + 2/2[)
2h, h; h, (27)
V(k) + V(k) V(k) + V(k) u»(k). _ u(k) _ u(k) + u(k)
V(k+1) — 2/4_2 ij+l ihj-1 4 i+1,j i-1j + /1_'_ i+1,j+1 i-1,j+1 i+1,j-1 i-1,j-1
= ((A+2u) h S (A+p) anh,
T.-T 24 +2u) 2u
_ i+l i,j-1 + X / +
Y ~on 2) (—hj e )
KpaeBLIe yci0BuAa (25) OTHOCHUTEJIBHO Y3JIOBBIX TOYCK UMCHOT BUJ
u) =0, v =0. (28)

TemriepaTypa BHYTPH IPIMOYTOJIbHHKA 3amaHa mo ¢popmyiae (20)

. TX . TY,
T, =T,sin I—'sml—y’,

x =hi,y =hj, i=LN, j=1N,.
HcxoaHbIe TaHHBIE TAPAMETPOB UMEIOT CIIEAYIOIINE 3HAUCHUS
A=15 u=0.75 u =05a=0125T =20, =1,=1,N,=N,=10,& =0.9

Ta6muma 5. 3navenus gpynxumn u(x,y) mpu &€ = 0.001

x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=0.9 x=1

y=0 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
y=0.1 0.0000 | -0.0982 | -0.1264 | -0.1088 | -0.0617 | 0.0000 | 0.0617 | 0.1088 | 0.1264 | 0.0982 | 0.0000
y=0.2 0.0000 | -0.1414 | -0.1925 | -0.1710 | -0.0986 | 0.0000 | 0.0986 | 0.1710 | 0.1925 | 0.1414 | 0.0000
y=0.3 0.0000 | -0.1669 | -0.2319 | -0.2088 | -0.1213 | 0.0000 | 0.1213 | 0.2088 | 0.2319 | 0.1669 | 0.0000

y=0.4 0.0000 | -0.1806 | -0.2533 | -0.2295 | -0.1338 | 0.0000 | 0.1338 | 0.2295 | 0.2533 | 0.1806 | 0.0000

y=0.5 0.0000 | -0.1848 | -0.2601 | -0.2361 | -0.1378 | 0.0000 | 0.1378 | 0.2361 | 0.2601 | 0.1848 | 0.0000

y=0.6 0.0000 | -0.1806 | -0.2533 | -0.2295 | -0.1338 | 0.0000 | 0.1338 | 0.2295 | 0.2533 | 0.1806 | 0.0000

y=0.7 0.0000 | -0.1669 | -0.2319 | -0.2088 | -0.1213 | 0.0000 | 0.1213 | 0.2088 | 0.2319 | 0.1669 | 0.0000

y=0.8 0.0000 | -0.1414 | -0.1925 | -0.1710 | -0.0986 | 0.0000 | 0.0986 | 0.1710 | 0.1925 | 0.1414 | 0.0000

y=0.9 0.0000 | -0.0982 | -0.1264 | -0.1088 | -0.0617 | 0.0000 | 0.0617 | 0.1088 | 0.1264 | 0.0982 | 0.0000

=1 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000

TaGnuua 6. 3Hauenns ensopa Hanpspkennit 0, npu € = 0.0001

x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=0.9

y=0.1 -4.2531 -4.3627 -4,5998 -4, 7474 -4.7872 -4.7474 -4.5998 -4.3627 -4.2531
y=0.2 -5.6151 -5.8489 -6.0390 -6.1866 -6.2422 -6.1866 -6.0390 -5.8489 -5.6151
y=0.3 -6.6237 -7.0580 -7.3309 -7.5133 -7.5781 -7.5133 -7.3309 -7.0580 -6.6237
y=0.4 -7.2974 -7.8363 -8.1835 -8.4038 -8.4799 -8.4038 -8.1835 -7.8363 -7.2974
y=0.5 -7.5461 -8.1065 -8.4814 -8.7166 -8.7973 -8.7166 -8.4814 -8.1065 -7.5461
y=0.6 -7.2974 -7.8363 -8.1835 -8.4038 -8.4799 -8.4038 -8.1835 -7.8363 -7.2974
y=0.7 -6.6237 -7.0580 -7.3309 -7.5133 -7.5781 -7.5133 -7.3309 -7.0580 -6.6237
y=0.8 -5.6151 -5.8489 -6.0390 -6.1866 -6.2422 -6.1866 -6.0390 -5.8489 -5.6151
y=0.9 -4.2531 -4.3627 -4.5998 -4.7474 -4.7872 -4.7474 -4.5998 -4.3627 -4.2531

Ta6nuua 7. 3nauenns pynxumu &, (x,y) npu € =0.001

x=0 x=0.1 | x=0.2 x=0.3 x=0.4 x=0.5 | x=0.6 x=0.7 x=0.8 x=0.9 x=1

y=0 0.0000 | 0.8664 | 1.1636 | 1.1686 | 1.0469 | 0.9741 | 1.0469 | 1.1686 | 1.1636 | 0.8664 | 0.0000
y=0.1 0.8664 | 1.0219 | 1.0431 | 1.0590 | 1.0020 | 0.9653 | 1.0020 | 1.0590 | 1.0431 | 1.0219 | 0.8664
y=0.2 1.1636 | 1.0431 | 0.7476 | 0.6634 | 0.6398 | 0.6332 | 0.6398 | 0.6634 | 0.7476 | 1.0431 | 1.1636
y=0.3 1.1686 | 1.0590 | 0.6634 | 0.4526 | 0.4166 | 0.4280 | 0.4166 | 0.4526 | 0.6634 | 1.0590 | 1.1686
y=0.4 1.0469 | 1.0020 | 0.6398 | 0.4166 | 0.3999 | 0.4172 | 0.3999 | 0.4166 | 0.6398 | 1.0020 | 1.0469
y=0.5 0.9741 | 0.9653 | 0.6332 | 0.4280 | 0.4272 | 0.4595 | 0.4272 | 0.4280 | 0.6332 | 0.9653 | 0.9741
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y=0.6 1.0469 | 1.0020 | 0.6398 | 0.4166 | 0.3999 | 0.4172 | 0.3999 | 0.4166 | 0.6398 | 1.0020 | 1.0469
y=0.7 1.1686 | 1.0590 | 0.6634 | 0.4526 | 0.4166 | 0.4280 | 0.4166 | 0.4526 | 0.6634 | 1.0590 | 1.1686
y=0.8 1.1636 | 1.0431 | 0.7476 | 0.6634 | 0.6398 | 0.6332 | 0.6398 | 0.6634 | 0.7476 | 1.0431 | 1.1636
y=0.9 0.8664 | 1.0219 | 1.0431 | 1.0590 | 1.0020 | 0.9653 | 1.0020 | 1.0590 | 1.0431 | 1.0219 | 0.8664
y=1 0.0000 | 0.8664 | 1.1636 | 1.1686 | 1.0469 | 0.9741 | 1.0469 | 1.1686 | 1.1636 | 0.8664 | 0.0000

03

A\

0.2

0.1

03
1 2 3 4 5 3 7 8 9 10 1

Puc. 5. 'paduk pacnpenenenns dpyukiuu U(x,y) no ocu OX npu £ = 0.001

YuciieHHOE pellleHHe TEPMOILIACTHYECKOTi 3a1a4H 0 PSAMOYT0JIbHUKE CO CBOOOTHBIMH
CTOpOHAMU
Termeps pPacCMOTPHM yPaBHEHUS TEPMOIUIACTHYHOCTH (24) ¢ €CTECTBCHHBIMH HYJIEBBIMH
IPaHUYHBIMH YCJIOBHSMH. 3aIlUIIeM €CTECTBEHHbIC T'PAHUYHBIC YCIOBHUS JUIS MPSIMOYTOJIBHOH 00JacTH
OTHOCHTEJIBHO TepeMenieHui (puc.3)
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B mamrem crygae rpaHHIIBI IPAMOYTOIBHHKA CBOOOIHBI OT HArpysok, T.e. S, =S, =5, =5, =0.

AHAJOTHYHO MOIYT OBITh HAMOEHBl PA3HOCTHHIE YPABHEHHS W OPraHU30BaH HTEPAl[MOHHBIM
IPOIIECC TS PYTHX CTOPOH MPSAMOYTOJIBHUKA.
Hwke npuBeéM YUCIEHHbBIE PE3YIbTATHI IIEPEMEIICHHIM, HAPSHKEHUH U HHTEHCMBHOCTH TEH30pa
nedopMalmii U1 pacCMaTpHUBAaEMOM 3a1a4H.
Ta6muma 8. 3nagenns gymakmun u(x,y) mpu & =0.001

x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=0.9 x=1
y=0 -0.5113 | -0.5113 | -0.4680 | -0.3536 | -0.1904 | 0.0000 | 0.1904 | 0.3536 | 0.4680 | 0.5113 | 0.5113
y=0.1 | -0.5023 | -0.5132 | -0.4637 | -0.3516 | -0.1897 | 0.0000 | 0.1897 | 0.3516 | 0.4637 | 0.5132 | 0.5023
y=0.2 | -0.5076 | -0.5470 | -0.5007 | -0.3802 | -0.2047 | 0.0000 | 0.2047 | 0.3802 | 0.5007 | 0.5470 | 0.5076
y=0.3 | -0.5109 | -0.5849 | -0.5457 | -0.4168 | -0.2248 | 0.0000 | 0.2248 | 0.4168 | 0.5457 | 0.5849 | 0.5109
y=04 | -0.5116 | -0.6136 | -0.5799 | -0.4451 | -0.2404 | 0.0000 | 0.2404 | 0.4451 | 0.5799 | 0.6136 | 0.5116
y=0.5 | -0.5123 | -0.6244 | -0.5927 | -0.4555 | -0.2462 | 0.0000 | 0.2462 | 0.4555 | 0.5927 | 0.6244 | 0.5123
y=0.6 | -0.5116 | -0.6136 | -0.5799 | -0.4451 | -0.2404 | 0.0000 | 0.2404 | 0.4451 | 0.5799 | 0.6136 | 0.5116
y=0.7 | -0.5109 | -0.5849 | -0.5457 | -0.4168 | -0.2248 | 0.0000 | 0.2248 | 0.4168 | 0.5457 | 0.5849 | 0.5109
y=0.8 | -0.5076 | -0.5470 | -0.5007 | -0.3802 | -0.2047 | 0.0000 | 0.2047 | 0.3802 | 0.5007 | 0.5470 | 0.5076
y=0.9 | -0.5023 | -0.5132 | -0.4637 | -0.3516 | -0.1897 | 0.0000 | 0.1897 | 0.3516 | 0.4637 | 0.5132 | 0.5023
=1 -0.5113 | -0.5113 | -0.4680 | -0.3536 | -0.1904 | 0.0000 | 0.1904 | 0.3536 | 0.4680 | 0.5113 | 0.5113
Ta6muua 9. 3nauenus enszopa nanpsokeruii 0, mpu & = 0.0001
x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=0.9 x=1
y=0 0.0000 | 0.0000 | 0.0000 | 0.0000 0.0000 | 0.0000 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
y=0.1 0.0000 | -0.5638 | -0.2500 | -0.1004 | -0.1487 | -0.1565 | -0.1487 | -0.1004 | 0.2500 | -0.5638 | 0.0000
y=0.2 0.0000 | -1.4104 | -1.4304 | -1.4321 | -1.4177 | -1.4092 | -1.4177 | -1.4321 | -1.4304 | -1.4104 | 0.0000
y=0.3 0.0000 | -2.2160 | -2.3921 | -2.5969 | -2.7419 | -2.7931 | -2.7419 | -2.5969 | -2.3921 | -2.2160 | 0.0000
y=0.4 0.0000 | -2.6677 | -3.0058 | -3.3215 | -3.5538 | -3.6379 | -3.5538 | -3.3215 | -3.0058 | -2.6677 | 0.0000
y=0.5 0.0000 | -2.8057 | -3.2134 | -3.5659 | -3.8271 | -3.9220 | -3.8271 | -3.5659 | -3.2134 | -2.8057 | 0.0000
y=0.6 0.0000 | -2.6677 | -3.0058 | -3.3215 | -3.5538 | -3.6379 | -3.5538 | -3.3215 | -3.0058 | -2.6677 | 0.0000
y=0.7 0.0000 | -2.2160 | -2.3921 | -2.5969 | -2.7419 | -2.7931 | -2.7419 | -2.5969 | -2.3921 | -2.2160 | 0.0000
y=0.8 0.0000 | -1.4104 | -1.4304 | -1.4321 | -1.4177 | -1.4092 | -1.4177 | -1.4321 | -1.4304 | -1.4104 | 0.0000
y=0.9 0.0000 | -0.5638 | -0.2500 | -0.1004 | -0.1487 | -0.1565 | -0.1487 | -0.1004 | 0.2500 | -0.5638 | 0.0000
y=1 0.0000 | 0.0000 | 0.0000 | 0.0000 0.0000 | 0.0000 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
Ta6nuna 10. 3nauenus Gpynxuun €, (x,y) npu € =0.001
x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 x=0.7 x=0.8 x=0.9 x=1
y=0 0.0000 | 0.1633 | 0.5950 | 1.0694 | 1.3995 | 15177 | 1.3995 | 1.0694 | 0.5950 | 0.1633 | 0.0000
y=0.1 | 0.1633 | 0.2605 | 0.5528 | 0.8629 | 1.0929 | 1.1759 | 1.0929 | 0.8629 | 0.5528 | 0.2605 | 0.1633
y=0.2 | 0.5950 | 0.5528 | 0.6427 | 0.7161 | 0.7574 | 0.7707 | 0.7574 | 0.7161 | 0.6427 | 0.5528 | 0.5950
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y=0.3 | 1.0694 | 0.8629 | 0.7161 | 0.7043 | 0.7098 | 0.7117 | 0.7098 0.7043 | 0.7161 | 0.8629 1.0694
y=0.4 | 1.3995 1.0929 | 0.7574 | 0.7098 | 0.7570 | 0.7828 | 0.7570 | 0.7098 | 0.7574 1.0929 1.3995
y=0.5 | 1.5177 1.1759 | 0.7707 | 0.7117 | 0.7828 | 0.8206 | 0.7828 0.7117 | 0.7707 1.1759 1.5177
y=0.6 | 1.3995 1.0929 | 0.7574 | 0.7098 | 0.7570 | 0.7828 | 0.7570 | 0.7098 | 0.7574 1.0929 1.3995
y=0.7 | 1.0694 | 0.8629 | 0.7161 | 0.7043 | 0.7098 | 0.7117 | 0.7098 0.7043 | 0.7161 | 0.8629 1.0694
y=0.8 | 0.5950 | 0.5528 | 0.6427 | 0.7161 | 0.7574 | 0.7707 | 0.7574 | 0.7161 | 0.6427 | 0.5528 | 0.5950
y=0.9 | 0.1633 | 0.2605 | 0.5528 | 0.8629 1.0929 1.1759 1.0929 0.8629 | 0.5528 | 0.2605 | 0.1633
y=1 0.0000 | 0.1633 | 0.5950 1.0694 | 1.3995 1.5177 1.3995 1.0694 | 0.5950 | 0.1633 | 0.0000

e s
Puc. 6. I'paduk pacnpenenenns dpyukiuu U(X,y) no ocu OX mpu £ = 0.001
B paccmarpuBaeMoll MOAENbHOH 3ajaue I'paHUYHBIE YCJIOBUS U TEMIIEpaTypHOE IIOJE 3aJaHO
CHMMETPUYHO, W TIOJydeHHbIE UHCICHHbIE pPe3yabTaThl TAKXKE CHMMETPHYHBL, YTO O0eCIednBaeT
JOCTOBEPHOCTD PE3yJIbTaTOB.

5 6 7 8 9 10 1

SAKJIIOYEHUE
B nannoit pabote paccMoTpeH >GGEKTUBHBIA HUTEPALIMOHHBIA METOJ] OCHOBAaHHBIA HAa KOHEYHO-
pPa3HOCTHBIE YpaBHEHHUS B COUETAHMM C JUCKPETHBIMU aHAJIOTaMH KHHEMAaTHMYECKHMX M €CTECTBEHHBIX
TPaHUYHBIX YCIIOBBINA, Pa3pelIeHHbIX OTHOCHUTEIHHO HMCKOMBIX Y3JIOBBIX BENWYWH. J[aHHBIA YMCIIEHHBINA
METO OOOCHOBAaH Ha OCHOBE pELICHUS Psi 33Jad O TEPMO-YNPYTro-IUIACTHYECKOM MPSMOYTOJIbHUKE C
3amIeMJICHHBIME U CBOOOTHBIME CTOPOHAMH HAXOISIIETOCS B TEMIICPATYPHOM IIOJIE.

CdopmynupoBaHbl HECBS3aHHBIE KpaeBhIE 3aJauyd TEPMOYIPYrOCTH M TEPMOIUIACTHYHOCTH IS
IpSMOYTOJIbHUKE B CIydae IUIockoi aedopmanuu. Pa3paboTaHbl YHCIEHHBIE MOJEIN PacCMAaTPUBACMBbIX
3amad. Pa3pa0oTaHbl YWCIICHHBIE aNTOPUTMBI M COOTBETCTBYIOIIEE IPOTPaMMHOE OOECIIeUeHHE IS
pellieHus]  JIBYMEPHBIX  TEPMOYNPYIOIUIACTUYECKMX  KpaeBbIX  3afad. MccienoBaHo — BIMsSHUE
TEMIEPaTypHOTO MOJIA Ha pacIlpeelieHue HaNpsHKeHUH M NepeMelleHui, a Takke Ha BO3HUKHOBEHHE
IUTACTUYECKUX 30H B IPSAMOYTOJIbHUKE.
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3ATAYA YIIPABJIEHUA AHCAMBJIEM TPAEKTOPHUH JU®®EPEHIIUAJIBHOI' O
BK/IIOYEHUA C TAPAMETPAMM IIPU YCJIOBUU NOJABMKHOCTHU TEPMHUHAJIBHOI'O
MHOXECTBA

OraxkyJjos C., Paxumos B.111.
JDicuzakckuii nOIUMexXHUYecKutl UHCIumym
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AnHotammsa. B pabGore paccMaTpuBaeTcs OAMH KJacc MOJENCH IWHAMHYECKHX CHCTEM —
ymnpasisiemMoe auddepeHIHanbHoe BKIIOYCHHE C mMapamerpoM. s 3Tod MaTeMaTH4YecKOM MOoenw
W3yUYeHa 3aja4a yIpaBlIeHUs aHcaMOJIs TPAeKTOPUI Ha IMOJBHKHOE TePMUHAIILHOE MHOXKECTBO. [1omydeHs
HEOOXOJAMMBIC M JOCTATOYHBIC YCIOBHS YIPABISEMOCTH aHCAMOJS TPAeKTOPHH B YCIOBHM HETOYHOCTH
napaMeTpa CUCTEMBI.

Kiwuessle cioBa: nudepeHnnaipHOe BKITIOUYEHIE, CUCTEMa YIIPABICHNUS, TapaMeTp, aHCcaMOITb
TPAEeKTOPHIA, TEPMUHATIBHOE MHOXKECTBO, YCIIOBHUS YIIPABIIIEMOCTH.

Parametrlardan bog‘liq differentsial mansublik trayektoriyalari ansamblini terminal to‘plam
qo‘zg‘aluvchanligi shartida boshqgarish masalasi

Annotatsiya. Ishda dinamik tizimlar modellarining bir sinfi — parametrli boshgariluvchan
differentsial mansublik garalgan. Shu matematik model uchun dinamik tizim trayektoriyalari ansamblini
qgo‘zg‘aluvchan terminal to‘plamga boshqrish masalasi o‘rganilgan. Tizim parametrining noaniqligi
sharoitida trayektoriyalar ansambli boshgariluvchanligining zaruriy va yetarli shartlari olingan.

Kalit so‘zlar: differntsial mansublik, boshqgarish tizimi, parameter, trayektoriyalar ansambli,
terminal to‘plam, boshqariluvchanlik shartlari.

The control problem of ensemble of trajectories of differential inclusion with parameter under
condition mobility of terminal set

Abstract: In this paper we consider one class of models of dynamical system — the controlled
differential inclusion with parameter. For the mathematical model of dynamical systems the control
problem of ensemble of trajectories to mobile terminal set is researched. The necessary and sufficient
conditions of controllability of ensemble of trajectories under condition of indeterminacy of parameter are
obtained.

Keywords: differential inclusion, control system, parameter, ensemble of trajectories, terminal set,
conditions of controllability.

1. Bsenenme.

B HacTosmiee BpeMs  akKTyaJdbHBI BOIPOCHI  CO3JIaHUS CHCTEM aABTOMATHU3WPOBAHHOTO
MPOEKTUPOBAHMSI B TEXHHKE, MPEICTABIISAIOT OOJBIION HWHTEepec MpoOiieMbl 3(h(HEKTHBHOrO YIpaBIICHUS
CIIOHBIMH ~ TEXHOJIOTHUCCKAMHM M 3KOHOMHueckumu mpoueccamu [1,2,3]. Tlpukmamneie 3amaun
VOpaBJeHHS, BO3HUKAIONIME B pa3IMYHBIX OOJACTAX, NPUBOIAT K CHEIHATbHBIM MaTeMaTHYEeCKUM
MOJICIISIM, B KOTOPBIX YYHTHIBAIOTCS XapaKTEPHbIE OCOOCHHOCTH Ka)KJOTo Ipoliecca yIpaBlieHHs. 31ech
€CTh OJIMH BaXXHBIH aCMeKT, KOTOPOTo CIEAyeT YY4eCTh B MCCIEIOBAHMIX MOJENEH CHCTEM YIpaBIeHUH —
CTeTeHb WH(GOPMHUPOBAHHOCTH OTHOCHTEIBHO BHYTPEHHUX W BHEIIHUX MapaMeTpoB. C TOYKH 3peHUs
MOCTPOCHUS MOJIETICH, MPUOIMKEHHBIM PEATbHBIM CUTYAIUSM, IPEIITOYTCHHE UMEIOT Te MOJICIH, KOTOPhIS
YYUTBHIBAIOT TaKUe BaXKHbIE ()aKTOPBI, KaK HETIOIHOTa WHPOPMAIIMK O BHEITHUX MapaMeTpax U HETOYHOCTH
WCXOJHBIX ANMpPHUOPHBIX JAHHBIX O HAYaJlbHOM COCTOSHMM CHUCTEMBI. 3ajlauydl YIpPaBIEHUs] B YCIOBUAX
OTPaHWYCHHOCTH MH()OPMAITUH PA3IMYHOIO THIA COCTABIIAIOT BXKHBIA KJTacCc MH(GOPMAIIMOHHBIX MOJenei
cucrteM ynpasnenust [ 47 ].

Mogenb Juisi TMHAMHYECKUX CHCTEM YIPABIECHHUS C COCPEIOTOUYCHHBIMHU MapaMeTpamMH B oOIieM
BHJIC MOXKHO TIPEJICTABUTH B BUJIE

x=f(t,xuV),t>t,xt,)=x" ueU, (1)
. dx
rae x = x(t) — N-BEKTOp COCTOSHUS, x:a, U =u(t) — M-BeKTOp YHNpPaBJICHUS C MHOKECTBOM

3nauenuit U, w = w(t) — nmapamerp BHEIHHUX Bo3aeiicTBuil. 13BecTHbIE METOIBI UCCIENOBAHUS MOJEIH
Buza (1) paspaboranbl ¢ ydyeroM HH(POPMAUH OTHOCHTEIHFHO MaPaMETPOB BO3MYILIEHUS W HAYATBHOTO
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cocrosHus cucteMsl. Korna u3BecTHbl (yHKIMHU paclpefereHus BeposTHOCTed mapamerpa W= W(t) u

HAYaIbHBIX JaHHBIX, cucTeMa (1) u3ydaeTcs MeToIaMH TEOPHUHU CTOXACTHUYECKOro yrpasieHus [ 8].

B mpukmamHbBIX 3amavax ympaBieHHs OoJjiee PAcIpPOCTPaHEHHOH SBISETCS CHUTyalHs, Korja
uMmeromascs MHpopManus o0 anpHOPHBIX JaHHBIX O HAa4YalbHOM COCTOSHHM CHCTEMBI M IlapameTrpax
BHEITHUX BO3JCHCTBUI OTrPaHWYMBACTCS 3aTaHUEM JIMIIb JOIYCTUMOIO MHOXKECTBA WX 3HAYCHUIL.
HUccnenoBanne Matemarudeckoii momenu (1), cOOTBEeTCTBYOLIEH Tako# CHTyallMH, COCTaBIsIET CYTh
npo0seM YIpaBieHHs W HaOMIOJCHHS B YCIOBHsAX HeompenenenHocta [4,5]. Jlns mopeneidr cucrem
VIpaBleHUS B YCIOBUSAX HEOIPEIEICHHOCTH OOJBIION HWHTEpeC NPENCTaBISIOT CBOMCTBA aHcamOIs
TPAeKTOPHH, METO/IBI OIIEHKH MHOXKECTBa JOCTIDKMMOCTH M IPOTHO3a (Pa30BOTO COCTOSHHS CHCTEMBI U
apyrue [4,6,7]. CneayeT OTMETHTh, YTO H3y4YCHHE OTHX TNpoOieM BO MHOTOM CIOCOOCTBOBATIH
BO3HMKHOBEHHIO M Pa3BUTHIO MHOTO3HAYHOTO M Heryiaakoro anamumsa [9,10,11].

Hcnionb3yst pe3ynbTathl Teopur TudQepeHIIHaTbHBIX BKIIOUYSHHH 1 MHOTO3HAYHOro ananu3sa [10—
13] MOXHO MOKa3aTh, YTO MPH JOBOJBHO OOILIMX MPEANONOKEHUSIX, cucTeMa ympaBienus (1) c

Heompe/ieieHHbIMU  TrapameTpamu W = W(t) €W 1 Hauaneubivu panueivu X° € D oKkBuBaneHTHa
g depeHITnaTbHOMY BKIFOUSHUIO BUIA

x e f(t,xuW))={f( xuw) :wew)} t=>t, X(t,)eD,ueU.
3T0 MOKa3bIBACT, 4YTO MOJCIHN CHUCTEM YIHPABJICHHA B YCIOBUAX HEOIPCACICHHOCTU TECHO CBi3aHbI

TG GepeHITMaTbHBIMA BKITIOUCHHSIMH € YIPABIISAIONIMM MapaMeTpoM (yrpasisieMble TU(GepeHITHaTbHbIC
BKrouenus) [7,13,14,15]

Xxe F(,x,u),t>t,, X(t;) e D,ueU .

Ans muddepeHnnanbHpIX BKIIIOYSHNH (HyHIaMEHTaTbHBIMHU SBIISTFOTCSI TOTIOJIOTUIECKHE CBOHCTBA
MHOKECTBA TPACKTOPHI, HHTETPATbHBIX BOPOHOK M MX ceueHuil (aHcamObis Tpaektopuii) [10 — 12]. Onu
UTPAIOT BKHYIO POJNH B 33JadaX ONTHMHU3AINU U1 YHPABISIEMBIX AU epeHINANBHBIX BKIIOUeHHH. B
pe3ynbTaTe WCCIENOBAHUM Kilacca YIpaBSIeMBIX IUGQEepeHINANBHBIX BKIIOUYEHUH, B YACTHOCTH,
BBISIBJICHBI YCIIOBHSI KOMIAKTHOCTH, BBIMTYKJIOCTH MHOKECTBa a0COJIIOTHO HETIPEPHIBHBIX PELICHUM, a TAKKe
UX 3aBUCHUMOCTb OT IIapaMeTpa yNpaBlIeHHS U HAYaJbHOTO COCTOSHMA. M3ydeHbl HeoOXOquMbIe U
JOCTaTOYHBIC YCIOBUS ONTHMAJIBHOCTH B 3aJadyax OBICTPOACHCTBUS W MHHHUMAKCHOTO YIIPAaBIICHHS
ancambiiem Tpaexropuii [7, 13,15,18].

IIpobGiema ynpaBnsgeMOCTH, CYThb KOTOPOH COCTOUT O BO3MOXKHOCTH IEpeBOJAa CUCTEMBI U3
3aJaHHOTO HAYallbHOTO COCTOSHHSA Ha jKeJaeMoe TepMHHAJbHOE (KOHEYHOE) COCTOSHHE, Ba)KHA IS
KaXJIOH MOJENH IUHAMHYECKONH CHUCTEMBI YIpaBlIeHHA. 3ajada yIpaBlieHHs aHcamOneM TpaeKTopuid
quddepeHIManbHbIX BKIIOYCHUH HMEET CBOK CIEeNU(UYECKYl0 OCOOCHHOCTh. MOXHO paccMOTPETh
3aJaqy O TIOJIHOM FJIM YaCTHYHOM MOTPYXCHHH KOHIIOB BCEBO3MOKHBIX TPACKTOPHUA  CHCTEMBI Ha
3aJaHHOE TePMUHAIHHOE MHOXKECTBO. MIMEeT TeOpeTHIeCKOe U MPaKTUISCKOE 3HAUCHHE TAKXKe U 3a71a49a O
MIOTJIOLICHUE aHCaMOJIeM TPAaeKTOpUil OrpaHHUCHHOTO MHOXKECTBA TEPMHHAIBHBIX COCTOSIHMH. OTO Bce
OTIpEeNeNseT 3HAYeHHWEe W aKTYallbHOCTh IPOOJEMEl YIIPABISIEMOCTH aHCaMOJNs TPAaeKTOPUHA  UIs
muddepeHIanbHbIX BKIIOUeHHH. OCcoOEHHOCTh 3TOH mpoOieMbl Al AU epeHINATBHBIX BKITIOYCHHHA
CBS3aHA C HEOAHO3HAYHHIM (MHOTO3HAYHBIM) XapaKTEpPOM TPACKTOPUH AWHAMHUYECKOM CHCTEMBI.
Y4uTBIBas 3TO, MOKHO CKa3aTh, YTO HCCICAOBAHUS 110 NMPOOJIEME YIPABISIEMOCTH aHCAMOIST TPaeKTOPHA
IuQQepeHITNaTbHBIX BKITIOYCHUH ITOTydaT pa3BUTHE B PA3IMIHBIX HAMIPABICHISIX I BO MHOTOM 3aBHUCST OT
CTPYKTYPBI TAKHUX CUCTEM.

HekoToprle TOCTAaHOBKM 3ajad  yHOpaBisieMOCTH IS Aup(EepeHIMaNbHBIX — BKIOYECHHUH,
MOHUMAaeMble KaK YIpPaBIIEMOCTh aHCaMOJsI TPACKTOPWUH OTHOCHUTEIBHO 33JaHHBIX HAYaIbHBIX W
TEPMHUHAIBHBIX COCTOSIHHIM, paccMOTpeHbI B paborax [13,14,17,18]. st TaKuX CHCTEM H3YYEHBI YCIOBHS
YIPaBISEMOCTH U HEKOTOPHIC CBOMCTBA MHO)KECTBA TOUCK YIIPABISIEMOCTH OTHOCHTENBEHO TEPMUHAIHHOTO
MHOXecTBa. OTHenbHble pe3ylbTaThl [0 BOINPOCY yIpaBJIEHUS aHCAMOJs  TpaeKTOpuid  ajst
nuddepeHIHaTbHBIX BKIIOYEHHN C 3ama3ibiBaHueM mnoiyueHsl B pabote [19]. B [20] mis Takux cucrem
paccMoTpeHa 3aada ONTUMAIBHOTO YIIPABICHUS aHCAMOJISl TPACKTOPHUH 1O ObICTPOIEHCTBHIO.

B nmamnO#t paboTe paccMOTpUM OIUH KJIACC YHPABISAEMBIX JU(PGEPCHINATBHBIX BKIIOYCHUM,
3aBUCSIIUX OT JAOMOJHUTENBHOTO IapaMeTpa, KOTOpPOro MOXHO MpHUHMMAaTh B KayecTBE IapaMerpa
JOIyCTUMOCTH HETOYHOCTeH B TIIpoliecce CHHTE3a CHCTEMBl YIpPABICHUS WM Kak Iapamerp,
ONpeNeNsAoIuil ceMeiiCTBy NMHAMUYECKOH cUCTeMBbl 0€3 €IMHCTBEHHOCTH. UccnenoBana 3anaua
VIIpaBIICHHUS aHCAMOJISI TPACKTOPHI Ha MOJBIDKHOE (3aBUCSINUI OT BPEMEHH) TEPMHUHAIBHOE MHOMXECTBO
coctosiHuH. [lomydeHsl HEOOXOAUMBIE M JOCTATOYHBIC YCIOBHUS YNPABISIEMOCTH, KOTOPHIC BBIPA’KCHBHI B
MPEATONIOKECHUAX OTHOCUTENBHO MPAaBOH YaCTH PaCCMOTPEHHON CHCTEMBI.
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2. IocranoBka 3agauyn. MeToAbI HCCIACI0BAHUA.
PaccMoTpyM 00BEKT yIpaBICHWs, AWHAMHKA KOTOPOTO OMHUCHIBaeTcs auddepeHmanbHbM
BKJIIOYECHHEM

xeA(t)x+B(tuQg),t>t,,ueVv, Q)

rae A(t) — NXN- marpuma, B(t,u,q) — MHOro3HauHOE OTOOpa)KCHHE, 3HAYCHUS KOTOPOTO SIBIISIOTCS

n m o RV
KOMITAaKTHBIMH MOJMHOKeCTBaMu npoctpanctBa R', U €V < R™— ynpasnstomuii napamerp, (] € K™ —
JOTIOJHATENBHBIA TapaMeTp cHucTeMbl. OTHOCHTENBHO pomu mapamerpa ( BO3MOXKHBI HEKOTODBIE

JIOTyIIeHus. 31eCh OTMEYaeM HEKOTOPhIE U3 TAKMX BO3MOXKHBIX CUTYaIUH.
OpHa U3 HUX ompenesnseTcs MPEeanoloKEHUEM O TOM, 4YTO napaMeTp ( mpuHUMaeT 3HaueHUe B

caMoOM HadaJie mpoiiecca yrnpasienus (t = t,) 1 COXpaHseT CBOE 3HAUCHHE B JATBHEHIIIEM B OMPEICIICHHOE
Bpems. Oanako  wuHGpopMamus 00 STOM OrpaHUYMBACTCS TEM, YTO M3BECTHO TOJIBKO MHOXECTBO

o 14 o
Bo3MoxkHbIX 3Hauennit: € QCR". B rtakoit curyauun auddepenumansroe Brmouenne (1) MOKHO
paccMOTPETh KaK MaTEMATUYECKYIO0 MOJENb CHCTEMBI YIIPABICHUS B YCIOBHAX HETOYHOCTH napamerpa (,

OT KOTOPOTO 3aBUCHUT, B HEKOTOPOM CMBICJIE, CTPYKTYpa JUHAMUYECKON CHCTEMBI.
Hpyroe mnpennonoxeHue OTHOCUTENBHO poJM mapamerpa ( oTHocuTCS Ha ciydail, Korza

coortHoienue (1) paccmarpuBaeTcs Kak MOJENb AMHAMHUYECKOW CHCTEMBI, B CHHTE3¢ KOTOPOil y4acTByeT
CeMENCTBO ynpaBisieMbix AuddepeHnuanbHbIX BKIIOYEHNH, OIpeenseMoe MHOKECTBOM 3HaueHui ( € Q .

Crenyer Takke OTMETHTB, 4TO K MozeisM Buza (1) ¢ JOMOJHUTENBHBIM MapaMeTpOM IPHUBOJST TAKKE
3a/la4y YIpaBJIeHHs, KOIZla MHOKECTBO BO3MOXKHBIX 3HAUEHHMH MapaMeTpa BHELIHMX BO3ACUCTBUI UMeeT
CBOI1 mapaMeTp HETOYHOCTH.

JlomycTUMBIME YIIpaBACHUSIMU 1151 cucTembl (1) OyaeM cuuTaTh OrpaHUYCHHBbIC U U3MEPHMbIC

¢bynaknun U = u(t), t> to, €O 3HaYeHuaAMH u3 komnakra V — R™.

Mycrs: U, (T) — wmuoxecTBO Beex momycTuMmbiX ympasienuii U =u(t), teT= [t,.t];
HT (XO,U, C{) — MHOXECTBO BCeX a0COIIOTHO HENpephIBHBIX TpaekTopuii X = X(t) cucremsr (1),
coorserctayrommx ynpasnenuio U=U() €U, (T), napamerpy q e Q u mauamsuomy ycnosuio X(t,) = x’;
X+ (7, X%, u, () — MHOXeCTBO TOUEK MPOCTPAHCTBA (Ha30BBIX COCTOAHMI R", TOCTHKUMBIX T0MyCTHMBIMI
tpaekropusmu X(-) € H; (x°,u,q) B moment €T .

[Ipy (UKCUPOBAHHOM MOMEHTE BpeMEHH 7 € | MHOXECTBO XT(T ) XO, U, Q) ecth ceuennue
MHTErpaJbHOW BOPOHKK auddepeHnranbHoro BraodeHus (1), COOTBETCTBYIOIIETO — YIPABIECHUIO

u=u()eU,(T) u mnapamerpy qeQ. Muorosnaunoe orobpaxenne {— X, x°,u, Q.teT,

NPEICTABIAIOT CO00ii aHcaMOJIb TpaekTopuil auddepeHnuanpHoro BrioueHus [13,17,18].
IIpenmonorast BBINOIHCHBIMH, OTMEUCHHBIC BBIIIE, JAOMYIICHHUS] OTHOCHTEIBHO mapaMerpa g € Q,

paccMoTpuM 3agady 00 ympaBieHHH aHcaMmOjst Tpaekropuil auddepeHnnansHoro Bkmouenus (1) u3
HAYANBHOTO COCTOSAHHA X° Ha 3a[aHHOE MEPEMEHHOE MHOXKECTBO KOHEUHBIX (TEPMHHANBHBIX) COCTOSHHIA
0
M (t), t >t,, cunras, ecrectsenno, uto X & M(t;)# & . Ira sanaua saxmouaercs nepesone cucremsr (1)
W3 3aJaHHOTO HAYaJIBHOTO COCTOSHHSA X° Ha MEpeMEHHOE TEPMHHANLHOE MHOKECTBO C TOMOIIBIO
nexoroporo gomycrumoro yrpasierus U =U(-) €U, (T), obecneunsaromero 310 oxHoBpemenHo mwis
Bcex ( €Q. Tounee roBops, TpeOyeTCsl BBIICHUTH YCIOBUS, NPU BBINOIHEHUH KOTOPBIX CYIIECTBYET
nonyctumoe ynpasnenue U(-) €U, (T), takoe, uTo nmeer Mecto cooTHOMmEHNME
0
X; (t, X, u ) NM(t,) 22 Vg eQ 2
IIpH BCceX 3HAUCHUSX napamerpa (€ Q.
Onpenenenne. Eciu  CyIiecTByeT MOMEHT BpeMeHH t; >ty W JIOMYCTHMOE VIIpaBIICHHUE
u() eV, (T),T =[t,,1,], Taxoe, uto coorromenue (2) nmeer Mecto oaHOBPEMEHHO AT Beex ¢ € Q, TO

OylIeM TOBOPHUTH, YTO aHCaMOIb TpaekTopuii cuctembl (1) sBISETCS YIpaBIsSEMbIM W3 HAYAIHLHOTO
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cocrosrma X° ¢ M (t,) ma Tepmunanbhoe muokectso M(t), t >t, nmm kpatko, cuctema (1) [(x°, M)], -

yIIpaBIsieMast.
3ameTHM, 4YTO B Clyd4ae, KOIa MHOXeCTBO (Q OJHOIICEMECHTHOE, IOHATHS [(XO,M)]Q -

yrpasisgeMocTd cucteMbl (1) coBmajgaeT ¢ aHaJIOTHYHBIM MOHSATHEM YIPABISIEMOCTH, PACCMOTPEHHBIN B
[17].

Ha npaByto gacts auddepenimanpaoro BiaouyeHus (1) 1 Ha TEPMHHAIBHOE MHOXECTBO OymaeM
HaJjarath ycioBHs, cHOPMYIHPOBAHHBIC B BUE CIACAYIOIIMX MIPEANOIOKCHHUI:

1) onementer Matpuusr A(t), t>1), namepumb n [A()] < a(t), t21,, e a()eL (M), Te
dynxmms a(t) cymmmpyema Ha Kaxaom konednHom otpeske T =[t),t,] < [t;,+0);
2) mMuorosHaunoe otobpaxenne (t,V, g) — B (t,v, q) wusmepumo no t €[ty 1] npu seex t, >,

u HempepbiBHO To (V, () moutd ams Beex €[t +00), Hpnqu” B(t,v, q)|| = , il(]p | < Gy (1),
eB(t,v,q

teft,+0), VeV, qeQ e gyy() e L (T) mpu kaxcaom T =[ty,t ] [ty +o0).
3) mHOXecTBa M(t), t 21,, BBIITYKJIBI M 3aMKHYTHI.

0
U3 npuBeIEHHOrO BBILIE ONpeEeHus scHo, uto cuctema (1) [(X°, M )]Q — ympasisemMa TOoraa U

TOIBKO TOT/Ia, KOT/Ia CYIIECTBYET yIpPaBJICHUE U= U() € UV (M).T= [to,tl] , TAKOE, UTO
Oe ﬂ X+ (t,, x°, 1, a) - M(t,)]-
4<Q
CrnenosarensHo, [(X°, M )]o — ynpasnsiemocts cuctemsr (1) paBHOCHIIBHA COOTHOIIEHHIO

o U M Xy (t,x° u,q) - M(t,)] )

ueUy, (T)qeQ
PaCCMOTpHM CJICAYIOIIHUE MHOKECTBA:

X: M EUM A= | X &0 BLV.g)=JBtva) teT=[.4].5eR

ueUy (T) veV
B cumny pesymsratoB pabotst [13] X (t,& U, (T),q) — sbmyknbii xommakr u3 R" u
CIHPEBEIUIMBO MPE/ICTABICHHE
t
X1 (6 &, Uy (M, Q) =0(t, 1) + [ @(L, 7)B (2, V, g)dz, (4)
to
rae d(t, 7)— pynnameHTanbHas MaTpuIla pereHuit ypasaerus X = A(t) X, t> to , T.€.
oo(t, 7)
ot

Hcnonb3yeM B JanbHEWIIEM IIOHATHE OMOPHOM (DYHKIHMKM MHOXecTBa W ee cBoiictBa [12]:
C(D,y) =sup{(d,y):d € D}, rne DcR",y eR".

W3 npexncrasnenus (4) u CBOWCTB MHTErpaia MHOTO3HAYHOTO OTOOPAXKEHHS SICHO, YTO B YCIOBHSIX

= A(t,q)D(t,7), t> to , CD(T, T) =E,7 2'[0, E — enunnunas matpumna.

HAa TpaByl 4YacThb jaubdepenimansHoro Bimouenus (1) muoxkectBo X (tl,XO, U,(T),q vYqeQ

BBIITYKJIO, 3aMKHYTO 1 OIr'PaHUYCHO. Ero OIMOpHasn (1)YHKLII/I5[ BBIYUCIACTCA 110 (bopMyne:

CXy (X" Uy (M,0) = (@t , t,)x°,w) + tjC(CD(tl, )B(t, V, q),y)dt - ®)

B nmanpHeiiniem [isi TONyYeHHS HEOOXOOMMBIX M JIOCTATOYHBIX YCIOBHI yIIPABISIEMOCTH
nuddepenimansaoro BrmoueHus (1) 6ymem wucmonbzoBath ¢opmyny (5) M CBOWCTBA MHOTO3HAYHBIX
OTOOpaKEHUN.

3. TonyueHHBIE pe3yJbTATHI.

U3 ompenenenns wmuokectBa X (t, &, U, (T),0) u cBoiictB omeparumii 00beIMHEHHs U

NEPECCUCHNA MHOXKCCTB JICTKO CICAYCT CIACAYIOIMUEC COOTHOIICHUA:
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U m [XT (tl,xo,u,q)-M(tl)]cﬂ U [XT (tl,xo,u,q)-M(tl)]z

uely (T)qeQ qeQ uely (T)
= ﬂ[ UXT (t1’ X01 u,q)—M (tl)] = ﬂ [XT (t11 XO! Uv(T)l q-M (tl)]' (6)
qeQ ueUy (T) qeQ

0
Kak yxe ormerwmim, [(X ,M)]Q — ympaBisgeMocTh cucTeMbl (1) paBHOCHIBHA COOTHOMIEHHIO (3).

CnemoBatenbHo, cornacuo (6) ms [(XO, M )]Q — ympasiseMoit cuctemsl (1) momyaum
Oe ﬂ [X: (L, x°, U, (M, a)-M()]
qeQ
Muosxectso X; (tl,Xo, Uy, (T), @) —M(t;) npu Bcex qeQ BBNYKIO W 3aMKHYTO, H TOITOMY B

TEPMUHAX OMOPHBIX (DYHKIUIH MOCIeaHee paBHOCUIBHO COOTHOLLICHUIO

C(X; (t,x°, Uy (1), ) -M(t,),p) 20Vy eR",q Q. @

CnenoBatenbHo, u3 cootHorrenuit (5), (7) momydnm

It

nf (@0 )60, ) +inf [c@, 0BV, )t +CME) -»)I20 . ©

Wtax, MBI IOTy4IITH CIIeayIOIee He0OOX0IUMOE YCIIOBUE YIIPABISIEMOCTH.

0
Teopema 1. [nsa [(X ,M)]Q — ympaBisieMocTdH cuctembl (1) HEOOXOAMMO CyILIeCTBOBaHHUE

momenTa Bpemern U > 1 taxoro, uto mmeer mecto cootHomreHHe (8).

HccrenoBanue CBONCTBA YIPABISEMOCTH MPOJOJIKUAM JUTS OHOTO YacTHOro ciydas. ITycts B (1)
B(t,u,q) = B, (t,u) + B, (t,q) , T.€. paccMoTpuM aupdepeHInaNTbHOE BKIIOYEHHE

xeA(t)x+B, (t,u)+B, (t, q), t>t,,ueV,qeQ. 9)
3meck B, (t,u)— OAHO3HAYHOE OTOOPaKEHHE, U3MEPHMOE II0 t= to u HenpepbiBHOe o U €V, mpuuem
” Bl (t’ V)” < O1y (t)’ te ['[0,—|-OO) VeV :gv () € Ll(T) Ipn  KaXJIO0M T :[tO’tl] - [to,-l-oo) ;

B, (t,g) — MHOrO3Ha4YHOE OTOOPaKEHHE, M3MEPUMOE IO tZto U HempepslBHOE 1o (| € Q, mpuueM

|| B, (t,Q)” < ng(t), qeQ gq(') € Ly(T) npu kascnom T =[tg, ;] < [t,,+0).
Hapsiny ¢ (9) pacemotpum yrpasisiemoe TuddhepeHIinaibHOe BKIFOUCHUE

xeAM)x+B, (tu)+ (B, (t q), t=t,,ueV, (10)
qeQ

- 0
xotopoe B oramumi ot (9), He comepxkut mapamerp ¢ e Q. OGosmaunm uepes X7 (t,, X", U, (T))
MHOKECTBO TOUEK (ha30BOTO MPOCTPAHCTBA COCTOSTHUI R, TOCTHKMMBIX BCEBO3MOKHBIMM TOTTYCTHMBIMH
— 0
tpaextopusmu U = U() € UV (T) cuctemsi (10), cootBeTcTBYIONIHNX HauanbHoMy yenosuio X(tp) = X' .

v 0
Jemma 1. Muoxecrso X3 (t,, X", U, (T)) seasercs oimykiasiv komnaktom u3 R" u umeer

CIIeyIoIIee MpeICTaBICHUE

X5 (t, x°, U, () =d(t,, t,)x° + tjlob(tl, t)B, (t, V)dt+ tjlob(tl, t)B,, (t)dt, (11)

to to

e By (t) = ﬂ B,(t.q).
qeQ
Hcnons3ys npencrasinenue (11) u cBoWCTBa MHOTO3HAYHBIX OTOOPAKEHHUM, MOXKHO TTOKa3aTh, YTO
CIIPaBEIMBO YTBEPXKACHUE!

Jlemma 2. [TycTs put HEKOTOPOM MOMEHTE BPEMCHHU tl > to UMeET MECTO COOTHOILEHHE

X5 (1, x°, Uy (MNM(t,) = D. (12)

Torna
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U NX: @.x° ua)NM () =<S- (13)

uely (T)qeQ

Teopema 2. s [(x°, M )] — ynpasnsiemoctu cuctembt (10) 10CTATOYHO BBINONHEHHE YCIOBHSA

Yy
INFL(D(t;, t6)X°,p) + [ C(D(t:, DB, (&, V), w)dt+
to
ty _
+ [Cd(t,, )B,q (1),p)dt - C(M(t,), )] = 0 (14)
to
IpH HEeKOTopoM MoMeHte Bpemenu f >1). Ecmm M B.(t,q) = B,(t,q*) "PH HEKOTOpOM q'€Q, To
a=Q

ycrosue (14) sBrsieTcst 1 HEOOXOMUMBIM YCIOBHEM [(XO, M )]Q — ynpasisiemoctu cuctemsr (10).

Jl0Ka3aTeJabCTBO. B CHIIy BBIMYKIOCTH MHOXKECTB )A(} (t;,x°, U, (T)) u M(t,) cootromenme
(12) 3anumeTcs ¢ IOMOIIBIO X ONOPHBIX (YHKIMIT TaK:
CX; (1, X%, Uy () ~M (L)1) > 0¥y € R",q < Q

Iocnennee cootHomenue ¢ yueroM dopmyinsl (11) mpunumaer Bun (14). Torma B cuiay gemMmbl 1 umeer
mecto (13). A coornomenue (13) osnauaer, uto cymectsyer ynpasinenue U =U(-) €U, (T) raxoe, uto

0e ﬂ DX, (t,,x°, T, q) - M(t,)] T-e. cuctema (10) [(x°,M )lo — ynpasnsemast. Mrak, nocrarounocts
9<Q

ycnosus (14) mus [(XO, M )]Q — ynpasisiemoct cucremsl (10) mokasana.

Tenepn, mMycTh ﬂ B,(t,q) =B,(t,q"), q"€Q. Torna ecnn cucrema (10) [(X’, M), -
qeQ
ynpasisiemas, TO
Oe ﬂ [XT (t11 Xo, a, Q) - M(tl)] < ><T (tl! Xo, u, q.) - M(tl) < XT (t1' Xo’ Uv(T)a q.) - M(t1) )
aeQ
Tenepp B TOMy4EHHOM LIEMIOYKE BKIIOYEHHM Yy4YTEM, UYTO U3 ﬂ B,(t,q)=B,(t,q") caenyer
qeQ

X; (L, x°, U,(M.q%) = 5(} (t,, x°, U, (T)). Cnenosaremsro, 0e 5(} (t, x", U, (T)-M(t). A »mo
paBHocwibHO (12). Kak Beiie BeisicHuIH cootHotneHue (12) 3anminercs B skBuBanieHTHOM Buuae (14).
TaknM o6pasom, HeoGxomumocts yerosmst (14) [(X°,M )]o — ynpaBmsiemoct  cuctemsr (10) Takke

JIOKa3aHa.
4. 3axiaouyeHue.

B teopeme 1 naHo oOiiee HEOOXOMMMOE YCIOBHE [(XO,M)]Q — YIPaBIsIeMOCTH aHCAMOJIst

Tpaextopuii cucremsl (1). B Teopeme 2 miust dactHoro ciydas cucremsl (1) Buma (10) mpuBemeHsr
HeO6XO,Z[I/IMI>IC 1 JOCTAaTOYHBIC YCJIOBHS YIIPABJISICMOCTH. Hcnonp30BaHHBIN METOJ HUCCJICJOBAaHUSA MOXKHO
PasBUTh TaKKe JUIS MOTYYEHHs JOCTATOYHBIX YCIOBHM yNpaBiasieMOCTH A Oojee OoOIIMX BUIOB MPAaBOM
gactu cucteMsl (1). MOKHO 1TOKa3aTh, 4TO U3 YIPABIIEMOCTH aHCAMOJIs TpackTopuil quddepeHnaIbHOro
BKJTFOUCHHUS

xeAM)x+()] B(tuq),t=t),ueV
qeQ

Ha TepmunansHoe Muoxkectso M (t), t>1,, cnenyer [(XO, M )]Q — yIpaBisieMocTh cucTeMsl (1).
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DISKRET HARDI TIPIDAGI OPERATORNING UZLUKSIZLIGI
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Annotatsiya. Ushbu ishda diskret Hardi tipidagi operator uzluksizlik bo‘lishi uchun yetarli va
zaruriy shartlar keltirilgan.
Kalit so‘zlar: Diskret Hardi operatori, operator uzluksizligi, vaznli diskret fazolar.

HenpepbIBHOCTE JUCKPETHOT0 OIIEPATOPA THNA XapAu
AnHoramuss. B nmanHOW paboTe MNpPHBENCHBI JOCTATOYHBIE W HEOOXOAWMBIC  YCIIOBHS
HETPEPHIBHOCTH JUCKPETHOTO OTepaTopa TUa Xap/u.
KitoueBble ciaoBa: JluckpeTHblil omepaTop Xaplu, HENPEPBIBHOCTb OINEpPaToOpa, BECOBBIE
JINCKPETHBIE MTPOCTPAHCTBA.

Continuity of discrete Hardy type operator

Abstract. It is presented necessary and sufficient condition for continuity of Hardy type operator.
Keywords: discrete Hardy operator, continuity of operators, weighted discrete spaces.
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1-§. Kirish

Faraz qgilaylik, V,>0,n=12,... va p=>1 bo’lsin. |p(Vn) orgali Y [x,|" v, gator yig‘indisi

n=1

chekli bo‘ladigan barcha {X, } "

)= ) e (Sl <.

Xuddi shunday 1 (Un) fazo ham kiritiladi. Endi quyidagi Hardi tipidagi operatorni garaylik:

H:P(v,)—=>1%(u,),  (Hx), ::Zn:sn’kxk , (11)
k=1

bunda {Sn,k} ga H operatorning yadrosi deyiladi.

ketma-ketliklar fazosini belgilaymiz, ya’ni

Biz quyida shu operatorning uzluksizligi masalasi bilan shug‘ullanamiz, ya’ni berilgan fazolar
uchun (1.1) operatorning uzluksizligini ta’minlovchi shartlar topamiz.

Ma’lumki, normallangan fazolarda chizigli operatorning uzluksizligi uning chegaralanganligi bilan
ekvivalentdir. Shuning uchun berilgan operatorning uzluksizligi o’rniga ushbu

5,y <ClXee,): (12)

ya’ni,

n
an,kxk

k=1

1 1
a q © o
unJ £C(Z|xn|pvn]p (1.3)
n=1

tengsizlikning bajarilishini o’rganamiz, bunda C o‘zgarmas son X ga bog‘liq emas. (1.3) tengsizlikka

P

n=1

diskret Hardi tipidagi tengsizlik deyiladi va uni nomanfiy {Sn’k} va {Xn} ketma-ketlik uchun garashimiz
yetarli, [2] ga garang. Shuning uchun biz quyida (1.3) o‘rniga

00 n q i o0 i
{Z(an,kxkj Uan SC(fovn]p (14)
n=1 \_k=1 n=1

Endi (1.4) tengsizlikka oid ba’zi ma’lum natijalarni keltiraylik: agar (1.4) tengsizlikda S, x =1/n,

tengsizlik bilan ishlaymiz.

u, =V, =1va = p deb olsak u holda quyidagi klassik Hardi tengsizligi hosil bo‘ladi:
z[ Zxkj <c3xe.
n k=1 n=1
Bu tengsizlik G.Hardy tomonidan 1920 yilda p =2 holat uchun o‘rganilgan, so‘ngra tengsizlik istalgan
p > 1 uchun umumlashtirilgan, ma’lumot uchun [2] ga garang.
Agar (1.4) tengsizlikda yadro 1 ga teng bo‘lsa, u holda quyidagi diskret Hardi tengsizligi hosil

bo‘ladi:
cia Y Y (e Y
LZ(ZXKJ un} SC(anpvnj : (1.5)
n=1 \_k=1 n=1

Bu tengsizlik o‘rinli bo’lishi uchun “1< p < g < oo holda” ushbu shartning bajarilishi yetarli va zarurdir:

1
_sup(ZU ] (ivip'jp <o (1.6)
k=1

neN

P

bunda p’ =—1. Bu natija Andersen-Heinig [1] tomonidan olingan.
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Agar {a,}” va {b,}”  musbat hadli ketma-ketliklar bo‘lib, (1.4) tengsizlik yadrosi S, =&
orgali berilgan bo‘lsa u holda (1.4) ushbu ko‘rinishni oladi

1 1

0 n a 0 ™

(Z[Zanbkxk] un]q SC(ZXannjp
n=1 \_k=1 n=1

Bu tengsizlikda Y, = bKXk belgilash olsak natijada

{Z(Z e j a, J: <C (Z ™ jé

ga ega bo‘lamiz, bunda Un = Unt':lrﬁ1 va \7n = bn_an. Bu esa yuqoridagi o‘rganilgan (1.5) holatga keladi,

ya’ni, diskret Hardi tengsizligining ixtiyoriy musbat {yn} da bajarilish shartini 1< p <q<oo holda (1.6)

e[ 2o J(Z“‘ V-

1
—sup(Zaq j (Zbkp'vﬁ‘p'jp <o
k=1

orgali berish mumkin:

neN

Umuman olganda diskret Hardi operatori va Hardi tipidagi operatorlarning chegaralanganligi shu
vagtgacha juda yaxshi o’rganilgan. Bunda oid natijalarni Hardi tengsizligiga doir kitoblardan topish
mumkin, masalan [2], [4] va hakozolar. Shunday bo‘lsada agar gap operatorning uzluksizligi uchun yetarli
va zaruriy shartlar topishda bo’lsa, afsuski, bunday o‘rganilgan operatorlar sinfi unchalik katta emas.

Ushbu ishda Hardi tipidagi operatorning yadrosi guyidagi ko‘rinishda

zal n™ik (1-7)

bo‘lgan hol garalgan. Ishning ikkinchi paragraflda asosiy natijalar keltirilgan. Operator uzluksiz bo‘lishi
uchun zaruriy shart fagat p=2, 1<g<oo holda olingan va bu shartni olishda (1.7) yadroning

koeffitsientlariga elliptiklik shartlari qo‘yilgan.

2-§. Operatorning uzluksizligi
Faraz qilaylik, (1.1) operatorning yadrosi (1.7) ko‘rinishda bo‘lsin. Quyidagicha belgilash
Kiritamiz:

1 1
n) :(iukaﬁqu (Zvll_p’biﬁ’jp ! i:1’2""’m
k=n 1=1

hamda, operatorning uzluksizligini taminlovchi ushbu natijani keltiramiz:
Teorema 2.1. Yadrosi (1.7) ko ‘rinishda berilgan (1.1) Hardi tipidagi operatorning uzluksiz
bo ‘lishi uchun
supA,;(n)<oo ,i=12,..,m (2.1)

neN
shartlarning bajarilishi yetarlidir.
Isbot. Agar (2.1) shart o‘rinli bo‘lsa, u holda Andersen-Heinig [1] teoremasiga ko‘ra quyidagi
Hardi tengsizligi

1
© n q
Z[Z ykj unaic,‘ <C1I [z yrfvnbl an
n=1 \_k=1

barcha musbat {yn} ketma-ketliklar uchun o‘rinli bo‘ladi.
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Bu tengsizlikda Y, = anm deb belgilash olsak ushbu tengsizlikni

1 1

o n q o0 "™

[z[zbj J <c, [zj
n=1l \_k=1 n=1

hosil gilamiz. Endi (1.4) tengsizlikning chap gismiga Minkovskiy va so‘ngra yugoridagi tengsizlikni
qo‘llasak:

m
bunda C =" C, ;. Teorema isbot bo‘ldi.
i=1
Teorema 2.2. Faraz gilaylik, p=2 va 1<q<oo bolsin. U holda yadrosi (1.7) ko ‘rinishda
berilgan (1.1) Hardi tipidagi operatorning uzluksiz bo ‘lishi uchun

supA, (r)<wo , (2.2)

reN
shartning bajarilishi zarurdir, bunda

K}
e

Z(an Vi j n

Isbot. Agar (1.4) tengsizlikda quyidagicha belgilashlar olsak
1 u =y
yk:Xkap’ Aﬁn_alnunq va _ka p’

u holda uni ushbu ko‘rinishda yoza olamiz
1

(g[gsmkykj ]q gc[g y,f’jp , (2.3)

:ZA,nBi,k : (2.4)
i=1
Endi ixtiyoriy € N uchun {B:k}_: ketma-ketlikni ushbu ko‘rinishda

~ |Bix, 1=sk<r,
“lo o, k>

bunda

B

* I - - - - - - -
aniglaymiz. {Bis,k} R (I Sm) sistema 1% (1%- kvadrati bilan jamlanuvchi ketma-ketliklar fazosi) da

{B:k}:il ning ixtiyoriy chizigli bog‘lanmagan gism sistemasi bo‘lsin, uni soddalik uchun {B:k}:zl kabi

belgilaylik. Ushbu sistemaga Gramm-Shmidtning ortogonallashtirish jarayonini qo‘llab, {B.* }'1

i,r,k i—

ortogonal sistema hosil gilamiz. {Bi*k}f“l ni esa bu sistema orqali ifodalash mumkin:
K

Zﬁ,” o i=1Lm,
=1
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K <r uchun (2.4) yadroni quyidagicha ifodalaymiz:

bunda A, , :Z:Bi,j,rpﬁ,n . Bundan foydalanib 12 da ortonormal {hsrk}' L (hSrk =B . -[B.

s,r

- Msrk
i=1

‘)

sistema uchun (2.3) ning chap tomonini ushbu ko‘rinishda baholay olamiz

[uN

(g {3lg T

{ofgfgnn ] -{elggen o ma]
[sgn g Jror-(2n (g

Q|-

3

(Sni j ga almashtiramiz). Endi

bo‘lamiz:
1
I | | (o [ n a\q
Ic=c>|h,]|.= CZ(th) >y Z( sn,khj,rykj >
j=1 j=1 \ k=1 j=1\ n=1 \ k=1
1
| 2 z | % a
0 q 2 o0 r 2
ZZ(ZA?rnj (Z szrkj _ZLZ( (AjrnBj,r,k) j 2
j=1 \ n=r k=1 j=1| n=r \ k=1
1 1
1\9 \a AL
o | r 2 )2 © r |
g || 2| 5gEm0 ) |-
n=r| j=1\ k=1 n=r{ k=1\_j=1
1 1
) r | m 2 % ! 0 r m | 2 g ‘
= Z[ [ZZAHAJFBJI’kJJ = Z( (ZZAnﬁljrle’kj} =
n=r| k=1\_j=1 i=1 n=r| k=1\_i=1 j=1
1
q

| 5(sEan ] -8B |
ya’'ni
IC>[i(isfykvk1)2] :

Bunda r € N ixtiyoriy va (2.3) dagi C konstanta chekli ekanligidan (2.2) o‘rinli bo‘lishi kelib chigadi
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m
Ta’rif 2.3. Di’j haqigiy sonlarning {Di'j}i it sistemasi (matritsasi) uchun shunday CE >0

konstanta mavjud bo ib, ixtiyoriy & ={&}" €R™ uchun

Zm: D, ;8¢ 2 CEZm: Di,i§i2

tengsizlik bajarilsa, u holda {Di,j} - sistema elliptiklik shartini ganoatlantiradi deyiladi.

i j=
Quyidagicha belgilash olamiz

Di,k(r):ZBi,kBj,k :Zbi,kbj,kvk_l' (2.5)
k=1 k=1

Ta’rif 2.4. Agar shunday C; >0 konstanta mavjud bo'lib, ixtiyoriy r e N uchun {Di’j (r)}i’j=1

sistema elliptiklik shartini ganoatlantirsa, u holda E2 shart bajariladi deyiladi.

Teorema 2.5. Faraz qilaylik, p=2, 1<q<o bo‘lsin va (2.5) sistema E2 shartni

ganoatlantirsin. U holda yadrosi (1.7) ko ‘rinishda berilgan (1.1) Hardi tipidagi operatorning uzluksiz
bo ‘lishi uchun (2.2) shartning bajarilishi zarurdir.

Isbot. Teorema 2.2, E2 shart va Minkovskiy tengsizligidan foydalanib, quyidagilarni olamiz:
1

1
| o n q E o r % q
5 (Esn] [ 2 S| -
k=1 n=r \_k=1

i=1

I
I MS
VR
~ -
[Ms
Y
3
o
3
o
=
o
x
<
~
i
N—
a
c
=1
QR
I
N\
M
-
[Ms
O
—
=
~
>
5
>
B
[Fe]
ok
\%

Il
Iy
m
s
VR
.MB
>,
M-‘
®
N
F=RI
\V4

N o
Qo

v

Py

1 1
0 a r 9 .
=/Ce [Zaﬁnunj [bekvk1 , Vi=12,.m.
n=r k=1
Bundan (2.1) shart kelib chigadi. Teorema isbot bo‘ldi.
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ON ESTIMATES FOR THE TRANSFORMATION FOURIER WITH DAMPED FACTOR
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Samarkand State University
muranov-2017@mail.ru, math.5141@mail.ru, 96asrorovdiyorjon@mail.ru.

Abstract: In this paper we consider estimates for the Fourier transform measures, concentrated on
analytic hypersurfaces containing the of damping factor. The paper presents the solution of the problem
S.D.Soggi and 1.M. Stein about the optimal decay of the transformation Fourier measures with a damping
factor for any analytic surfaces in three-dimensional Euclidean space.

Keywords: oscillatory integrals, Fourier transform, damping factor, maximal operator.

O0 onenkax npeodpazopanusi @ypbe Mep ¢ MHOKMTeJIeM IallleHHs.

AnHoTamusA: B paHHOW paboTe paccMaTpuBaroTCs OLIGHKH IpeoOpasoBaHus Pypee wmep,
COCPEIOTOYEHHBIX Ha aHAIUTHYECKUX THIEPIIOBEPXHOCTAX, COJICP)KAIMX MHOXKHUTENb rameHud. B cratee
paccmarpusaetcs 3anada C./I.Corru u U.M.Crelina 06 ontumanbHOM yObIBaHHU IIpeoOpazoBaHus dypbe
Mep C MHOXKHTEJIEM TalleHus IS IPOM3BOJIbHBIX aHAMTHYECKUX MOBEPXHOCTEH TpexMmepHoro EBximnosa
IPOCTPAHCTBA.

KiodeBble cji0Ba: oCUMUIATOPHBIE MHTETPaBI, MpeodpasoBanne Oypbe, MHOKHTEND TallIeHHs,
MaKCHUMaJIbHBIH OIlepaTop.

So’ndiruvchi ko’paytuvchili o’lchov Fure almatirish bahosi.

Annotatsiya. Bu ishda gipersirtlarda mujassamlashgan So’ndiruvchi ko’paytuvchiga ega
0’lchovning Fure almashtirishi bahosi garalgan. Shuningdek ishda S.D.Soggi va 1.M.Steyinlar tomonidan
go’yilgan o’Ichovning Fure almashtirishining optimal bahosini topish masalasini uch o’Ichovli Evklid
fazosidagi ixtiyoriy analitik sirtlarda tadgiq gilingan.

Kalit so’zlar: tebranuvchan integrallar, Fure almashtirishi, so’ndiruvchi ko’paytuvchi, maksimal
operator.

1 Introduction
In connection with the boundedness problem for the maximal operators, associated to hypersurface
S ¢ R™"*1 by S.D. Soggy and I.M. Stein [1] introduced the following damped oscillator integrals

fig(§):= f e CINK ()| TPp(x)da(x),  (1.1)
S

where K (x) is the Gaussian curvature of the hypersurface at the point x € S and o (x) is a surface measure,
P € Cy°(S) is a smooth non-negative function, (&, x) is an inner product of ¢ and x. They proved that if

q = 2n, then integral (1.1) decays in order 0(|§|_§) (@s |&] = +o).

Statement of the problem.
Let S ¢ R™ be a smooth hypersurface. Find a minimum value of g such that the following estimate

j O |K ()| (x)do(x)| = AlE]
N

Holds for & # 0.
The analogical problem was proposed by C.D. Sogge and E.M. Stein for a fixed hypersurface in

1
[1]. It was proved in [5] that integral (1.1) decays optimally, if 0 < (x) < |K(x)|z and Y € C5°(S),
whenever S is a convex finite linear type hypersurface. In one-dimensional case, more precisely, when the
curve S is given by a polynomial function the solution of the problem follows from the results of Oberlin

[2].

In this paper we represent a solution of the problem of C.D. Sogge and E.M. Stein for analytic
surfaces in three-dimensional Euclidean space.

We can suppose that S is given as the graph of x; = ® (x4, x,), defined on a neighborhood of the
origin, more precisely:

S:={(x1,%3) EV € R%: x5 = ®(x1, %), P(x1,x5): = %, X7}

where n = 2. If n = 1 then integral 4,(§) optimally decays for any g, since detHess®(xy,x;) # 0. So,
further assume that n > 2.
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Then, for the function detHess® (x4, x,) the following equality holds true
detHess®(x;,x;) = —nzxzz(n_l).
The integral (1.1) can be written in the form:
g (6): = n2 f e (B 500 ) |, 24D (), i) )dy dx, (1.2)
R2
P(x1,%2, P(X1,X2))
VAHVP(xy,05) )1
The main result of the work is the following theorem.
Theorem Let g > % Then there exist a neighborhood V of the origin the estimate

. Cllallcs
g (O] = Hi

holds, for all function a € C5°(V) and ¢ # 0, where C is a constant depending on q.

Now, we consider (1.2) for the different parameters (&, ¢,, &3).

If max{|&;], 121} = |¢3], then, we have the following lemma:

Lemma. Let max{|&;|, |¢2]} = |¢é5] and g > 0. Then there exists a neighborhood V of the origin
such that the following estimate

where a(xq,x;) =

C 3
18,®)] < ”f;'l'c (13)

holds, for all function a € C;° (V) and & # 0, where C is a constant depending on q.
Lemma is an analog of lemma 5 from [3].
If max{|&;], 21} < |¢3l, then we can write the integral (1.2) as:

Aq(§):= n2qf ei%(slxﬁszxﬁxlx?”xz|2q(n_1)a(x1;xz)dx1dx2; (14)

R2
&
&
Proposition. Let g > % Then there exist a neighborhood W of the origin and C > 0, such that

integral (1.4) satisfies the following estimate

where s; = 5 & and s, =

cnancz

1Aq (D] =

for all function a € C;°(W), & # 0.
Proof. We use the Fubini theorem for the integral (1.4) and obtain:

q(©):=n?? fo fq (€, x1)dxy,

where
RO(E, xy): = j €1 () | 200D 0y x)dx,. (L5)

Now integral (1.5) we consider in two cases for the parameters &;x;:
I. Let |&3x4| < 1. Note that, a(xq, x,) has compact supported and smooth function, we obtain

C
|2 ()] < - (1.6)
1$5]
LI &3 > 1. Then
a) If 26 < | | then (—x2 +x3)'y, # 0 any x, € U, where U, is a neighborhood of point x, =

0.5 isa sufﬂmently smaII real positive number. So, we will use lemma Van der Corput and obtained
estimates (1.6).

b) If | | < 4§, then ( X2 + x3)'x, = 0 equation has a non-degenerate critical point xJ(x,) =
— 52 No
(=t =3

Thus, we use function w(x;) = w(6x1

—) € C°([—6,6]), where w(x;) = 1if |?| < % and w(x,) =
0if | | > 1. Applying this (1.5) we rewrite in the form
19, x1):=J1 + ],

where
. S n
h = f e G| 120000 (3, x,) (1 — w ()
R
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. S2. n
J2 :f el€SX1(x1x2+x2)|x2|2q(n_1)a(x1rxz)w(x1)dx2-
R

If 26 < | | then J; = 0. This shows that is sufficient to study the integral J,.

Now we repeat the same procedure as above for J,. Agane in the case a), the phase function of the
integral J, does not have critical point. Then, applying the integration by parts for the integral J, and we
get

J2= (If |) (1$3] — +00).

If | | < &§. Then by definition the function w we will consider the integral J;:

5= f el%Xl(xleerZ)|x2|2q(n_1)a1(x1'xz)dxz,
R

where a; (x1,x;) = a(xq1,x,)(1 — w(xy)). Let introduci the follows function
1, |x| <1,
w1(x2) =40, |xy| =2

Since, the integral J; can be written a sum two integrals:
5= ]11 +]12

where
. 52 n
Ji= ] e G e 120D (0, x,) (1 — w4 (22))dicy,
R

. 52 n
Ji = f e G ) 200D g, (xy, 1y )0, () .
R
For J1 we apply the integration by parts and have

|‘f3x1| — +00,

1=0(5)
! (1 +[&x)/°
Now, we chek the second integral /2. Note that, F'y,(x1,%3) == + nx?~1 = 0 and the equation has a non-
degenerate critical point x2 (x;) = (— E)"_l’ ie, F'y, (%, %3 (xl)) # 0.
1
Since, by the method of stationary phase, we obtain that

4t
52 2(n—1)

st
]1 =A (n) 8163(,51) 1x1A,(n) (x]_, xz (xl)) + 0 (If |)

5352 X1

(22

N andAz(n)—( n)” n1+( n) n-i.

Thus, we write the integral i, ($) as

where A;(n) =

1
21 arTomes BT fee 2
o= 20, ) |2 [ |20 it G, ey + 0 (),
$382 Jr €3]
We divide into two parts set | | < é: | | < |sl| n and |sl| n < | | < §. Consider the integral on
eachset|—|<|sl|n and|sl|n <| |<6

-1
Let || < |s4| = . Using achan eofvarlablex = % t we have
. 1 g g 1
1 n
Sy

1
n n-1

2ms,s7 (2q-1)
s

& 1

fq(§): = n*1A,(n)

1
Xf It] (2q+2(n 1) i&35,57 (t n—1A2(n)+t)a2(t)dt n 0( )
1<lt| 151

Sn

n
S 1

1
1

Now, we consider the integral /i, (£) in two cases of parameters §3szsf:
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1

1) If |€55,57| < 1. Then we have

N 27T|52||51|" n—1(2q 1) 2q+——
()] < n*T4,(n) f 5 f e o) laz (t)|dt,
151 1<|t]

obtain

1
and for g >~ — prowy

1, <

If I
1 1
2) If |&35,57| > 1. Then in this case t° # 0 is a critical point of the function F, (t) = tn-14,(n) +%, then
Fy,(t%) # 0. By the method of stationary phase we therefore obtain that
1q(): = 5 A g5y T 0P TR ,(9) +.0 (If |)
3

If function F; (t) does not have critical point, then for the integral /i,($) we apply integration by part and
have

. ¢ =
g s —————,  [$38257| — +oo.
(1 + [§35257])
n—1
Let s, < | | <- and Is,] < | =21 |. Then, we write the integral g (&) in the form
Sl

|7l =21l 1
2n o el | A=
o= n0,n) | [ e[| x
352 | J-s, | |52 X1

(s
X el&((xl) 1x1A2(n)+51x1)a1(x1.xé)(xl))dxl =Ji +Ji,

where
-zl
n-2 n-1
(n) |S| 2("1-1)[ 5" |x1| (2q+2(n_1))
& ~Is,|
ifs((s_z)ﬁxﬂz(”)‘*'h%) 0
d Xe e ay (x1, %3 (1)) dxq
an

f_ Il

1 _n-2 (71 —(2gi—1

= Al(n) f_|52|2q 2(n—1)J51" |21 | (2q+2(n—1>)><
3 |sz]

o ( Sz
X 3163((951) 1xlAZ(n)*-Slxl)Ch (21, %3 (1)) dxs.
We estimate the integral J2. Applying a change of variable x; = |% |y ( for |slT| <y < 1), we have

n
S1

2 Sy —(2q+———)+1 ! —(2q+—2—)
(n) f |Sz| Z(n—l)(ﬁ) z(n 1) fn__l |y| 2(n-1)’ X
n-1 o

n
Sl

1 1
X ei€3525?(y_ﬁA2(n)+y)a2 (y)dy
Again, we consider the integral JZ in two cases of the parameters 5352517‘:
1
1) Let |35, < 1. Then we have

S2, 1 —(2q+ 1 [ -2q+—>)
UZ1 < 141 () ]; =) D f_ I 2y () dy.
S n S

1
1

and letq > %to obtain

Uzl < 2
NG
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1 1
2) Let |&3s,s| > 1. Then in this, if y° # 0 is a critical point of the function F,(y) = y n-14,(n) + y, then
F,,,(y®) # 0. By the method of stationary phase, we therefore obtain that
1 n—-1 1
J2 =2 s,y TR0y ) +.0 (1),
3 3
If the function F,(y) does not have a critical point, then in the integral J? by applying the integration by part and

we have

Uil < ¢
VTGN
In conclusion, for the integral j7 we have the following estimate

C
Ul < & (1.7)

For the integral J1, we have an analog estimate (1.7).
Thus, we have
. Cllallcs
g (§)] < .
<3l

Wich proves the proposition. By the lemma and the proposition to get the proof of the theorem.
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UDK 517.984
THE DISCRETE SPECTRUM OF TWO PARTICLE HAMILTONIAN ON TWO-DIMENSIONAL
LATTICE

A.M. Khurramov
Samarkand state university
xurramov@mail.ru

Abstract. We consider a system of two arbitrary quantum particles on a two-dimensional lattice
with special dispersion functions (describing site-to-site particle transport), where the particles interact by
a chosen attraction potential. We study how the number of eigenvalues of operator family h(k) depends
on the particle interaction energy and the total quasi-momentum k € T2 (where T? is a two-dimensional
torus). Subject to the particle inter-action energy, we obtain conditions for existence of multiple
eigenvalues below the essential spectrum of operator h(k).

Keywords: two-particle Hamiltonian, eigenvalue, eigenfunction, multiple eigenvalue.

IKki o’lchamli panjarada ikki zarrachali Gamiltonianing diskret spektri

Annotatsiya. Ikki o’lchamli panjarada tanlangan tortishuvchi potensial yordamida ta’sirlashuvchi,
maxsus dispersion (zarrachalarning bir tugundan boshqgasiga o’tishini tavsiflovchi) funksiyali ikki kvant
zarrachalar sistemasi garaladi.

h(k) operatorlar oilasi xos giymatlari sonining zarrachalar o’zaro ta’sirlashuv doimiysidan va sistema
to’la kvaziimpulsi k € T2 dan (T? — ikki o’lchamli tor) bog’ligligi o’rganiladi. Sistema kvaziimpulsiga bog’liq
ravishda h(k) operatorning muhim spektrdan quyida xos giymatining mavjud bo’lish shartlari olingan.

Kalit so’zlar: ikki zarrachali Gamilton, o'ziga xos giymat, o'ziga xos funktsiya, ko'p sonli o'ziga xos
giymat.
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JIMCKPETHBII CHEKTP ABYXYACTHYHBIX TAMUJILTOHUAHOB HA IBYMEPHOii perieTKe

AHHoOTanms. PaccMaTprBaeM cHCTeMy IBYX IPOW3BOJBHBIX KBAaHTOBBIX YACTHUI[ Ha JBYMEpHOIl
pelIeTKe CO CIeNHaTbHBIMU JUCIEPCHOHHBIMI (DYHKIMAMH (OMHCHIBAIOIIMMH TEPEHOC YacTHI[ OT y3ia K
y31y), TJe 4acTUIBl B3aUMOJIEHCTBYIOT ITOCPEICTBOM BBIOPAHHOTO INOTEHIMANA NPHUTsDKeHus. M3ydaew,
3aBHCHMOCTD KOJIMYECTBO COOCTBEHHBIX 3HaueHWi cemelictBa omeparopoB h(K) oT sHeprum
B3aUMOJEICTBHS YaCTHI] M HOJIHOIo KBasuummyibca k € T? (rne T? - nBymepHslii Top). B 3aBucuMocTH
OT DHEPrHU B3aMMOJCHCTBHS YaCTHI[ MOJy4aeM YCIOBHS CYLIECTBOBAHHUS KpATHBIX COOCTBEHHBIX
3HAYeHW HIKE CYLIECTBEHHOTo crieKTpa oneparopa h(k).

Kanur cy3nap: neyx4yacTudHbIi ['aMuIbTOHHAH, COOCTBEHHOE 3HaYCHHE, COOCTBEHHAS (DYHKIIHS,
KpaTHOE COOCTBEHHOE 3HAYCHHE.

1. Introduction

In the continuous case the study of spectral properties of the complete Hamiltonian for a two-
particle system is reduced to the study of a two-particle Schrodinger operator by means of choosing the
energy of the mass center so that two-particle bound states are eigenfunctions for the energy operator with a
separated complete momentum (in fact, such operator is independent of total momentum) [1]. Dealing with
a lattice, “choosing of the mass center” corresponds to the realization of the Hamiltonian as “fibered
operator”, i.e., the “direct integral” of the family of operators h(k) describing the energy of two particles
depending on total quasi-momentum k € T¢ (T is a d-dimensional torus) [2, 3]. Discrete Hamiltonians
were studied in works [4, 5]. In work [4] the emergence of bound states levels was shown for some values
of quasi-momentum and these levels were separated from the continuous spectrum by a certain distance.
Spectral properties of a two-particle operator depending on the total quasi-momentum were studied in [5].

It was shown in work [3] that in the case when operator h(0) has a virtual level at the left threshold
of the essential spectrum, the discrete spectrum of operator h(k) located to the left of the essential spectrum
is always non-empty for each k € T% \ {0}. Assuming that dispersion laws of particles &, (-) and &,()
were linearly dependent functions, in work [6] there was shown that the positivity of h(0) implies the
positivity of h(k) foreach k € T3\ {0}.

In [7] there was studied a system of two particles on a three-dimensional lattice with some
dispersion law describing the transport of the particle from a note to a neighboring site inter-acting by an
attractive potential only on the closest neighboring sites. The spectral properties of operator family h(k) we
studied subject to the particles interaction energy and total quasi-momentum k € T3 (T® is a three-
dimensional torus).

In the work we consider a two-particle Schrodinger operator h(k),k € T2, associated with a
system of two particles on the two-dimensional lattice, where the potential is described by some (4N +
1) —dimensional integral operator and the dispersion law is studied depending on N. We study the
existence of eigenvalues for operator family h(k) depending on particles interaction energy and total quasi-
momentum k.

2. Formulation of main results

Let Z2 be the two-dimensional integer lattice, (Z2)? = Z? x Z? be the Cartesian power of Z, and
£,((Z%)?) be the Hilbert space of square integrable functions defined on Z2.

We consider the coordinate representation for the Hamiltonian of the system of two arbitrary
particles interacting with a pair short range potential ©(:) on the one-dimensional lattice acting in space
£,((Z*)?) by the formula

h=hy—7?
where the action of h, and ¥ is described by the rules:
(o) ma) = > [ &0 +5,15) + EEP0n,m +5)],
K -
(ﬁlp)(npnz) = D(ny; — nx)P(ny, ny).
Here &, (s) and &, (s) are real-valued even functions describing the transport of a particle from the site to
the neighboring site; these functions are defined as

2
— as s=0,
m;
€.(s) = 1
() - as s=x2ne, a=1.2
Zml-
0 otherwise
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and
2mu, as s=0,
v(s) = {27‘[2#10{ as s==le, a=1.2,
0 otherwise

where m; > 0 is the mass of i-th particle, n € N, is a natural number i = 1,2 p,, p, > 0, e, — are unit
vectors.
We note that considered operator h is bounded and self-adjoint in £,(Z?2)?
Let T = (—m,m],L,(T?) be the Hilbert space of square integrable functions defined on T. By
means of Fourier transform [3], [6]
:1,(Z%)?% — L,(T?)?
(5F)(P) = — Z f (s) e~
3f)(p) = P f(s)e
s€(z2)2
we obtain the momentum representation h of operator h i.e., h = SAS™L. Then we expand operator h into
the direct operator integral

h = f @®h(k)dk,
T2
where h(k),k € T?, is the self-adjoint operator acting in L,(T?) by the formula
h(k) = ho(k) — w.
Here hy (k) the operator of multiplication by the function

2
1 1 .
Eep) = ome@) e = k), ()= ) EW)e™ = ) (1 - cos2p)
sez? i=1

and v is an integral operator with the kernel
N 2

1 .
v(p—q) = @7 Z D(s)e i P-as = Z Zﬂzi cos l(p; — q;)-

sez? =0 i=1
We note that Weyl theorem on essential spectrum [8] implies that the essential spectrum
O.ss(h(k)) of operator h(k) does not change under compact perturbation v and coincides with the
spectrum of unperturbed operator h, (k). At that, g, (h(k)) consists of the range of function €, (-) i.e.,
aess(h(k)) = U(ho(k)) = [m(k), M(k)],
where m(k) = min &, (p), M(k) = max &, (p).
pDET? pET?

Since v > 0, then

sup(h(l)f, f) < sup(ho(k) f,f) = M(k) (f.f), f € Lp(T?)
This is why operator h(k) has no eigenvalues to right of the essential spectrum, i.e.,
o(h(k)) N (M(k), ) = 9.
We assume that
- {2 -LCF{1,2,..,N—1} as N >1,
g, as N =1.
where LCF stands for the lowest common factor. It should be mentioned that if N is a power of a prime
number, then number % is fractional. Otherwise number % is natural. —

We introduce

d(k,z) = f L cyilk,z) = f C?SZM,
72 () —z 72 &) —z
sy (k,2) = f sin” Ns; ds. )
' 2 k) -z
R () @)
2
Ex(p) = Z L + 1. \/iz + 2 cos 2nk; + iZcos 2np;
—\my m my Mmm; m;

Assumption 1. Assume that m = m; = m, and k € Il where
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H={k=(k1,k2)eT2: k, ka=i% for at least one a=1,2}.
Mo={k=(kpk) €ET? ky =t ork, =t }
M ={k=(kikp) €T% ky =+ and ky =+

—2n —2n

Theorem 1. Suppose that Assumption 1 holds. Then if % is a natural number, then for each u =

(o, @ o, u M) eRZN*L, 1 ® = (uyy, ;) operator h(k) has exactly
4N + 1
eigenvalues (counting multiplicity) to the left of the essential spectrum.
zy = %— 4y 2y = %— 2m%w,, 1 =1,N, a = 1,2. At that, z, is a simple eigenvalue and
Z;, 1S @ double eigenvalue.
Theorem 1. Suppose that Assumption 1 fails. Then the following statements are true:

1. If % is a natural number, then for each p = (o, u™® ..., u™)eRIN+1, u® = (1, 1) the
operator h(k) has exactly 4N + 1 eigenvalues (counting multiplicity) to the left of the essential
spectrum.

2. If % is a fractional number, then for each i = (po, u™@ ..., u™))eRIN*1,

u® = (w1, wz)and u € M, operator h(k) has exactly
2

4N —1 + Z a;
i=1
eigenvalues (counting multiplicity) to the left of the essential spectrum, where

Mo = (0;u°(K)], My = (u°(k); ), a; € {0,1}.

Remark. It should be mentioned that if 1 — u*d(k,z*) =0, z <m(k), u* > 0 (see Lemma 2)
and yy = p* foreach!l € {1,2,...,N — 1} then number z = z* an eigenvalue of operator h(k) having the
multiplicity at least 4N — 4.

3. EIGENVALUES OF h(k)

We introduce an operator h(k) acting in L,(T?) by the formula

h(k) = ho(k) — D
where h, (k) is the operator of multiplication by the function

) =1 1 [1 2 1
Sk(P)=Z m—+—— m—%+m1m2c052nki+m—%c052npi .

Suppose that the unitary operator U: L,(T?) — L,(T?) is defined by the formula
1
N =f (p - ﬁe(k))

where
1 1
-+t —cos 2nk;
0,;(k;) = arccos L
\/iz+ 2_cos 2nk; +i2
miy mpm, m;
Then

1
w=Hw® =f<P +%9(k)>, f € Ly (T?).

Lemma 1. Operator h(k) is unitarily equivalent to operator h(k), i.e.,
h(k) = U h(k)U
Proof. Since the representation

i m; m; m;y mpm;
L=

Sf1o1 1 2 1
Ex(p) = Z —+—= [+ cos 2nk; + m—%cos(Zn'pi —6;(ky))

holds true, then
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(ho()US)(p) =
1 1 1 2 1
= m_1+m_2_ m—%+m1m2C052nk +— cos(anL 6;(k;))
X ! (k)
flp—o,
It is easy to check that
(U*h(k)U)()—iHl Ly 2k+1 200, | F o)
o N _i_l T 2 mlmzcos n cos2np; | f(p

ie.,
U™tho(k)U = ho(k)
It is clear that

U~vuf)(p)=U"" fv(s—p)f<s—i9(k)> ds | =
2n

T2

1 1
= f v (s - (p + %B(k)>>f <s —Ze(k)) ds.
TZ

Making a change as s — ie(k) =t we get that

W) = [ ve-pred
TZ
ie, UlwU=v.A
Lemma 2. A number z, z < m(k) is an eigenvalue of operator h(k) if and only if

Alk;2) =0
where
T 2] 2
A(k; z) = (1 — pod(k; 2)) (1 - —"‘d(k ))
for natural 1, and
N-1 2
A(k Z) - (1 - #Od(k Z)) 1_[1_[ (1 - Mﬂd(k Z)> (1 - .uNaCNa(k; Z)) X (1 - .uNaSNa(k; Z))
=1 a=1

for fractional 5. At that, the multlpI|C|ty of zero of function A(k; -) coincides with the multiplicity of the

eigenvalue of operator h(k).
Proof. Let z < m(k) be an eigenvalue of operator h(k) and f the associated eigenvector, i.e., the
equation

h()f = zf
has a non-trivial solution f. Then
f=n@vf, 3)
where 1,y (z) is the operator of multiplication by the function = (;) ~. Introducing
()=
Qg = f coslsyf(s)ds a=1,2 4
T2
Vg = f sinls, f(s)ds a=1,2 (5
TZ
we rewrite identity (3) as
N 2
() = Z Z e (@i COS e + g sinlg) . (6)
Sk( ) z

=0 a=1

79



ILMIY AXBOROTNOMA MATEMATIKA 2021-yil, 1-son

Substituting (6) into (4) and (5) and using the evenness of the function €, (-) we obtain the system of linear

equations
N 2
cosls, cosrsgds
o= | DD s g L=1,.,N, a=12 (7)
Ei(s)—z
72 r=18=1
N
sinls, sinrs, ds
Yo = Jz“l“ - Yo l=1.,N, a=12  (8)
E(s) —z

T2 =1
From the definition it follows that the number % is natural foreach [ =1,...,N — 1. It implies that the
function €, () is periodic with the period% foreachl =1, ..., N — 1. Let us show that for each [ =
1,...,2N — 1 the identity

cosls,ds
f =0, [=1,..2N -1 9

. €,(s) -z -
holds. Indeed, if [ — an odd (even) number, we make the change of variable
Sa=te+m (Sa=ta+7) ,55=tg s, =1, inthe integral in the left hand side of identity (9) and we

have

I(z) = fcosltadt_ L(2)
R A NOETEE
It yields identity (9). By the primitive identities
1
cosls, cosrs, = 3 [cos(l + 1)s, + cos(l — 1)s,],
1

sinls, sinrs, = 3 [cos(l — 1)s, — cos(l + 1)s,]

and (9) we obtain that

f cosls, cosrs,

— ds =0,
Ex(s)—z s

L+r. (10)

sinls, sinrs
f #ds =0
Ex(s) —z

Using (10), the identities (7) and (8) have the form

cos?ls, ds
Pia = fﬂzamq’za,
re l=1,..,N, a=1.2
sin? Is, ds
Yo = j Hia Ek(s) — Yia

T2

The determinant of the system of linear equations w.r.t. unknowns ¢q, @1, ..., o V¥4, ..., Yy has of the

form
N 2 _
cos?ls, ds sin? [s, ds
st =[ T T[ e [0 [, [,
Ex(s) —z Ex(s) —z
=1 a=1 T2

TZ
Atthat, if z < m(k) is an eigenvalue of operator h(k) then
Ak, z) =

SR cos?ls, ds sin? Is, ds
(1—Mod(kiz))1_[1_[ 1-tq f~—(pla 1= g f~—¢la =0
Ex(s) —z E(s) —z
=1 a=1 T2

TZ
It is easy to show that in accordance with (10), for each [ < N under natural % the identity
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J‘ cos?ls,ds J‘ sin? s, ds 1 j ds

2 €(s) -z 2 S(s)—z zTZ €(s)—z
holds. Hence, the identity
N 2 2
Alk,2) = (1 - pod(k; 2)) 1_[ 1_[ (1 - “Zﬂd(k; z)) — 0
=1 a=1

is true.
Conversly, suppose that A(k,z) = 0. Then for some [ € {0, ..., N} and z < m(k) at least one of
the factors in A(k,z) vanishes, i.e., either

ds Hia ’
1- — =0, 1-"2d(k;z)) =o.
“f Ew-z 7 ( 2 Z))

It is easy to see that the number z < m(k) is an eigenvalue of the operator A(k) and the functions
1 cos lp, sinlp,

Ek(P)—Z’ Ek(P)—Z’ ék(P)—Z

are the associated eigenfunctions forany [ € {1, ..., N}.

For a fractional % the proof of the lemma analogously is shown.

We observe that the multiplicity of zero of the function A(k; -) coincides with the multiplicity of
the eigenvalue of operator h(k) . The proof is complete.

Proof of Theorem 1. Suppose that Assumption 1 holds. Then for each k € T2 the number
u° (k) which is defined by formula (2) is finite.

The relations

monotonically increasing  z € (—oo, m(k)),

1—pod(k;2) =9 —oo, as z - m(k),
1 as Z —> —00o,
u monotonically increasing z € (—OO,m(k)),
la
1- Td(k; z) = —o0 as z - m(k),
1 as zZ— —oo,
monotonically increasing z € (—OO,m(k)),
1—unacna(k;z) =1 —co as z - m(k)
1 as z — —oo,

>0 as pyg € (0,u°k)] for each z € (—oo,m(k)),
1—tnaSna(k;z) =1 <0 as py, > pu°k), z=mk),
1 as Z —> —00,
hold.
We observe that functions d(k; ), cyq(k; ), sne(k; -) defined by formula (1) are positive and
monotonically increasing on (—eo, m(k)). Hence we obtain that

1 —puod(k;-) has the unique zero for each g >0

1- 'uzﬂd(k; ) has the unique zero for each pu;, >0

1 — unaCna(k; ) has the unique zero for each py, >0
1= s (K: ) = { has no zeroes as  uyq € (0, u°(k)],
HraSnall has the unique zero as (u°(k); ),

Applying Lemmas 2 and 1 we complete the proof.

Proof of Theorem 2. Suppose that Assumption 1 fails. Then €, (p) = % and

Alk,z) =
N 2
cos?ls, ds sin? [s, ds
(1_#0d(kiz))1_[1_[ 1— g IW% 1 - e IWIPM =
=1 =1 2 kS Z 2 kS Z
2
N 2
472 2m?
(e ) -o
m % ) 1=1 a=1 mZ
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The zeroes of function A(k;:): =z, =%—4n2u0 is a simple zero, zj, =%—2n2yla U=

(o, @ o, u™)eRZN*L, 1 ® = (pyy,py,) - is a zero with the multiplicity two, [ € {1,..,N}. In
accordance with Lemmas 1 and 2 these numbers are eigenvalues of h(k).
It is easy to check that the associated eigenfunctions can be written as

1 + _ coslp _ _ sinlp I =TH 19
Yo" among P T oy P T 2y T T T
The proof is complete.
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STRESS-STREIN STATE OF THE ROCK MASS AROUND THE VERTICAL MINE

R.l.Khalmuradov, Kh.Khudoynazarov, Sh.B.Omonov
Samarkand State University
kh.khudoyn@gmail.com

Abstract. The article deals with the problem of the stress-strain state of a rock mass around a
vertical working of a circular cross-section. An exact formulation of the three-dimensional problem of the
deformation of a half-space weakened by a deep cylindrical cavity is used. The stress-strain state of a
half-space, as a three-dimensional body, strictly obeys the basic requirements of the three-dimensional
linear theory of elasticity and is described by its corresponding equations and relations in a cylindrical
coordinate system. The specific problem of rock mechanics has been solved, i.e. the considered rock
mass works only in compression. The deformation process and stress state around vertical shafts of
circular cross-section are expressed in terms of stress functions. Calculation formulas are derived for all
nonzero components of the strain and stress tensors, taking into account the axisymmetry of the problem
under consideration, represented in terms of stress functions.

Keywords: rock mass, vertical working, shaft of vertical mines, stress fields, deformation
process, stress function.

Vertikal shaxta atrofidagi tog" jinslari massivining kuchlangan-deformatsiyalangan holati

Annotatsiya. Maqolada doiraviy ko'ndalang kesimli vertikal shaxta atrofidagi tog™ jinslari
massivining kuchlangan-deformatsiyalangan holati muammosi o'rganilgan. Buning uchun chuqur silindrik
bo'shlig bilan kuchsizlantirilgan yarim fazo deformatsiyasi hagidagi masalaning anigq uch o’lchovli
goyilishidan foydalanamiz. Bunda yarim fazoning kuchlangan-deformatsiyalangan holatini uch o’Ichovli
jism sifatida, elastiklik chizigli nazariyasining asosiy talablariga bo’ysinadi va bu nazariyaning tegishli
tenglamalari va munosabatlari bilan tavsiflanadi deb hisoblaymiz. Shuning uchun garalayotgan tog" jinslari
massivi fagat sigilishga ishlash sharti bilan garayotgan masala tog" jinslari mexanikasining anig masalasini
yechishga ishlaydi. Doiraviy ko ndalang kesimli vertikal shaxta atrofidagi kuchlangan-deformatsiyalangan
holatida ko chishlar va kuchlanishlar tenzorining barcha komponentalarini kuchlanish funksiyasi orgali
ifodalanadi. Hisoblash formulalari, ko'rib chigilayotgan masalaning o’qga simetrikligini hisobga olgan
holda, ko chish va kuchlanish tenzorlarining barcha nolga teng bo'lmagan tarkibiy gismlari uchun keltirib
chiqarilgan.

Kalit sozlar: Tog" jinslari massivi, vertikal shaxta, stvol, kuchlanishlar maydoni, deformatsiya,
kuchlanish funksiyasi.

Hanps:xeHHo-1epopMHPOBAHHOE COCTOSIHME MACCHBA NMOPO/ BOKPYT BEPTUKAIbHOM IIAXTHI

AnHoTamus. B cratke paccMOTpeHa 3amada O HAMPSKECHHO-AC()OPMUPOBAHHOM COCTOSHHU
MaccHBa TOPHBIX TIIOPON BOKPYI BEpPTHKAJIHHOW BEIPAOOTKH KPYTOBOTO IIONIEPEYHOTO CEUCHUSL.
Hcnonp3oBaHa TouHast TOCTAHOBKA TPEXMEPHOM 3a1auu 0 AedopManuy MOIyHIpOCTPAaHCTBA, OCIA0ICHHOM
rIIyOOKOW IUIMHAPUYECKOW TOJOoCThi0. CUMTaeTcs, YTO HaNpsSIKEHHO-Ie(HOPMUPOBAHHOE COCTOSHUE
MOJTYIPOCTPAHCTBA, KAaK TPEXMEPHOTO Teja, CTPOTO HOAYHHSIETCS OCHOBHBIM COOTHOIICHHSIM TPEXMEPHOU
JTUHEHHON TEOpHH YIPYTrOCTH M OMUCHIBAETCS €€ COOTBETCTBYIOUINMH YPaBHEHUSIMU U COOTHOUICHUSMHU B
MUIMHAPUYECKON CHUCTeMe KOOpAMHAT. PellleHa KOHKpeTHass 3aJada MEXaHHMKH TOPHBIX TOpOJ, MpH
YCIOBHH, YTO PAacCMAaTPUBACMBI MAacCHB TOPHBIX MOPOZA paboTaeT TONBKO Ha ckathe. KOMITOHEHTHI
JedopMalid W HANPSHKEHHOTO COCTOSIHMS BOKPYT CTBOJIOB BEPTHKAIBHBIX IIIAXT KPYrOBOTO CEYCHUS
BBIP@KCHBI uepe3 GyHKIMK HanpspkeHus. BoiBeneHb! (OPMyIIbl BBIUHCICHHS IS BCEX OTIIMYHBIX OT HYJIS
KOMITOHEHT TEH30pOB nedopMaluii ¥ HANpsDKEHUH, ¢ YIeTOM OCECHMMETPHYHOCTH paccMaTpHBaeMOn
3a/1a4H.

KiroueBble cj10Ba: MacCHB TOPHBIX TOPOJI, BEPTUKAJbHAS IIaxTa, CTBOJ, TOJIE HANPSIKCHHIA,
nedopMaryst, QyHKIHS HAIPsHKCHUH.

1. Introduction. Real rocks, especially in the conditions of their natural occurrence, exhibit elastic
[1], plastic [2] and viscous [3] properties. At the same time, according to the data of a number of authors

[4,5,6], even strong rocks with ultimate strength in uniaxial compression & =8.10°212.10° 774, Show
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a significant nonlinearity of the relationship between stresses and deformations even at very low values of
the acting stresses [7].

Determination of the parameters of stress fields around workings, taking into account all the
features of rock deformation, is a very, very difficult task in mathematical terms [8,9]. In this regard,
considering the properties of real rock masses, the main features of their deformation are established and,
depending on this, a model of elastic, elastoplastic and viscoelastoplastic medium is used [10, 11]. For rock
massifs with high ultimate strength of rocks and high values of elastic characteristics - elastic modulus E
and shear deformation coefficient v (Poisson's ratio) - as a rule, sufficient calculation accuracy is ensured
when the rocks are endowed with the properties of an ideally elastic medium [12,13].

On the other hand, the use of an ideal elastic model for determining the parameters of stress and
strain fields that form immediately after the formation of workings is also natural for massifs composed of
less strong and less elastic rocks, since the rate of stress and strain redistribution, as already indicated, is
very high and therefore, the plastic and viscous properties of the massif in the first moments of time
practically do not have time to be realized. As a consequence, elastic solutions can be considered as the
upper limitpossible voltage values in real conditions.

Taking into account the above considerations, let us consider the problem of the stress-strain state
(SSS) of a rock mass around a vertical working of a circular cross-section. We will proceed from the exact
formulation of the three-dimensional problem of the deformation of a half-space weakened by a deep
cylindrical cavity [14,15]. In this case, we will assume that the stress-strain state of a half-space, as a three-
dimensional body, strictly obeys the basic requirements of the three-dimensional linear theory of elasticity
and is described by its corresponding equations and relations [16-18].

2. Statement of the general problem. Basic equations and relations. To solve the problem, let us
refer the space around the working to the cylindrical coordinate system, (r,#,z), the origin of which is
located on the day time surface of the massif, and the z axis coincides with the excavation axis and is

directed downward. We will denote U, U,, U, by moving the points of the array in the direction of the

axes I, 0, z; through &, &y, &,, &, &4 &, — the components of the strain tensor in the

7z rz?

coordinate system and through o

rr?
same coordinate system.
To determine all components of the stress tensor and the displacement vector in the problem, i.e.to
solve the formulated problem, it will be necessary to integrate the three-dimensional equations of elastic
equilibrium

Oypr Oy Oy Oy Oy the components of the stress tensor in the

O.

i =0, @i,j=r,0,2). 1)

Let us choose the statics equations in the Lame form from the many forms of writing these
equations. The use of the indicated equilibrium equations will be much easier if we take into account that
the components of the rotation vector — @,, w,, @, are related to displacements U, U,, U, by the
following formulas.

i 1(1 ou, ougj B 1(0U, dUZj . 1{a(ru,,) aU,}

W == =—=%— , W, == - , w,==|—E-——="| 2
2\ 2 06 0z 2\ oz or 2] or 00

Transforming the equilibrium equations in the Lamé form, taking into account (2), we arrive at the

following more convenient form

o 2u (laa)z _Oa)gj_o

or A+2u\r 00 oz
og  2ur (da)r_aa)z]zo )
00 A+2u\ oz or ’
0e 2u o(rm,) ow, )\
az_r(,1+2y)( or _aej_’
where
Ev E

A=—— ——; U = ——— —- Lame coefficients; £ — modulus of elasticity (Young).
@+v)L-2v) 2(1+v)
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In this case, volumetric deformation —& through displacement U , U,, U, is expressed as

follows:
ou, U, 10U, 0U,
= +—rL+——=" .
or r r o6 0z

3. Solving the problems. Since the problem of deformation of a half-space, weakened by an
infinitely deep cylindrical working of circular cross-section, is considered, the three-dimensional problem
can be reduced to two-dimensional, as an axisymmetric one. For this, it is assumed that the load acting on
the roadway is distributed symmetrically about the 0z axis. Then, the displacements of the points of the
array are also distributed symmetrically, i.e. they do not depend on the angular coordinate &.

U, =U,(r,z); U,=U,(r,z); U,=U,(r,z).
In this case, the equilibrium equations (3) are greatly simplified and take the form

_ 2
0 1200 o ofLo0U)] 0U, o 0 1o o,
or 1-v oz or\|r or 0z oz rl-v or
Wherein
oUu, U, oU, . )
£ = +—L+ ; o=, o, =w,=0.
or r 0z

In the obtained equations, displacement U, is included only in the second equation, and displacement U .
and U, is included only in the first and third equations. Therefore, it is possible to separate the task of

determining the displacement U, from the task of determining the displace ments U, and U, . The first

problem corresponds to the torsion of a cylindrical layer having a finite thickness, the second - to the case
of the deformed state of the rock mass under consideration, which is called the axisymmetric problem.
Thus, we come to the conclusion that in the future, to solve the problem, it is sufficient to integrate the

equations (five)
()_8+V*()_CO:O; O_S_V_Mzo’ (5)
or oz oz r or

where
vV =(1-2v)/(1-V).

The solution to system (5) can be obtained in various ways. For example, it can be reduced to
finding some auxiliary functions introduced in a certain way - stress functions, having previously expressed
the displacements and all components of the stress tensor in terms of these functions. Such functions, which
are a solution to an axisymmetric problem, were introduced by various authors in different ways,
proceeding from the direction of the problems under consideration.

The problem we are considering about the deformation of a half-space, weakened by deep mining,
is focused on solving a specific problem in rock mechanics. Therefore, it is natural to assume that the rock
mass under consideration works only for compression. Proceeding from these considerations, following the
procedure of, but with some difference from it, corresponding to the essence of the particular problem
under consideration, we introduce the first of the stress functions as follows:

0z 1-v or 2(1-v)
Where ¢(r,z) = ¢ — some function of the variables r and z.
Substituting the expressions & and @ into the second equation (5), we make sure that it is
fulfilled identically. Substituting (6) into the first equation (5), we obtain
Vi =0, ()
where
2 2
2o 0 1o o
or’ ror oz
Consequently, the equations of equilibrium in displacements are satisfied if & and @ in the form
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1-vop, __2(1-v) og
T our oz T r(A+2u) or
And if the function @ = ¢@(r, z) is defined as a solution to equation (7)
Using the expressions for volumetric deformation and rotation - (4) and (2) the above expressions

and @ through ¢@(r, z) rewrite them in the following form

10(Y,)  oU, __ 2(1-v) op oU, oU, _ 2(1-v)1op @®)
r or 0z (A+2u) or’ 0z or i T oz
Now, let's introduce a new helper function ¢(r,z) like this:
0p o(ru,) oU 0 oU, oU,
D 28 i r(a+2 LRy 9
or or Frdr2n) 0z 0z " 0z or ©)

Subtracting from the first equation (8) the first equation (9), divided by A+ 24, and dividing u
by the second equation (9) and adding with the second equation (8), we obtain a system of differential
equations with respect to the function U , . Integrating these equations, we make sure that the connection

between the radial displacements U . and by the introduced stress functions ¢ and ¢ has the form

U, == [p-20-v)p] (10)
2ur
From the course of elasticity theory [13] it is known that displacement U in an axisymmetric
problem must satisfy the equation
2
[vz —izj U, =0. (11)
r

Substituting in (11) the expression for U, - (10) and performing differentiation, and with this in mind (7),
we obtain a biharmanic differential equation that determines the stress function ¢ - (10).

V=0, (12)

where V* =V?V? = (V2)2 —Biharmonic operator. Hence it follows that the introduced stress function ¢
must be biharmonic.

Substituting in (9) the values of the displacements - (10), U, through the functions ¢ and ¢ —
(10), r and z for the derivatives with respect to the coordinates r and z of the longitudinal displacement U,

we obtain a system of differential equations with respect to the function U, . Hence, taking into account
the relationship between the elastic constants we get finally
oU 1 o oU 1 o
t=—"—[p+2(1-V)p| t=——"7——(¢-2vp) (101
or  2uroz [#+20-v)0] 0z 2uror (¢-2vp)
where v - is Poisson's ratio.
Substituting the values of the derivatives of displacement U, in the integrability condition for

these equations, taking into account Eq. (7), we obtain

v2¢ =_ 02_(0
0z°
The last equation is the condition for the integrability of the above equations with respect to the derivatives

oU,lor and oU,/oz. This condition will be satisfied if the function ¢ is set in the form

p=y 122, (13)
or
where  =w/(r, z) - is a function of coordinates r and z, that satisfies the differential equation
Viy =0 (14)
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Hence it follows that thus, the stress function ¢ is presented in the form (13). The advantage of
presentation (13) lies in a more correct description of the deformation process around the shafts of vertical
shafts of circular cross-section.

There is another way to select the stress function ¢, given in [19]. According to it, the function ¢,
can be represented in the form

p=y+z 99 (15)
oz

It should be noted that the latter representation ¢ is convenient to use in problems requiring exact
fulfillment of conditions only on the edges z=const, i.e. upon deformation of bodies such as a layer or a
half-space. In those cases when the conditions on cylindrical surfaces play a decisive role, as is the case in
the problem under consideration, it is necessary to use formula (13). If it is necessary to fulfill the boundary
conditions on mutually orthogonal surfaces z =const and r = const, both variants of the general solution
of the axisymmetric problem should be used.

In conclusion of the section, we note that the next step in solving the general problem is the
representation of all nonzero components of the strain and stress tensors, taking into account the
axisymmetry of the problem under consideration. Using the expressions connecting the components of the
deformation tensor with displacements in a cylindrical coordinate system (r,#, Z) and under the accepted
assumptions regarding displacements, i.e. at we have

U, =U,.(r,z), U, =0, U, =U,(r,2)
and

. ou, . U, . . ou, . 1(0U, OU 0
r = 1 W = 1 77 = y &, =— & =&, =VU.
or “r oz "oz T or o
Introducing into these equalities instead of displacements U, and U, functions ¢ and ¢ in

accordance with expressions (10) and expressions for the derivatives of displacement U, along the

coordinates r and z, we obtain
_ 1 0¢-20-Vp. 1 04,

rz

& ;
2u or r 2ur oz
1 o 1
&, =——— 2V Epy = -2(1-v
2z 2 r a (¢ q)) 00 Zﬂ r2 [¢ ( )(0]
To find the stress components, we use Hooke's law for an isotropic body, taking into account the
axisymmetry of the problem [20]

o,=As+2u &, Op=A+2U &y, 0,,=2pue, =0;

(16)

zz:ﬂ"g—{_z/u 822; O-rz:21u 8rz' 0-29 :2/'1829:0;
wherein
21-v) 1 1-2v
E=&, tEytE, = _Q'_Oq) —0—¢) (17)
A+2u 1 or ur or
Substituting in the last expressions of Hooke's law the values of deformations according to formulas (16)
and the expression for volumetric expansion (17), we obtain

10 1, 2(1-v) 209 104 1 2 0¢
e A _299 29 " ls-20-v)p]-222;
" ror r? r2 4 ror ror r? [¢ ( )¢] r or
104 104 1 2va¢
=29 5 =9, == [p-20-v . 18
Tu r or 7 r oz 2[¢ ( ) ] or (18)

Thus, all four components of the stress tensor normal O,y O as

7z

O and tangential o, ,
well as nonzero components of the displacement vector — radial U, and longitudinal U, are expressed
through the introduced stress functions ¢ and ¢ .

To shorten the entries, you can enter the following designation:
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7 = lp-20 -2a-v)0) (19)

Taking into account (19), the first equation (18) is transformed as follows:

logp 1 200 log 1
==——-——1p-20l—-V)p|-———=="—"—-—|p—-2(0-V)p -2 + 29 + 2y — 29| —
= T 20- V)-SR = 22— g - 20 -v)e - 2 + 26+ 2y - 24)]
200 1log 1 2 Oq)j
———=———-—30-2y -2l -V)p|+—| - |y +Tr— ||
ror ror r2[¢ v -20-v)9] r2{¢ (W or
Hence, taking into account (19) and (13), it follows that similarly
1o _ 2(1+Vv) op 10¢ . 1o¢
=——-, =y - — 0, =———, O,=——. 20
Ty VT ror r or r oz 20)

Formulas (16) and (20) make it possible to determine the stress-strain state of a half-space with a
deep cylindrical cavity of circular cross-section, if solutions of quasi-harmonic equations

Vzgo =0, Vzl/l =0 are found under the corresponding boundary conditions specified on the cylindrical

surface of the cavity and simulating the problem of the stress-strain state of a rock mass, around the vertical
working of a circular cross-section.

4. Conclusions. Thus, the specific problem of rock mechanics has been solved, i.e. the considered
rock mass works only for compression. The deformation process and stress state around vertical shaft
shafts with circular cross-section are expressed in terms of stress-state functions around vertical shaft shafts
with circular cross-section expressed in terms of stress functions. Formulas are obtained that make it
possible to unambiguously determine the stress-strain state of a half-space with a deep cylindrical cavity of

circular cross-section if solutions of quasi-harmonic equations V2@ =0, V2w =0 are found under the

corresponding boundary conditions specified on the cylindrical surface of the cavity and simulating the
problem of stress-strain state of a rock mass around a vertical working circular cross section.
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VIIK: 539.3
TORSIONAL VIBRATIONS OF A CIRCULAR ELASTIC ROD TAKING INTO ACOUNT
PHYSICAL NONLINEARITY

J.Abdurazzakov?, D.X.Khudoynazarova?
1Samarkand State Architectural and Civil Engineering Institute
2Tashkent University of Information Technologies
abdijamshid@gmail.com, diloromrabota@mail.ru

Abstract. In this work, on the basis of the equations of torsional vibrations of a circular rod derived
by the author, taking into account physical nonlinearity, the problem of torsional vibrations of a rod is
numerically solved. A comparative analysis of the results obtained for nonlinear and linear cases is carried
out. To solve the problem, a numerical finite difference method is applied. The approximation of the
oscillation equation and boundary conditions leads to a system of algebraic equations, the solution of which
is not mathematically difficult. On the basis of the obtained numerical data of the problem, graphs of the
dependences of the torsional displacement and stresses on time were constructed. The main conclusions
made on the basis of the constructed graphs of displacement and stresses are presented.

Keywords: rod, torsional vibrations, displacement, stresses, physical nonlinearity.

Doiraviy elastik sterjenning fizik nochiziglilik hisobga olingan holda buralma tebranishlari

Annotatsiya. Magolada doiraviy elastik sterjenning avtorlar tomonidan avvalrog keltirib chigarilgan
fizik nochiziglilik hisobga olingan buralma tebranishlari tenglamasi asosida shunday sterjenning buralma
tebranishlari hagidagi masala sonli yechilgan. Nochizigli va chizigli holler uchun taggoslama tahlil
bajarilgan. Masalani yechish uchun chekli ayirmalar sonli usuli qo’llanilgan. Tebranishlar tenglamasi va
chegaraviy shartlarning approksimatsiyalari yechilishi matematik nuqtai-nazardan uncha qiyin bo’lmagan
algebraik tenglamalar sistemasiga keltirilgan. Masalaning olingan sonli xarakteristikalari asosida buralma
ko’chish va kuchlanishlarning vaqtdan bog’lanishlari grafiklari qurilgan. Ko’chish va kuchlanishlarning
qurilgan grafiklari asosida chigarilgan xulosalar keltirilgan.

Kalit so’zlar: sterjen, buralma tebranishlar, ko’chish, kuchlanish, fizik nochiziglilik.
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KpyTuibHble Ko/1e0aHus KPYTJIOro yNpyroro cTep:kHs ¢ yueroM Gpu3nyeckoii HeJIMHeHHOCTH

AHHoTaums. B pabore Ha OCHOBE BBIBEJCHHBIX aBTOPOM YpaBHEHHMH KPYTHIJIBHBIX KOJeOaHHiA
KpPYIJIOTO CTEpXHS € y4eToM (U3WYECKOH HEIMHEHHOCTH 4YHCICHHO pellleHa 3aJlaya O KPYTHIBHBIX
KOJIEOaHUSIX CTEPKHA. BBINOIIHEH cOnoCcTaBUTENbHBINA aHATN3 PE3yJIbTAaTOB, MOMYUYSHHBIX I HEJIUHEHHBIX
W JUHEWHBIX ciydaeB. [lyig pelleHus 3aJadyd NPUMEHEH YHCIEHHBI MeTOJ KOHEYHBIX Pa3HOCTEH.
ArnmpokcuManysi ypaBHEHHSI KOJICOAHHH W TPAaHWUYHBIX YCIOBHH TPHBOJHUT K CHCTEME alreOpandecKux
ypaBHEHUH, pelleHue KOTOpOi He SBJSEeTCS CIOKHOM B MaTreMaTHYecKoM OTHolueHuH. Ha ocHoBe
MOYYEHHBIX YUCIIEHHBIX JAHHBIX 33J]a4d TOCTPOEHbI rpaUKKu 3aBUCUMOCTEH KPYTHUIHHOTO MepeMeIeHHS
W HampshKeHWH OT BpeMeHH. [IpuBeleHBI OCHOBHBIC BBIBONBI, CHEIAHHBIE HA OCHOBE ITOCTPOCHHBIX
rpaduKoOB NIepeMeIeHUs i HAPSKCHHN.

KiroueBble cioBa: crep)xeHb, KpyTUIbHBIE KOJeOaHUs, NepeMelleHne, HapsDKeHus, Gpu3ndeckas
HEJMMHEHHOCTD.

1. Introduction. Structural elements such as rods, plates and shells are widely used in engineering
and technical works [1-3]. Torsional waves, along with longitudinal and bending waves, play an important
role in vibrational structures [4,5]. Traditional mathematical models used to study torsional vibrations of
rods, as well as to study the propagation of torsional waves are based on the technical theory of torsion [6].
In the majority of structural calculations, a linear formulation is mainly used, which greatly simplifies the
calculation [7,8]. The use of new progressive materials in modern construction, mechanical engineering
and in other fields of science and technology requires modeling the behavior of materials, taking into
account more complex properties of materials [9-10]. In many nonlinear problems of the mechanics of
deformable solids, geometric nonlinearity is taken into account, that is, the nonlinear relationship between
displacements and deformations [11]. In general, a small number of works are devoted to the study of the
problems of vibrations of rods and shells taking into account physical nonlinearity [12-14]. At the same
time, in [12], problems of the physically nonlinear theory of elasticity are considered, in which Hooke's law
is replaced by a nonlinear law, but geometric relations in a linear form are preserved. In scientific work [11,
13], mathematical models of rods are proposed, taking into account the geometric and physical
nonlinearities and warping (change in the shape of the cross section) during torsion, on the basis of which
the propagation and interaction of intense elastic waves is studied. The construction of the basic relations of
the rod theory consists in reducing the three-dimensional problem to the one-dimensional one [15-17]. At
the same time, researchers are trying to derive refined differential equations of vibrations, taking into
account certain factors of a physical, mechanical or geometric nature. [18,19].

2. Basic relations. In the cylindrical coordinate system (r,H,z), consider a homogeneous and

isotropic circular viscoelastic rod of radius I;. It is believed that the relationship between stresses and
strains is given by physically nonlinear relations [1]:

Org = ,Ll]/(l//g )grei O = ;uy(l//oz )gze' (1)
o, U ou
where &, = a_rg - T" Epp = 826 - strain tensor components; z — shear modulus; y(l//g):1+ ay!

— nonlinear functional; . =§(8r26, +5229) — shear strain rate; o <0- coefficient characterizing the

physical nonlinearity of the bar [13].
The problems of torsional vibrations of a circular bar are axisymmetric problems with respect to the
axis of rotation, and therefore, the components of the stress tensor and the displacement vector do not

depend on the angular coordinate &. Consequently, during torsional vibrations, only stresses
O'rg(r, Z,t), aw(r, z,t) and torsional displacement U ,(r,z,t) will be nonzero. Based on this equation of
motion of a circular rod with its torsional vibrations, it can be written as [5]:
2
90 + 00, + 20, :pa U20 , @)
or oz r ot
where p — density of a rod material.

It is assumed that the torsional vibrations are caused by the stress fre(z,t) on its surface, i.e. the

boundary condition of the problem at I = I;, has the form:
Ura(z't): fo(z,t). (3)
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Substituting expressions (1) into the equations of motion (2), we obtain a differential equation in
partial derivatives with respect to displacements. Taking into account the boundary conditions (3) from
equation (2), taking into account the relations (1), after performing some mathematical calculations, we
obtain the equations of torsional vibrations of a circular rod taking into account physical nonlinearity

2 2 2 2
[L%_%H“%%{aug} j_ﬂaug(augj L (2, @

oz 3 oz

where p = [# —the speed of propagation of shear waves in the rod material.
ye)

Note that equation (4) at fre(z,t)io and a =0 turns into the equation of work [6], at
frg(z,t);tO and o =0 it turns into the classical equation of torsional vibrations of a circular rod.

Finally, at f, (Z,t) =0, a # 0 and the absence of the last term, the equation coincides with the equation

in [12].
3. Formulation of the problem. Let us investigate a nonlinear wave process in a rod, the surface of
which is free from external loads. Therefore, as the main resolving equation, we take equation (4) and

setting fre(z,t) =0 in it on the right side, introducing dimensionless variables by the formulas

t=t . z=71; U,=U,
And discarding the "tilde" for the convenience of writing we get the equation
2 2 r2 2 2
e T )
ot oz 3 1"z 3 oz

Consider a | -length circular rod subjected to an external load at one end. We will assume that its
second end is fixed. Then the displacements of the points of the rod will satisfy the following boundary and
initial conditions:

u@,t) = f(t,t) at z=0; U(l,t)=0 at z=I; (6)
U(z,00=0 at t=0; M=O at t=0, (7
Asin it , at t<t;
where f (t, tl) = t,
0, at t>t,,

where t, —load time; A4 —amplitude.

4. Numerical solution and discussion. To solve the problem, we apply the numerical finite
difference method in an explicit form in the range of variation of independent variables z and

I T
t(0<z<I, 0<t<T), construct a rectangular grid with constant steps h=— and 7=— (7 — travel
n m

time of a wave along the length of the rod), nodes coordinates are determined by the formulas
z=ih, i=01..n; t=jz, j=01..m.
Replacing the derivatives of the displacement function in equation (5) with their finite-difference
expressions

o'U _uM-2ul+U)t ou Ul-U) dU Ul -20) +U),
ot? 7 o h ' oz h2 '
we obtain the following algebraic equation

(Uij 1_2Uij +U/ ' _Uij+l_2UiJ +Uile[1+1ar_02(—Uij _Uijlj ]+EQU,J(—UiJ _Uijlj =0.

r? h? 317 h 3 h

Having solved this equation for Uij”, we will have
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2 2 01 (yi_yi P
Ut =20) Ut 020 +u )+ 2 bi-ui] ®
mﬁ+af;@3—u;f

Similarly, transforming the boundary - (6) and initial - (7) conditions, we obtain
at z=0, U/=Asin(z-j-r); a z=1,UJ, =0, 9)
u-u’
h

Thus, the original problem is reduced to solving system (8) - (10). To solve the problem, a program was
compiled in C ++. For the calculations, the following values of the dimensionless parameters were taken:

Ir,=002; |=1. 7=1. The duration of the load is considered equal to t, =0,35. The obtained

numerical results are shown in Fig. 1.2 in the form of graphs of displacement and stress versus time t in
rod sections z=0,1;0,4;0,7 for different values of the nonlinearity parameter « : 0;-0,2;-0,4.

Us/4

at t=0, U’ =0, =0, (10)

0,02

0,015 -

0,01

0,005

-0,005
0 0,2 0,4 0,6 0,8 ¢

Figure 1. Graphs of dependencies of displacement U , over time t in sections of the rod z=0,1;0,4;0,7 for
different values of the nonlinearity parameter « : 0;-0,2;-0,4.
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Figure 2. Graphs of stress dependences o,, over time t in sections of the rod z=0,1;0,4,0,7 for different
values of the nonlinearity parameter « : 0;-0,2;-0,4.
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In this case, the value o =0 corresponds to the case of a linear problem. From the dependences shown
in Fig. 1, it follows that the influence of the nonlinearity parameter z=0: increases with distance from the end « :

in the section of the rod z=0,1 at & =—0,4 and the difference between the maximum values of displacement
U, in the linear and nonlinear cases is approximately 7%, in sections z=0,4 and z=0,7 this the indicator is 23.5%

and 38%, respectively. For all values of the small nonlinearity parameter, the maximum displacement values U,

in the nonlinear case are always less than in the linear case. Hence it follows that the linear model gives higher
maximum displacement values than the non-linear model. It is also possible to observe an abrupt change in the
value of displacement along the non-linear model and at the end of the decay time of the period of displacement
disturbances in all sections of the rod.

The graphs of stresses o, versus time t presented in Fig. 2 in the sections of the rod z=0,1;0,4;0,7 at

different values of the nonlinearity parameter «: 0;-0,2;-0,4 show that the results obtained for the linear and
nonlinear models also differ here. It can be seen from the graphs that each section of the rod at the initial
moment of the wave's approach to the section undergoes compression for a time equal to half the period of

I 1_ . : :
vibration T,. At t = E o in each section, the voltage takes zero value. This phenomenon takes place in both

linear and nonlinear models. Having reached the minimum, the stress values begin to increase, and, having
reached the maximum, immediately begins to decrease. So at the points of the beginning of the increase and
decrease, the linear and nonlinear models give different results. At these points, the linear model gives
underestimated results, and a jump-like stress change is observed according to the nonlinear model. From this it

follows that at the critical points of reaching the maximum and minimum on the voltage graph o,,, the

nonlinear model gives more correct results.

5. Conclusions. The following conclusions follow from the results obtained:

- the obtained nonlinear equations of torsional vibrations of a circular cylindrical elastic rod more
correctly describe the process of propagation of torsional waves in a rod of finite length;

- the proposed numerical methodology for solving the problem of torsional vibrations of a circular rod
allows plotting the graphs of the dependences of displacements and stresses in time;

- for all values of the small parameter of nonlinearity, the maximum values of displacement U,

according to the nonlinear model are always less than according to the linear model, i.e. the linear model gives
higher maximum displacement values than the non-linear model of torsional vibrations of a circular rod;

- at the critical points of reaching the maximum and minimum on the voltage graph o,,, the nonlinear
model gives more correct results
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FREE TORSIONAL VIBRATIONS OF A ROUND ELASTIC CONE-SHAPED ROD
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Abstract. The article deals with the problem of torsional vibrations of circular elastic conical rods in
the system of cylindrical coordinates. It is believed that vibrations of the rod are caused by external
dynamic loads applied to its surface. The cross-sectional radius is taken as a linear function of the
longitudinal coordinates. On the basis of the equation of motion of the theory of elasticity for torsional
vibrations, the equation of torsional vibrations of a conical rod with a circular cross-section is derived using
the Fouret and Laplace integral substitutions. On the basis of the obtained equation, the problem of
harmonic torsional vibrations of a rod is solved. The frequency equation and the relationship between
frequency and number of waves are given. Based on the obtained numerical results, appropriate
conclusions were drawn.

Keywords: conical rod, approximate equation, torsional vibrations, move, stress, frequency

Doiraviy elastik konussimon sterjenning erkin buralma tebranishi

Annotatsiya. Magolada doiraviy elastik konussimon sterjenlarning buralma tebranishlari hagidagi
masala silindrik koordinatalar sistemasida qaralgan. Sterjenning tebranishlari uning sirtiga qo’yilgan tashqi
dinamik yuklar ta’siri ostida vujudga keladi deb hisoblanadi. Ko’ndalang kesimning radiusi bo'ylama
koordinataning chizigli ~ funksiyasi sifatida gabul gilingan. Buralma tebranishlar uchun elastiklik
nazariyasining harakat tenglamasi asosida Fure va Laplas integral almashtirishlarini qo’llab doiraviy
ko’ndalang kesimli konussimon sterjenning buralma tebranish tenglamasi keltirib chiqarilgan. Olingan
tenglama asosida sterjenning garmonik buralma tebranishlari hagidagi masala yechilgan. Chastota
tenglamasi hamda chastota va to’lqin soni orasidagi bog’lanish keltirilgan. Olingan sonli natijalar asosida
tegishli xulosalar chigarilgan.

Kalit so’zlar: konussimon sterjen, taqribiy tenglama, buralma tebranishlar, ko’chish, kuchlanish,
chastota.
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CBo0oHbIe KPYTHJIbHbIE KOJIE0AHUSI KPYIJIOT0 YIPYroro KOHU4YeCKOro CTeps;kHs

AHHOTanmMs. B cratbe B LMIMHAPUYECKOM CHCTEMEE KOOpAMHAT pacCMOTpEHa 3ajada o
KPYTHJIBHBIX KOJEOAHMSIX KPYTOBOI'O KOHHYECKOTO YIPYroro crepykHsa. Cumraercsi, YTO KoieOaHUs
CTepXHs BO3OYKIAIOTCS TMMOJ BO3ACHCTBHEM [IWHAMHYECKOW Harpy3Kkd, MAEWUCTBYIO- IIedl Ha ero
MMOBEPXHOCTH. Pajuyc MONEpevyHOro CeYeHUs! CTEPKHS CUMTAETCS] JTMHENHO 3aBUCSAIIUM OT IPOAOIBHOU
KoopauHAaTel. Vcxons w3 ypaBHEHHMH I KPYTWIBHBIX KOJNEOaHWE yHOpyroro Ttena ¥ IPUMEHSSI
uTerpainpHbele npeoOpazoBanus @Dypbe u Jlamaca BbIBeleHbl YpaBHEHHUS KPYTWIBHBIX KOJIeOaHHA
KpyroBOTO KOHMYECKOTO cTep>kHs. Ha OCHOBE MOTydYeHHOTO YpaBHEHMSI PEIleHa 3a/1aya O FapMOHUYECKUX
KPYTHJIBHBIX KOJNEOAHUSIX KOHHYECKOTO CTEpKHS. [IpHBeNeHBI YacTOTHOE YpaBHEHHE U 3aBUCHMOCTH
4acTOTHI OT BOJIHOBOT'O 4Kcia. Ha 0CHOBE NOIy4YEeHHBIX YHUCIIOBBIX PE3YJITATOB CAEaHbl COOTBETCTBYOIINE
BBIBOJIBI.

KnioueBble cj0Ba: KOHUYECKUH CTEP>KEHb, NMPHUONMKEHHOE ypaBHEHHE, KPYTHIIFHBIE KOJIeOaHUs,
nepeMelleHre, HallpsbKeHUe, 4acToTa.

1. Introduction. At the present level of development of science and technology, the study of non-
stationary oscillations of elements of engineering structures is relevant [1-3]. In most cases, such
fluctuations are based on classical theories [4-6]. Classical theories generally describe low frequency
vibrations well [7-9]. Therefore, in recent years, great importance has been attached to the study of
unsteady vibrations of shells, plates and rods on the basis of certain equations [10-13]. In addition to
unsteady vibrations of structural elements, it is also important to study their free vibrations based on the
given equations. In this regard [14-16], the articles consider the issues of free vibrations of lamellar and
conical shells. This article is devoted to the development of equations of torsional vibrations of a conical
rod [17.18], determined by the research method, and to the study of harmonic vibrations of a conical rod
based on the results obtained.

2. Formulation of the problem. Considering the problem according to (r, 0, Z)of torsional
vibrations of circular elastic conical rods in a cylindrical coordinate system. Let us choose the radius of the
rod as a linear function of the longitudinal coordinate, that is, by the formI' = Iy +GZ  (Figure 1). Here
r, =const, ¢ =tge

Insofar as we are considering torsional
vibrations that are symmetrical about an axis,

the problem @ - is not a change in the angle
that’'s  why only Ug(r,z,t) torsional

v

displacement nonzero and Z
-4 €
oo
Here ‘¥, - transverse wave potential [3].
Non-zero stress in torsional vibrations are 1-Figure.
represented by the potential ‘¥, -as follows
2 2

in this case u- Lame coefficient.
The torsional vibrations of the rod are in a cylindrical coordinate system described by the following

equation:
2
60‘r,9+60‘(9Z 4L 250 zp[é U(,j 3)

or oz r ot?
Here p -is ashell and barrel material density.

It is believed that the torsional vibrations of the rod are caused by an external force frg(z,t) acting
on its surface. In this case, the boundary condition on the surface of the cone looks like as following:
2
Crp =T, = Ao Frp(21), Ay =1+57 4)
ou,

Initial conditions are equal to zero, i.e. t =0 when y =
ot

=0
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3. Derivation of the oscillation equation. Substituting the above expressions (2) into equation (3),
we have got the wave equation with respect to \p;
A\Pl—izi\flzo; A =6—22+1£+6—22 ®)
b“ ot or ror oz
Let us introduce the function - fm (Z,t) of external influences on the boundary condition (4), given above,
in the following form: [3]

F(z0)= Isqu } af 12 (zt)e™dp (6)
0)
Accordingly, ‘¥, potential we will describe as following
sinqz () ot @)
¥ t dg| W K, d
((rz,t)= I coqu} q“j) O (r,k, p)e™dp

and we put it in equation (5) and we have got a S|mple second-order Bessel differential equation.

a2 1d . \wo
v =0
(dr2+rdr 'Bj .

p2
here 2 — g? +p7.

The general solution to this equation is bounded by r =0
‘Pl(O)(r) =Gl o(ﬁr) (8)
Here |- modified Bessel function; C(k, p)- arbitrary variable of integration.
So U, - torsional displacement and o, (r, Z,t), O, (r, Z, t) we also describe stress as (6).

U,(r,z,t)= Tsinqz }dq_fu )(r,k, p)e™dp

c0sqz
tsinqgz ©singz
r,z,t r.k, p)e™d r,z,t dq{ a9 (r,k, p)e™d )
O-Zﬁ( ) J. Cosqz}dqjo-za ( p) p O-rH( ) _ COSC{Z} q(lf)o-rg ( p) p
Applylng these images (9) and (6) to expressions (1) and (2), we use the general solution (8) for
‘I’l(o)(r) substituted potentials, for variable displacements and stress we have the following expressions

0
Dr)==pC,1,(B ) @ =—/1ﬁ2C1|2(ﬁr) @20 = —q,uﬁClll(,Br) (10)
Now we will expand the Il(ﬂr)-BesseI function in expression (10) to a series of degrees in the r-

radial coordinate levels, and when r =0 and n=0, we denote the value U(E,O) as In this case it will be
as following

2
G =—FU.§%(Q’ p). (11)
Using expressions (1) for U, 6@ va o0, we express them in terms of U§°3
0 2)2n+1
o3 WA (12
¢ Z(;ﬁ ni(n+1)!1 *°
0 2)2r‘l+2 (r/2)2n+1
-2 2n+2 (r/ uo . —2 20y (0) (13)
Oy #nZ:c;ﬁ ni(n + 2)! Ujor T ﬂz “nl(n +l)' 6,0

Substituting these formulas (13) into the boundary condition (4), we arrive at the following algebraic

equation.
S e (/2™ 0y (2™ 0| _1+67 L
22([% n!(n+2)!Ug’° ni(n +1)!ﬂ Yoo |= u fa (24). (4

Now we introduce U, , function and A" ({) operators as follows
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“singz sm Z
Ua,o— X }dqj.ueo ptdp’ﬂn g }dj‘ﬂzng ptdp (15)

—€0sQz —€0sQz
Interacting with the operator on both sides of the last equation (14), taking into account expressions (6) and

(15)
©sinqz
[ o]
€0sqz
we have got following differential equation
2n+2 2n+1 2
22 pLE r/2) AV | (r/2) U éo()) _ 1+¢ fr(HO) (Z,t) (16)
n(n+2)! = n'(n+1)! ’ 7,
If, Taking into account that ﬂ = q + p,u‘ p is equal , the operators A" introduced by formula (15)
have the following form with (Z,t) variables
2 2 "
= [pa_z_a_} ,n=123,.. (17)
oot oz°

Taking into account (17) in the obtained equation (16), the cone-shaped rod consists of the general
differential equation of torsional vibrations. Since the order of this equation is infinitely large, it cannot be

used to solve practical problems Therefore, we are limited to n = 0 in equation (16). In this case
2 2 2
———-— U, -r¢—U,; = fo\z,1). (18)
4 (ﬂ ot GZZJ 0,0 g@z 0,0 P 0( )
We also get n=0 connection in the formulas for displacement (12) and stresses (13), which
determine the stress-strain state of the rod.

U, =rugy (19)
r? Kk Gk o
(o =T(P?U0,o—ﬂyuo,o]: o :rﬂaua,o (20)

Suppose that no external force acts on the surface of the rod. Then we get f, (Z,t)= 0 in equation

(18) and multiply both sides of the equation by iz As a result, we have got the following uniform second-
r

order differential equation
1 0° 0° 4g 0
o " w0 T a
here pzblz, (b:\F - shear wave velocity on the selected rod). Into this equation we introduce
H P

~u,,=0, (21)

dimensionless variables with the following formulas

n=nl t=t L. =71, u%=u (22)

here I— Jis a length | - shear wave transmission from one end of the rod to the other t — represents the time,
0

b, - longitudinal wave velocity in steel.
In that case, omit the sign “Tilda” above the variables and make Equation (21) as follows

2 2 2
(b_oa__a__él_gﬁ}, 0 (23)

The resulting equation (23) is the equation of torsional vibrations of a cone-shaped elastic rod in
dimensionless coordinates.

4. Harmonic vibrations of a rod.

Based on the obtained vibrational equation (23), we solve the problem of harmonic vibrations of the
rod. Let's look for a solution in the following form.

97



ILMIY AXBOROTNOMA MEXANIKA 2021-yil, 1-son

U = Bexp[kz + at] (24)
Here k - number of waves, @ - periodic frequency of oscillations.
Substituting this expression (24) into equation (23), we obtain the following frequency equation after
some simple simplifications.
bo2 2 _k2_ 4c
b’ (r, +c2)
It can be seen that the z coordinate also actively participates in the frequency equation, that is, in different

parts of the shell, the ratio between the vibration frequency and the number of waves changes depending on
the distance from the origin.

k=0 (25)

Since the space velocity in equation (25) is ¢ = % we have the following space velocity equation.
b o 4 4 1_
b? (r, +s2) k

We solve this equation numerically using the Maple 17 software package. Quantitative calculations

were carried out for cases when the material of the rod was steel, aluminum and polymer. Moreover, their
physical and mechanical characteristics are as follows:

(26)

Steel - E=2,0-101 Pa; v=0,25; »=7850 kg/m’;
aluminum - E=0,7-10Pa; v=0,35; p=2750 kg/m° ;
polymer - E=5,5-10'° Pa; v=0,4; p=1700 kg/m3 :

rod radius: r, =0.02m,
The calculation results are shown in Figures 2-3 in the form of graphs of the dependence of @ -

frequency and K - the number of waves. Figure 2 shows the relationship between frequency and number of
waves for aluminum, steel, and polymer rod materials. The graphs show that the relationship between the
frequency of free vibrations of the rod and the number of waves is directly proportional to all three
materials. In this case, at a fixed value of the number of waves, the frequency of the steel rod is greater than
the frequency of the aluminum and polymer rods, and the frequency of the aluminum rod is greater than the
frequency of the polymer rod. In other words, the greater the material's modulus of elasticity, the greater its
frequency value. In fig. 3 shows the relationship between the frequency and the number of waves in the
sections z = 0.2 and z = 0.8 of the aluminum rod. The graphs show that the farther from the origin, the
lower the frequency.

//
Q -
==T-= steel P
- | ~" —
g aluminum Lo~ —— z=0.2
_____ Ivmer - AT L I R
polymer i z=0.8
7 P -
// - 6 //’
1 -~ -
6 P L -
~, L -
@ e 5 =
5 e - w ///
P . I
L —
4 o e
7 _
/}/' 3 _
3 is -
/4 //
2 7 2 ///
e
1 pd
1 7
0 0

0 03 1 15 2 23 k 3 35 4 45 1} 05 1 1.5 2 25 k 3 35 4 45

Figure 3. Relationship between frequency and
number of waves in sections z = 0.2 and
z = 0.8 of an aluminum rod.
5. Conclusions. The obtained analytical and numerical results allow us to draw the following
conclusions.:
- the equation of torsional vibrations of a round conical elastic rod is obtained. The coefficients of
this equation are functions of the longitudinal coordinates;

Figure 2. The relationship between frequency and
number of waves for aluminum, steel and polymer.
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- On the basis of the obtained equation, the problem of free torsional vibrations of a round conical
elastic rod is numerically solved;

- The greater the modulus of elasticity of the material at a fixed value of the number of waves, the
greater the value of its frequency;

- the frequency values decrease with distance from the section z = 0, which is considered to be the
coordinate head of the rod.
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UDC: 681.3.06
IMPROVEMENT OF MATHEMATICAL MODELS OF THE RATING POINT SYSTEM OF
EMPLOYMENT

A.R.Akhatov!, D.R.Mardonov?, M.Q.Nurmamatov? and F.M.Nazarov?
1Jizzakh branch of national university of Uzbekistan
2Samarkand state university
akmalar@rambler.ru, dilmurod20@mail.ru, fayzullo-samsu@mail.ru

Abstract. The rapid development of information technology and the growing flow of
information require the management of processes without the human factor. At the same time, it
serves to organize the management of processes without the human factor in the learning process, to
create a transparent environment for assessment, and to improve the quality of education. At present, it
is important to meet the demand for quality personnel and youth employment in all countries. To solve
these problems, it is necessary to determine the ranking of students in higher education institutions and
provide employment based on the rating, as well as to develop an automated system for evaluating the
ranking of these higher education institutions. Employers should be able to offer jobs to students with
high ratings by selecting higher educational institutions in the required specialization, with open
access to an automated system of rating and employment relations. In this paper, mathematical models
for calculating rating processes for a system of automation of ratings and employment relationships
are studied. In the process of calculating the rating, several parameters were adopted, namely the
results of educational, scientific-creative, spiritual-educational activities and indicators of non-
compliance of the student with the rules of the higher education institution. Mathematical models of
calculation of rating points on the results of educational, scientific-creative, spiritual-enlightenment
activity of the student are developed. An experimental experiment is conducted based on the
developed mathematical models and the state of the models is analyzed.

Keywords: Rating and employment relations, rating system, mathematical modeling,
management, learning activities, scientific and creative activities, spiritual and educational activities,
automation.

Bandlikni ta’minlashda, reyting ball tiziminining matematik modellarini takomillashtirish

Annotatsiya. Axborot texnologiyalarining keskin rivojlanishi va axborot ogimlarining tobora
ortib borishi jarayonlarni inson omilisiz boshqarishni tagoza etmoqgda. Shu bilan bir gatorda o‘quv
jarayonida ham inson omilisiz jarayonlarni boshgarishni tashkillashtirish, baholashning shaffof
mubhitini yaratish va ta’lim sifatini oshirishga xizmat qiladi. Hozirgi vaqtda barcha davlatlarda sifatli
kadrlarga bo‘lgan extiyojlarni qondirish va yoshlarni bandligini ta’minlash dolzarb bo‘lib qolmoqda.
Bu muommolarni hal etish uchun oliy ta’lim muassasalaridagi talabalarning reytingini aniqlash va
reyting asosida bandlikni ta’minlash hamda bu oliy ta’lim muassasalarining reytingini baholashning
avtomatlashtirilgan tizimini ishlab chigish kerak. Ish beruvchi tashkilotlar ochiq ravishda reyting va
bandlik munosabatlarini avtomatlashtirilgan tizimiga kirgan holda, kerakli mutaxassislik bo‘yicha oliy
ta’lim muassasalarini tanlab, reytingi yuqori talabalarga ish taklif etish imkoniyati mavjud bo‘lish
kerak. Mazkur tadgiqot ishida reyting va bandlik munosabatlarini avtomatlashtirish tizimi uchun,
reyting jarayonlarini hisoblashning matematik modellari tadgiq etilgan. Reytingni hisoblash
jarayonlarida bir nechta parametrlar ya’ni o‘quv, ilmiy-ijodiy, manaviy-ma’rifiy faoliyatining
natijalari va talabaning oliy ta’lim muassasasining qoidalariga rioya etmaslik ko‘rsatkichlari gabul
qilindi. Talabaning o‘quv, ilmiy-ijodiy, manaviy-ma’rifiy faoliyatining natijalari bo‘yicha reyting ball
ko‘rsatkichlarini hisoblashning matematik modellari ishlab chiqilgan. Ishlab chiqilgan matematik
modellar asosida eksprement tajribasi o‘tkazilgan va modellarning holati tahlil gilingan.

Kalitli so‘zlar. Reyting va bandlik munosabatlari, reyting tizimi, matematik modellashtirish,
boshqaruv, o‘quv faoliyat, ilmiy-ijodiy faoliyat, ma’naviy-ma’rifiy faoliyat, avtomatlashtirish.
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Yayunienne MaTeMaTHIeCKUX MOJIeJeil CHCTEMBI PEHTHHTOBBIX 0aJIJIOB NPH 00ecTeYeHu
3aHATOCTH

AnHOTanmms. beicTpoe pa3BuTHE HHPOPMAIIMOHHBIX TEXHOJIOTHI M PACTYIINH MTOTOK HH(QOpMaIuu
TpeOYIOT yIpaBlieHHs mpoleccaMu Oe3 denoBedeckoro Qakropa. B To ke BpeMs OH CIyXHT Uit
OpraHM3alliy YIIpaBJICHUS TIpolrieccaMu 0e3 ydera uyenoBedeckoro (akropa B mporecce oOydeHHs, IS
CO3JIaHMs TIPO3PAYHON CPEIbI s OIICHUBAHMS U TIOBBIIICHUS KadecTBa o0ydeHus. B HacTosiiee BpeMs BO
BCEX CTpPaHaX BAXHO YIOBICTBOPUTH CIPOC HA KAYECTBEHHBIA MEPCOHAT W 3aHATOCTh MONOACKH. Jls
pELICHHs 3TUX 33124 HEOOXOIUMO OIPEICIUTh PAHKUPOBAHUE CTY/ICHTOB B BBICIINX Y4E€OHBIX 3aBEICHUAX
U obecreunTh TPYIOYCTPOMCTBO Ha OCHOBE pEUTHHra, a TaKkke pa3paboTaTh aBTOMAaTH3MPOBAHHYIO
CHUCTEMY OLCHKH pEHTHHTa O3TUX BBICIIMX YYeOHBIX 3aBefieHWi. PaboTonmaTenw TODKHBI HMETh
BO3MOXHOCTh MpeJiarath paboTy CTYJCHTaM C BBICOKMMH pPEHTHHIaMH, BbIOMpasl BbICIIME Y4eOHBbIS
3aBefieHHss 1O TpeOyeMoW CIelHaln3alid, C OTKPBITHIM JOCTYIIOM K aBTOMATH3UPOBAHHOH CHCTeMe
peiiTHUHTa ¥ TPYAOBBIX OTHOIICHWHA. B cTaThe WHCCIEAYyIOTCS MaTeMaTHUSCKHE MOJCITH —pacueTa
PEHTUHTOBBIX MPOIIECCOB JJIsi CHCTEMBI aBTOMATH3AIlMK PEHTUHTOB U TPYIOBBIX OTHOIICHUHA. B mporecce
pacdeTa peTHHra ObUIM MPHUHSATHI HECKOJIbKO IMapaMeTpoB, a UMEHHO pe3yNbTaThl yueOHOH, Hay4HO-
TBOPYECKOU, TYXOBHO-BOCIIUTATEIILHON NESITEIBHOCTU U MOKA3aTEH HECOOMIOACHUS CTYACHTOM IPaBHUII
BBICIIIETO YU4eOHOTO 3aBeneHus. Pa3paboTaHbl MaTeMaTHYECKUE MOJICTH pacdyeTa PeUTHHIOBBIX OAJIOB IO
pe3yiabTaTaM y4eOHOH, HAy4HO-TBOPYECKOH, AYyXOBHO-IIPOCBETUTEIBCKOW MAEATENbHOCTH CTyAeHTa. Ha
OCHOBE pa3pabOTaHHBIX MATEMATHYCCKUX MOJENEH MPOBOTUTCSA DKCIEPUMEHTANBHBIA JKCIIEPUMEHT U
AHATTU3UPYETCS UX COCTOSHHUE.

KiaroueBble cioBa: peHTHHrOBBIE ©  TPYAOBbIE OTHOILICHHUS, PEUTHHIOBas CHCTEMa,
MaTeMaTHYeCKOE MOJICIMPOBaHUEe, MEHEIKMEHT, Yy4eOHas [esTeNbHOCTh, HAy4Has W TBOpYECKas
JIESITENBHOCTD, TYXOBHO-IIPOCBETUTEIBCKAS ICATCIBHOCTh, aBTOMATH3AITHSL.

1. Introduction

In today's information age and globalization, non-human control through the automation of
processes based on mathematical models serves to ensure the efficiency and transparency of work.
Circumstances such as the rapid development of information technology and the rapid growth of
information flows, as well as the rapid change of data, encourage mankind to find ways to process this
information in a timely manner. At the time when information technology is rapidly entering all spheres of
society, the role of information technology in the education system is growing rapidly [1,2]. Creating
information systems based on digital technologies and applying them to the learning process reduces the
human factor in the assessment system. The development of instructional modules on the basis of the most
advanced mathematical models in the automation of control processes, as well as the optimal planning and
design, defines new approaches to the solution of control problems.

Ensuring employment is an urgent and long-term task of socio-economic policy and development
of the country. The increase in the number of graduates, in turn, creates competition among them for
successful employment [2]. Today, the system of employment of young people, ensuring that they have a
decent job and the selection of talented and mature specialists by employers is not complete [2,3]. In the
process of staffing, employers' rating scores in the training process are a key factor in selecting talented and
mature professionals. Determining the ranking of students and determining the ranking of higher
educational institutions on the basis of ensuring their employment marks is a new approach in this area
[3,4]. The educational process alone is not enough to pay attention to the rating of staff, where his creative
activity, achievements and shortcomings clearly determine the potential of staff. Therefore, it is necessary
to create an automated system for the relations between rating and employment, and to implement online
the process from the moment of admission of students to higher education institutions to graduation and
employment. In this case, if the employer is openly included in the automated system and selects higher
education institutions in the required specialty, it will be possible to issue a contract to offer work to
students with high ratings. At the same time, when a student applies for a job in an influential organization,
it is possible to send information about his rating online from the system [4]. Rating indicators of students
are formed mainly taking into account the results of educational, scientific, creative, spiritual and
educational activities and the student's non-compliance with the rules of higher education. In order to
implement these processes, it is necessary to develop sufficiently optimal mathematical models. Because
the processes in the given system are carried out by complete mathematical models. The mechanisms and
algorithms of the system of automation of rating and employment relations are described in detail in our
previous research [2,7]. Mathematical models of calculation of rating indicators are insufficient, taking into
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account the results of simultaneous study, scientific-creative, spiritual-educational activities and non-
compliance with the rules of higher education.

Therefore, the development of mathematical models that take into account the results of
simultaneous educational, scientific, creative, spiritual and educational activities and non-compliance with
the rules of higher education is a major issue today. In this work, the development of mathematical models
for calculating rating processes is studied.

2. Mathematical modeling of learning process outcomes

The concept of weighted coefficient is used in the calculation of rating scores on the basis of
learning outcomes, because not all Courses are considered basic in the calculation of the rating of learning
outcomes. The weighted coefficients are high in the majors, medium in the foreign languages, and low in
the social sciences. From this, the true rating of the student as a specialist is determined in [5,6].

We determine the rating score for academic Courses by D, and it is determined by the formula (1).

D:Z”:aisi 1
i-1

In the given formula (1) o is the weighted coefficient of the i learning activity, Si is the
evaluation factor of the i learning activity. The S; rating can be on a 100-point scale or on a 5-point scale.

The coefficients of assessment of the type of o educational activity satisfy the inequality o; <1, It is

recommended that the sum of «; is equal to 1.
n

a; =1 2
i=1

I
The values of the weighted coefficient ¢; can also be set voluntarily depending on the activity of
the higher education institution [7].

The parameter S, given in the above formula (1) is a rating indicator of the student by one Course

and it is calculated on the basis of the following formula.
nbo+p;+m. ¢t
s S tHhi T A, 3
B ©)
The parameters in the developed formula (3) are defined as follows:

bj — an indicator of theoretical knowledge of the Course;

pj — an indicator of practical or laboratory knowledge of the Course;
mj — an indicator of knowledge of independent teaching of the Course;
t

t

Z, — The indicator of a student's non-compliance with the rules of internal discipline in the

L~ hours of absence on the Course;

) — total hours allocated for the Course;

educational process, which is set by the institution of higher education, is usually recommended to set 10%
of the total score.

t
The parameter t—l in formula (3) may or may not be poured by the higher education institution.
2

This is because, in some higher educational institutions, the student's attendance status is not important [8].
Thus, the rating of students by one Course is calculated by the formula (1), the parameter S, in the

formula (1) is calculated by the formula (3).

The practical or laboratory knowledge index of a Course provided in the above formula is
calculated based on the formula (4) because the student’s practical experience is important in practical or
laboratory classes.

Pi ZEZ(pi,j)_"f (4)
m 45
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Practical or laboratory knowledge of the Course can be determined based on m parameters, i.e. in
the case of m = 3:

m = 1 level of practical or laboratory training;

m = 2 level of use of technical equipment or tools in practical or laboratory training;

m = 3 is assessed based on the degree of formalization of practical or laboratory training. The value
of the parameter m can be increased or decreased by the teacher of practical or laboratory classes. The
parameter f in the developed formula (4) is determined and added by the teacher to the students who have
innovated in the framework of practical or laboratory classes [9].

An experiment was conducted on the developed models as an example of the Faculty of Applied
Mathematics and Informatics of Samarkand State University. The research experiment is described in
Table 1.

Table 1. Rating score indicators of academic Courses

D
Course type «, tl tz ZJ bj pj mj Si
Specialty 0,6 2 30 10 5 4 4 2,0488
Foreign 0,3 4 30 0 4 4 4 1,16 3,5261
language
Social 0,1 4 30 10 4 3 4 0,3173

The grades were taken on a 5-point scale, and the student’s non-compliance with the internal rules
of the academic process was set at 10%, and the student's rating score by 3 academic Courses was 3.5261.

The developed mathematical models will be placed in the modules of the system of automation the
relations between students’ rating and employment. Variable parameters in the content of mathematical
models, that is, the parameters set by the teacher, can be placed in the system.

3. Mathematical modeling of the results of scientific-creative and spiritual-enlightenment
activities

To determine the level of creativity and initiative of students and to encourage them on their
achievements, it is expedient to calculate the rating scores on the results of scientific, creative and spiritual-
educational activities. Rating scores on the results of scientific-creative and spiritual-enlightenment
activities serve as a key factor in the formation of a healthy competitive environment among students in
terms of creativity and initiative and the development of their creative aspects.

We determine the rating scores on the results of scientific and creative activity by the parameter Q
and propose a model in the form of the following formula.

n m |
Q:Z(Zwij +Z:vik Jrhi)—Z:ri (5)
i=1 k i=1

The rating of the results of scientific and creative activity depends on such parameters as the
relevance of the score, the relevance of the scientific research, the discussion of scientific research at
conferences, the application of the scientific research (the act of application, patent, certificate) and the
negative consequences of scientific research.

The parameters in formula (5) are defined as follows:

w; —an indicator of scientific research discussed at conferences;

v;, — an indicator of the application of scientific research;
h; — an indicator of the level of relevance of scientific research;
r, — an indicator of the negative consequences of scientific development.

In many cases, there are also some negative consequences of scientific and creative research in the
fields of chemistry, biology, medicine. Consideration of this parameter in the rating system serves to
minimize the negative consequences of research [10].

According to the results of the developed scientific and creative activity, an experiment was
conducted on the models of rating scores on the example of the Faculty of Applied Mathematics and
Informatics of Samarkand State University. The research experiment is described in Table 2.

103



ILMIY AXBOROTNOMA INFORMATIKA 2021 -yil, 1 - son

Table 2. Rating score indicators on the results of scientific and creative activity

Student ID
(Scientific and ) .
creative activity) | W, J v, k h r i Q
10 3 20 2 20 5 2 80
2 10 4 20 1 20 5 3 65
3 10 3 20 1 20 5 0 70

The calculation process of the data in Table 2 above, is performed as follows.

Q, =10x3+20x2+20-5%x2=80, Q, =10x4+20x1+20-5x3=65

Based on the models developed above, the rating is based on the results of the scientific and
creative activities of students.

The main tool for online calculation of rating scores on the results of the spiritual and educational
activities of students is the indifference of students to the measures set by the state, the development of
their political consciousness, and the formation of management capacity. The healthy competition of rating
points among students on the results of spiritual and educational activities, of course, contributes to the
development of their initiative and political consciousness.

Therefore, it is necessary to develop an optimal mathematical model for the formation of the rating
score module on the results of spiritual and educational activities in the structure of the system of
automation the relations between rating and employment.

We determine the rating score on the results of spiritual and educational activities by the parameter
G and propose a model in the form of the following formula.

GZZ(Zuij+yi+gi) (6)
i

Rating on the results of spiritual and educational activities depends on such parameters as the
score, the political significance of the spiritual and educational activities, the discussion of the spiritual and
educational activities among the population and the positive consequences of the spiritual and educational
activities (ideas such as combating crime among young people).

The parameters of the developed formula (6) are defined as follows:

u;; —an indicator of the discussion of the spiritual and educational event among the population;

y; — an indicator of the political significance of the spiritual and educational event;

g; — an indicator of the positive consequences of the spiritual-educational event.

An experiment was conducted as an example of the Faculty of Applied Mathematics and
Informatics of Samarkand State University by the models of rating scores on the results of spiritual and
educational activities, developed in the form of the formula (6). The research experiment is described in
Table 3.

Table 3. Rating score indicators on the results of spiritual and educational activities
Student ID W, J v k h, r [ Q
(Scientific and
creative activity)

1 10 3 20 2 20 5 2 80
2 10 4 20 1 20 5 3 65
3 10 3 20 1 20 5 0 70

The calculation process of the data in Table 3 above is performed as follows.
G, =20x3+15+20=95, G, =20x2+15+20=75
Based on the developed models, the rating is based on the results of the spiritual and educational
activities of students and is placed in the modules of the automated system.
In the current context of globalization, it is important to train young people in the spirit of
patriotism, to demonstrate scientific and creative abilities, to develop management potential and political
consciousness based on the formation of a ranking of academic achievements. Thus, a student with a high
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rating realizes that his or her future is bright and ensures continuous movement throughout the study. The
mathematical models developed to carry out these processes serve as a fundamental knowledge base.

Mathematical models for calculating rating scores on the results of scientific-creative and spiritual-
educational activities in the system of higher education can be applied to other types, i.e. for students of
secondary special vocational colleges and high schools.

4. Mathematical modeling of the calculation of the results of the overall rating activity

It is also possible to describe the rating scores on the results of educational, scientific-creative, and
spiritual-enlightenment activities given in the above sections of the research in the form of a single total
score. As part of the rating and automation of employment relations, rating scores on the results of
educational, scientific-creative, and spiritual-educational activities of each student are formed separately,
and their generalized rating scores are also formed.

We offer a model in the form of the following formula (7) to describe the rating scores on the
results of educational, scientific-creative and spiritual-educational activities of students in the form of a
single total score.

m
(8D + B,Q; + B5G))) — X; (7)

j=1

Weight coefficients are used in the process of calculating the rating score on the results of
simultaneous educational, scientific-creative, and spiritual-educational activities. In the process of
calculating the overall rating, the weight coefficients serve to align the overall 100-point system. In this
case, the formula (7) satisfies the condition S; <1 and the weight coefficient in (2).

The parameters in formula (7) are defined as follows:

B, — an indicator of weight coefficients;

D; — ascore of educational activity;

1
R==>
3(

Q; — ascore of scientific and creative activity;
G; — ascore of spiritual-enlightenment activity;

X; — an indicator of non-compliance with the rules of the higher education institution.

The indicator of hon-compliance with the rules of the higher education institution is determined in
the case discussed by the Academic Council of the higher education institution and entered into the system
by the dean of the faculty. In this work, it is recommended that the parameter x; can be taken as 10% of
the overall rating.

The values of the weighting factor in formula (7) are recommended as follows, which can also be
determined by the higher education institution [7, 9].

B, =035, 3, =045, g, =0.20

An experiment was conducted as an example of the Faculty of Applied Mathematics and
Informatics of Samarkand State University on the models of rating scores on the results of spiritual and
educational activities, developed in the form of the formula (6). The research experiment is described in
Table 4.

Table 4. Overall rating scores

StL_Jdent ID (General X; Dj yea Qj B, GJ. B R
rating)
1 0 80 0.35 75 0.45 65 0.20 | 74.75
2 0 75 0.35 75 0.45 60 0.20 72.0
3 5.875 60 0.35 55 0.45 65 0.20 | 52.875

The calculation process in Table 4 and formula (7) is performed as follows.

D, =80.Q, =75 G, =65=R=0.35-80+0.45-75+0.20-65-0=74.75

Based on the developed mathematical models in the structure of automation of relations between
rating and employment, the module of calculation of the general rating of the student is created. Using the
created module, the rating points on the results of educational, scientific-creative and spiritual-
enlightenment activities of students are described in the form of a single total score.

5. The results of the experiment
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An experimental experiment was conducted based on mathematical models developed in the above
sections of the research work. The experiment was conducted on the example of a special group 3-03 of the
Faculty of Applied Mathematics and Informatics of Samarkand State University. Initially, the group of
students' grades is described in Table 5.

Table 5 Rating score indicators of student academic disciplines

Id Course type a; t, t, Z b,- p; m; 5,— D
student
1 Programming languages | 0.6 | 2 | 40 0 90 | 85 |80 50.7
English 03 |2 |36 | 10 | 65 | 80 |75 18.8 | 77.22
General psychology 01 | 4 | 36 0 80 | 80 |75 7.72
2 Programming languages | 0.6 | 0 | 40 0 95 | 85 |80 52.0
English 03 | 2 | 36 0 70 | 80 |70 21.83 | 79.49
General psychology 01| 6 |36 | 10 | 70 | 70 |65 5.66

If we pay attention to the results of the experiment in Table 5, the student's rating in academic
Courses depends on the specialty Courses.
The experimental experience of students on the results of educational, scientific-creative and
spiritual-enlightenment activities is described in Table 5.
Table 6. General rating scores of students

Student ID X; Dj oA Qj B, GJ. B R
1 0 77.22 | 0.35 75 | 0.45 70 0.20 T74.777
2 0 79.49 | 0.35 70 | 0.45 65 0.20 | 72.3215
3 6.35 66.52 | 0.35 65 | 0.45 55 0.20 57.182
4 0 87.22 | 0.35 | 32 | 0.45 25 | 0.20 49.927
5 0 8159 | 0.35 | 80 | 0.45 55 0.20 | 755565
6 6.11 60.4 0.35 60 | 0.45 65 0.20 55.03
7 0 82.22 | 0.35 0 0.45 65 0.20 41.777
8 0 65.29 | 0.35 | 45 | 0.45 0 0.20 | 43.1015
9 0 56.52 | 0.35 0 0.45 0 0.20 19.782

Students’overall scores are also expressed in the form of a picture of the experimental experience, and it is
depicted in Figure 1 and Figure 2.
80

70
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Figure 1. Graph of students’ overall rating scores
Experimental experience based on the developed mathematical models shows that the rating
indicators of students are mainly governed by weight coefficients. Weight coefficients are determined
dependingly on the area of the higher educational institution and the overall rating is determined.
Experimental experience clearly shows that the working processes of mathematical models are correct.

106



ILMIY AXBOROTNOMA INFORMATIKA 2021 -yil, 1 - son

Figure 2. Diagram of students' overall rating scores

6. Conclusion

The research work examined the mathematical modeling of rating processes for the system of
automation of rating and employment relations. The following results were achieved:

- Systematic analysis of ratings and employment relations;

- Mathematical models of the rating of educational activity are developed;

- Mathematical models of the rating of scientific and creative activity are developed;

- Mathematical models of the rating of spiritual and educational activities were developed;

- Mathematical models for calculating the rating scores on the results of educational, scientific-
creative and spiritual-enlightenment activities in the form of a single total score;

- Experimental experiments were conducted on the developed mathematical models.

Based on the developed mathematical models the rating indicators of students are defined and on
these indicators, the rating of a higher educational institutions is formed. The functioning of the system of
automation of ratings and employment relations based on mathematical models of rating calculation serves
to improve the quality of training and education of quality personnel.
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YAK: 621.039.573
KOPPEJISIHUU MEKIY AKTUBHOCTSIMM ‘Be B HUKHUX CJIOSIX ATMOC®EPU U
BBINAJEHUN MOKPBIX OCAJIOK 2019 T'OAA B CAMAPKAHJE

H.H.Basap6aes!, M.Baxtuépos’, T.Magaonos?, JL.T.Hypmypanos?, ¥.Y.Tyxraes?, U.®.XummaTos?
YHayuonanvuviii Yuusepcumem Ysbexucmana
2Camaprandckuii 20cyoapcmeentulii yHusepcumenn

tu-ulughbek8992@bk.ru

AHHoTanmsa. ['aMMa — CHEKTPOMETPUUYECKUM METOJOM MCCIEIOBaHbl €XKEMECSYHblE BapHalluu
aktuBHOCTEl 'Be B mpobax KoHIeHcaTa aTMOC(EpHOH BIard Ha KOPIyCe CaMONIETa. BbISBIEHBI HX
o0OpaTHas 3aBUCHMOCTH OT KOJIMYECTBA MOKPBIX OCAIIKOB.

KilodeBble cijoBa: paguoOHYKIINI, CyXHE OCalIKM, 3allbUIEHHOCTb BO3AyXa, I'aMMa-CIEKTp,
AKTHUBHOCTb.

2019 yilda Samargand atmosferasining quyi gatlamlarining havo tarkibidagi 'Be aktivligi va ho’l
tushuvlarning korrelyatsiyasi
Annotatsiya. Gamma - spektrometrik usul yordamida 2019 yildagi Samargand shahridagi
atmosfera tushuvlari va samolyot tanasidagi atmosfera kondensati tarkibidagi "Be radionuklidi aktivligi
o’rganildi. "Be aktivligi kondensat miqdoriga teskari bog’ligligi aniglandi.
Kalit so’zlar: radionuklid, qurug tushuv, havoning changlanishi, gamma-spektr, aktivlig.

Correlations between 7Be activities in the lower layers of the atmosphere and the wet deposition of
2019 in samarkand
Abstract. The gamma-spectrometric method was used to study monthly variations of "Be activity
in samples of atmospheric moisture condensate on the aircraft body and atmospheric precipitation in 2019
in Samarkand. Their dependence on the amount of wet precipitation is inverse for ’Be activities condensate
and direct for atmospheric precipitation.
Keywords: radionuclide, dry fallout, dust level, gamma-spectrum, activity.

Beenenue

Kocmorernpiii paguonyknun '‘Be (T12=54 nH.) obpasyercss B BEPXHHMX CJIOSX arMocdepsl B
peaKnusax pacIieIuieHus sAep a30Ta, KUCIOPOJAa, aproHa M Jp. aTOMOB BO3/yXa, BHICOKOIHEPT€THUECKUM
KOCMHUYECKUM M3JIy4eHHEM, a TakXke MocTymaeT B armocgepy B coctaBe «ComHedHoro BeTpa». B
armochepe 'Be ancopbupyercs asposonsiMu U nbUinHKamu. KonueHtpauun ‘Be B MPU3EMHOM BO3/yXe
3aBUCAT OT COJIHEYHOW AaKTHBHOCTH M OOMEHHBIX MPOIECCOB MEXTY CIOAMH aTMoc(epbl, IIHPOTHI
MECTHOCTH U HHTEHCHBHOCTH BBINAJCHUI ¢ MOKPBIMH U CYXUMH OcagkaMu. Ero BKiIag B paluo0aKTHBHOCTh
NPU3EMHOTO BO3AyXa W aTMOC(EPHBIX BBIMAJCHUH SBIAIOTCS ONpeledomuM. lccnenoBannsam
KOHIIEHTPAlMU 'Be B pasinvHbIX CPeax, B TOM YHCIIE IPU3EMHOM BO3/yXe MOCBALIEHO HECKOIBKO COTEH
UCCJICIOBAaHUM, BBIMOJHEHHBIX B PA3IMYHBIX CTPaHAX MHUPA, HA MPOTSHKEHUHM HECKOJIBKUX ACCATHIICTUI
(cm., Hampumep, [1-5]). DTH uccnenoBaHUs TO3BOJSIIOT TMONYYUTh WHGPOPMAIHMIO, HEOOXOIUMYIO IS
MHOTHX 00JIacTell eCTeCTBEHHBIX HAayK (paJHOdKOJIOTHsA, acTpodms3mka, ¢usmka atMocdeps!, OHosorus,
MIOYBOBEACHUS, THAPOJIOTHUS U P.).

B V306ekucrane uccienoBanus KOHIEHTpauy 'Be B aTMoc(epHBIX BbinagaeHusx Hayatsl B 2002 1.
— B Camapkangne, B 2009 r. — B Tamxkenre u B 2015 r. — B Kapuu [6-10], a B npuzeMHOM BO3ayXe HE
HCCIICIOBAJIHCE.

B nactosmeit paboTe npuBeAEHBI pe3ynbTaThl, MpoBeAEHHBIX B 2019 roxy B CamapkaHae MepBhIX
IIMOHEPHBIX UCCIEIOBAHUN MECSUHBIX BapHALMKM KOHIEHTPAIMU 'Be B KOHJEHCATaX BIIATH MPU3EMHBIM
CJIOEB BO3/lyXa, KOTOPBIE COMOCTABIIEHBI C COOTBETCTBYIOIIMMH 3HAUEHUSAMU MOKPBIX OCAIKOB.

IIpo0sI

ITpoOB! BO3MYIIHBIX KOHJEHCATOB aTMOC(EPHBIX a’po30Jied OTOMPAINCH, €XEHeIeTbHBIMH
IPOTUPAHUAMHE OTpe3Kamu Mapiu (2 mM?) koprryca camonera Bounr — 737 peiica «Mocksa — Camapkaniy,
HETIOCPEICTBEHHO TIOCIIE €r0 MOCaaKK B asponopry. [lnomans nporupku 8x2 m2. Tlocie npocymmBanus
Mapiy YIaKOBBIBAIKICH B OAHOIUTPOBBIE cOCYibl MapHHenIn.

HN3mepenue u 00padoTKa y — CIEKTPOB
I'amma — criekTpsl o0 M3MEPSUTUCh Ha CHUHTIUIALHMOHHOM cIieKTpoMeTpe ¢ Kpuctauiom Nal
(TI), 63x63 MM 1 sHepreTHueckuM pasperenueM ~80% na muaun 661 k3B 37Cs. JlerexTop ¢ HacakKeHHOM
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Mpo0Oii TOMEIIEH B CBUHIIOBBIN 3alTUTHBIA IOMUK C TOMIMIMHON cTeHOK 10 cMm. JluTenbHOCTH M3MEpEeHU
— 6 4acos.

OO0OpaboTka Y — CIIEKTPOB OCYIIECTBIEHO, MO MeToamke [11] pasnmoxkeHweM cIleKTpa Ha
COCTaBJISIIOIINE:

- (hoHa, aMMPOKCUMHUPOBAHHOTO HHEPTHO PO YHCTAsT MapJIs,

- EPH — annpoKcHMUpOBaHHBIX HOPMUPOBAHHEIM CIIEKTPAMH STAJOHHBIX HCTOUYHHKOB 222Ra, 23°Th
1 “°K n3 xommexra OMACH,

- 1 'Be. AKTUBHOCTH IPOO, B OCHOBHOM 00YCJIOBJIEHHBIMH KOCMOT'€HHBIM 'Be

Conepxxanne EPH B mpoGax MeHbIIIe YPOBHAM MUHHMAJIBHO JICTEKTHPYEMbIC aKTUBHOCTH

270
260

]
2R
s 8

sraane
o
38

% 130
2

< 120
110 2

» Shacatinduch,
2000 2200 2400 2600 2800 3000
Ineprua

* T v T T v
o 1000 1200 1400 1600 1800

Puc. 1.y — ciexTp mpo0Obl BO3AYyNIHOTO KOHAEHCATAX U COCTaBIsromue (GoHOM —F H KocMOreHHOro 'Be

- 3HayeHHs aKTHBHOCTEW 'Be B HemeNbHBIX Mpo0ax KOHIEHCATa a’po30Jiei, OTHOCHUTEIHLHOE
CpeHEMECSYHOTO, PIYKTYHUPYIOT B mpenenax +30% .
JKcnepUMeHTAIbHBIE Pe3yIbTaThl
VCTaHOBJIEHHBIE B HCCIENOBAaHWE 3HAUEHWs aKTUBHOCTEH 'Be B KOHIeHcarax as’po3oiei
(cpenHeMecsuHBIX) mpuBeAeHs! B Tabmmme 1. Tam ke, 1y CpaBHEHHS, INPHUBEICHBI 3HAYCHUS
COOTBETCTBYIOIINX MECSIHBIX MOKPBIX OCAIKOB.
Taoauna 1.
MecsiaHble 3HaUEHHS KOJIMYECTBA MOKPBIX OCAJIKOB — P, M aKTUBHOCTH 'Be B KOH/ICHCATHBIX a9p030JsX — V
u atMochepHbIi BemageHusx — A B 2019 rony B Camapkanpe.

Mecsbl 1 2 3 4 5 6 7 8 9 10 11 12

P ymlmecay | 61,1 | 36,1 | 79,2 | 147,3 | 34,7 | 18,0 - 52 | 181 | 36,3 | 21,7

V Bxlme 280 | 370 | 240 90 366 | 420 | 750 | 1120 | 800 | 570 | 330 | 360

OO0cy:k1eHue pe3y/1bTaTOB
CorocTaBleHre YCTAHOBJIEHHBIX MECSYHBIX BapHalMil aKTUBHOCTH 'Be B mpo6Gax KOHIEHCATOB
a’pO30JIAX C COOTBETCTBYIOIIMMH 3HAUYCHUSIMH MOKPBIX aTMOC(EPHBIX OCAAKOB (pHC. 2) CBUAETEILCTBYIOT,

YTO 3TH 3HAYCHUS HAXOOATCA, B OGpaTHOfI 3aBUCHUMOCTH.
160 T T T T T T T T T T

Konu4ecTeo MOKpbIX OCaIKOB P, MM/MECAY

Mecsiub!
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KoxpeHcat atmoccepHoi Bnarv V, br/nump
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Mecsaubi

Puc 2. MecsiuHble 3HAY€HUs] MOKPBIH 0CAJIKOB — P, aKTUBHOCTEH ‘Be B aTMOC(EPHBIX BBIAJCHUAX — A U
KOHJIeHcaTa aTMOC(epHbIH Biard — V.

O4eBHIHO, YTO 3TO OOYCIOBIEHA, «IPOMBIBAHMEM» 'Be B NPH3EMHOM BO3IyXe MOKPHIMU
ocazkaMu. B CBA3M ¢ YeM aKTUBHOCTH 'Be JOKIEBBIX CE30HAX roJa B BO3AyXe MUHUMAIBHEL, & B CYXHX
Ce30HAX MaKCHMAIIbHBI, 3TOT (PAKT MHOTOKPATHO OTMEUAIHN B HCCIICAOBAHUAX PAIHOAKTHBHOCTH BO3AyXa B
Pa3IMYHBIX pETMOHAM MUD.

3axi0o4yeHne

IIpoBenénnoe HCCIIEIOBAHUS BapHUanuu KOHJICHCAaTOB aTMoc(hepHBIX a’po3oineit
COBEPIICHCTBOBAHHBIM HX METOJUKE, B COBOKYIIHOCTH C TPaJAULMOHHBIMH METOAAMHU HCCIEI0BaHUM
PaJMOaKTUBHOCTH MPHU3EMHBIX CIIOEB BO3[yXa MU aTMOC(HEPHBIX OCAJKOB, OTKPBIBAET IEPCIIEKTHUBHI
MOJTyYeHHe AOMOTHUTETHLHON HHpOpMaul 0 PU3UKE aTMOC(EPHI.
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UDK: 535:21
Konuernpauuonnue U TeMIIEpaTypHbI€ 3aBUCHMOCTH COOTHOILICHUS JIaHz[ay-H.naqua B BOJAHBIX
pacTrBopax 'Y-l'll/lKO.]'ll(lHa

X.C.Xaiinapos
Camapxanockuii 20cy0apcmeeHHblll YHusepcument
x-xayrillo@samdu.uz

AHHoOTanu#. B craThe uccieqoBaHa TOHKasl CTPYKTYpa CIEKTPa U30TPOIIHOTO PACCEsIHUA CBETA B
00JIacTH MPSMOTO KOHTAKTa BOJHBIX PacTBOPOB 0€3 3JIEKTPOJIHTa ¢ KOHKPETHOM TOYKOH HEYCTOHYMBOTO
TEPMOJMHAMHUYECKOTO PABHOBECHS B ILIMPOKOM JMAala3oHE TEMIIEpaTyp U KOHLeEHTpauui. PackpbiTa
3aKOHOMEPHOCTb M3MEHEHHUS YaCTOTHOIO pAaclpeleeHUus WHTEHCUBHOCTM TOHKHUX CTPYKTYPHBIX
3JIEMEHTOB BOKPYT OIpeAeNeHHOol Touku (cooTHoueHue Jlanaay-Ilnadeka). OnpeneneHs! 3aKOHOMEPHOCTH
U3MEHEHUS] U30TEPMUYECKON CXKMMAEMOCTH IIPU U3MEHEHUHU TEMIIEPATYpPhl M KOHLIEHTPALUU PACTBOPA, €€
CB3b C (DIYKTYallMOHHBIMH M CTPYKTYpPHBIMH IIpoIlecCaMU OOpa3oBaHUs, a TakXKe €€ BIMSHUE Ha
(hopMHUpOBaHNE TOHKOT'O CTPYKTYPHOT'O CIIEKTPa B KOHKPETHOM TOUKE UCCIIETYEMBIX CHCTEM.

KiroueBsble c10Ba: pacTBOp, HEANEKTPOIUT, KOHLIEHTPALMsI, TEPMOAMHAMHUKA, pacCEsSHHE, CIIEKTD,
COCTaBJISIOINAs, CTPYKTypa, H30T€pMa, HUHTEHCHUBHOCTb, AaHOMAUs, CHEKTpockomus Maxpjenbmrama-
bpuintosHa.

Y-MUKAJMHHUHT cyBaaru sputmacuaa Jlannay-Ilnayek mynacabaTHHU KOHIIEHTPATUMA Ba
TeMIepaTypara 0oFJIMKJIUTH

AHHoTanmMsa. Makonana HODJIEKTPOJUTHUHT CYBJIM 3PUTMAJIApUHUHT  TeMIepaTypa Ba
KOHICHTpALUAJIAPHUHT KEHI auarna3oHuaa Oapkapop OyimMaraH TepMOJWHAMHK MYBO3aHATHHHT Maxcyc
HyKTacura OeBocHTa TyTalll coxacuaa EPYFIMKHUHT HM30TPOIUK COYMWJIMII CIEKTPUHUHT HO3UK
CTpYKTypacl TaAKWK OTWION. Maxcyc HyKTa arpoduma HO3MK CTPYKTypa KOMIIOHCHTalapu
WHTEHCUBIIUTUHUHT YacToTa TakcumoTtuaaru (Jlangay-Ilnagexk MmyHocabaTu) y3rapuiin KOHYHHUSITIapU 04U0
Oepwigu. DOpUTMAHUHT TeMIepaTypacd Ba KOHICHTPALMSACHHUHT Y3rapuiin OWIaH H30TEPMUK
CHUKIITYBYAHJIMKHUHT Y3rapuil KOHYHHSATIAPU, YHUHT (IYKTyallMiOH Ba CTPYKTypa XOCHJ OYwmt
Kapaémiaapu OwiaH OOFIHMKINTH XaMAa YpraHwia€TTaH CHCTEMAIApHUHT MaxCyC HyKTacHaa HO3UK
CTPYKTYpa CIIEKTPUHUHT AKIIJIAHUIITUTa TAhCUPY aHUKJIAH/IH.

Kanur cy3nap: spuTMa, HOBJIEKTPOJIUT, KOHLEHTpalUus, TEPMOAMHAMHUKA, COUYMWJIMII, CIEKTp,
TapKUOMHA  KHUCM, CTPYKTypa, HW30TEPMHUK, HHTCHCHUBIWK, aHoMmal, Mangemmram-bpmimosn
CIIEKTPOCKOTHSCH.

Concentration and temperature dependences of the landau-placzek ratio in aqueous solutions of y-
picoline

Abstract. The fine structure of the spectrum of isotropic light scattering in the region of direct
contact of aqueous solutions without electrolyte with a specific point of unstable thermodynamic
equilibrium in a wide range of temperatures and concentrations are investigated in the article. The
regularity of the change in the frequency distribution of the intensity of thin structural elements around a
certain point (Landau-Placzek relation) is revealed. The regularities of the change in isothermal
compressibility with a change in the temperature and concentration of the solution, its relationship with
fluctuation and structural processes of formation, as well as its influence on the formation of a fine
structural spectrum at a particular point of the systems under study are determined.

Keywords: solution, non-electrolyte, concentration, thermodynamics, scattering, spectrum,
component, structure, isotherm, intensity, anomaly, Mandelstam-Brillouin spectroscopy.

BBezIe}me. 21_]'[5[ BOJHBIX PAaCTBOPOB METHUIINUPHUIWNHOB Ha6J'I}OllaJ'II/ICB AHOMAJIBHBIC OTKJIOHCHUS
MHOTUX (DPU3MYECKMX CBOWCTB TIPU OMNPEACICHHOW KOHIICHTPAIIMM W TEeMIIepaType Ha CYIIECTBYIOLICH
(azoBoii nuarpamme. Ilpu mccienoBaHMM CIEKTPOB CBETa, PAcCEsHHOTO B HM30TpomHON cpexe [1, 2],
YIOMSIHYTBIX BBIIIE, OBUTH OOHAPYEHBI CBOMCTBA BOJHBIX PACTBOPOB HEUIEKTPOJIHUTOB, & TAKKE H3YUCHBI
HMHTEHCUBHOCTb, CKOPOCTb PAaCCESIHUS CBETA U IOIJIOLEHNsSI TUIIep3BYyKa [3].

HccnenoBanue mokasano, 4TO CyMMapHOW MHTEHCUBHOCTBIO PACCESHHBIX MOIEKYISPHBIX JTydei
ObUIO HalMuMe BOIAHBIX PacTBOPOB [4, 5] (paccesiHue N30TPOMHOTO CBETA, MAKCUMAIIbHAl MHTCHCUBHOCTb,
HHU3KHE KOHLIEHTPALUU HE3JIEKTPOIUTOB). MHOTOUYHCIIEHHBIE UCCICOBAHMS TIOKA3aln 3TO siBICHHE [6, 7).
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MaxkcuManbHBI YPOBEHb 3TOW WHTEHCHBHOCTH OOBIYHO CBsi3aH ¢ (piaykTyarmed koHueHtpanuu [4]. B
JaHHOH paboTe ¢ IOMOLIBI0 METO/a CHEKTpOCKONuM MaHnenbmrama-bpunmosna ObUTO MCCIIeI0BaHO
TIOBEZICHNE WHTCHCHUBHOCTH CBETA NPH W3MEHEHUH KOHIICHTPAIMK M TEMIEepPaTyphl BOJHBIX PACTBOPOB Y-
MTUKOJIMHA.

JKcMepHMeHTATBHAs MeTOINKA. DKCIEepHMEeHTaIbHAs YCTaHOBKA, PETHCTPUPYIOIIAs CIIEKTPHI
MOJICKYJIIDHOTO ~ paccessHHs CBeTa M HCCIeIOBaHMs, coOpaHa Ha OCHOBE IBYXIIPOXOTHOTO
unreppepomerpa Pabpu-Ilepo ¢ BbicokuM paspemenneM [8)]. [Ipy HabmIonEHNM CIIEKTpa ¢ MOMOIIBIO
JIBYXIPOXOJHOTO MHTep(epoMeTpa B OCHOBHOM IIPUBOAUTCS €r0 KOHCTPYKIMS M METOZ IOCTUPOBKH. B
KOHCTPYKTHBHOM OIMCAHUH TEPMOCTaTa MOSCHICTCS METOA KOHTPOJIL TEMIEepaTypsl oOpasma BO BpeMs
MIOJTYYEHHS PE3YNIbTaTa, a TAKXKE MOPSIOK OYUCTKH U OITHIECKOW OYMCTKH BOJHOTO PacTBOpPA.

IIpu onpeenieHnn 00IaCTH paccesHus UHTEphepoMeTpa ObLIH oNydeHb! 3Hayenus ot 0,417 cm?
1o 0,625 cM! B 3aBHCHMOCTH OT M3MEHEHHs yIjla paccesHus cBera. KOHTpacT MHTep(epeHIHOHHOIO
nanamadTa, NOMYYEHHBI HA IBYXIPOXOAHOM HMHTepdepoMerpe, coctaBun 5-10%, uto Ha mBa rpamyca
BBIIIE, YeM Yy OJHOIPOXOJHOTO MHTep(epoMeTpa, a ero ocTpora-noinoca cocrtaBiser 35. B kauectse
UCTOYHMKA M3IIydeHus ucnons3osaics He-Ne mazep ¢ mnmuHOoN BosmHBI 632,8 HM U MOIIHOCTBIO 15 MBT.
[TorpemHocTh U3MEpPEHUs] BEIWYMHBI 3aBHUCHMOCTHM HMHTEHCUBHOCTEM He mnpesblmaer 10-15%. Ilpu
NPUTOTOBJIIEHUH PpAacTBOpA HCIOJB30BAICS XHMHYECKHH oOOpasel, IOJyYeHHBIH BOJIIOMETPHYECKUM
METOJOM «Xu» (XMMHYECKH YUCTHIN ). CIEKTPBI HCCIIE0BAINCH B quanasone temmeparyp ot ~10°C mo ~80
OC nyist K& 10T0 pacTBopa.

O6cy:knenne pe3yabTaToB. CBsi3b MEK/y HHTEHCHBHOCTSIMU TOHKOH CTPYKTYPBI CBETOPACCESHHS
B BOJHBIX PacTBOpax y-NHUKOJHHA, cooTHoIeHue Jlannay-ITnadeka, Oblia ucciieoBaHa SKCIIEpUMEHTAIBHO
IPU pa3iMYHbIX TEMIIepaTypax W KOHIEHTPALUiX pacTBopa. OTMEUeHO CHIIbHOE YCHJICHHE 3aBHCUMOCTH
Jlarnay-Ilnadeka B y3koM Iuama3oHe KOHIIEHTPALUi pacTBopa. AHAIH3 Pe3yIbTaTOB SKCIIEPUMEHTATBHBIX
U3MEpeHUH YBEIMYCHHUS WHTCHCHBHOCTH DPACCESHHOTO CBETa IPH ITHX KOHICHTPALUSAX ITOKA3ajH, YTO
paccesHHE CBS3aHO C TPAJMEHTOM TeMIepaTypbl, OOYCIOBICHHBIM (QIYKTYalUsIMU IHIJIEKTPHYECKON
MPOHULIAEMOCTH TIPH IOCTOSHHOM TJIOTHOCTH.

L. 510 (Ic - MHTEHCHBHOCTBH IICHTPAIBLHONW KOMIIOHEHTHI, lys - MHTEHCHBHOCTH KOMIIOHCHTHI

21,

Mangensintama-bpuiitosna) Mbel onpezensieM BEIWYHHY Kak lor  Juid ymoOcTBa W 3HA4YeHUs STOU
BEJTMYMHBI OBUTH M3YYEHBI TIPH CICAYIONIMX KOHIECHTPAIMIX BOIHBIX pacTBOPOB y-ukonwmHa : 1; 0,8; 0,6;
0,4; 0,2; 0,1; 0,08; 0,06; 0,05; 0,03; 0,005 MonBHOH IOITH.

KOHL[CHTpaHI/IOHHafl 3aBUCUMOCTh COOTHOIICHHS WHTCHCHUBHOCTEH COCTABJIAIOIINX TOHKYIO
CTPYKTYPY MOJIEKYJISIPHOTO PACCESIHUS CBETA IpeICTaBlIeHa Ha PUCYHKE 1.

Kak BugHO U3 pucyHKa, KO3(QPUINEHT HHTCHCUBHOCTH IS UCCICAYEMBIX PaCTBOPOB AOCTUTACT
MaKCHMAJILHOTO 3HaUeHHS MpHU KoHIeHTparuu 0,06 MOJIBHOM JIOJIN Y-TTMKOJIMHA. DTa HHTCHCHBHOCTH ObLia
B 100 pa3 Oonplie, 4YeM 3HAYCHHE, pacCUMTaHHOE TeopeThudeckd mo (opmyne Jlangay-Ilnadeka. [Ipu
MaJIbIX KOHICHTpAalUiAX 35Ta HWHTCHCUBHOCTDL 6y}1€T UMETh MAKCUMAJIBbHOC 3HAQYCHHUEC BO BCEM
TEMIEepaTypHOM Juama3oHe. [Ipu 3TOM HCClieZloBaHUS TOKa3bIBAIOT, YTO TEIUIOEMKOCTh pacTBOpa HeE
3aBHCHUT OT U3MECHEHHU TeMIepaTypsl H KOHIICHTPAIIHH.
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Pucynok 1. I'paduk temneparypst mpu 10°C u 80°C, nokasspIBaromuii, 4T0 HHTEHCUBHOCTH TOHKON
CTPYKTYPBI pEICWHOM JIMHUW 3aBUCUT OT KOHIICHTPAIIUK BOJJHOTO PACTBOPA Y-TIMKOJIMHA.
Jlns oOBsICHEHUST Takoro OOJIBIIOTO 3HAYCHHUSI OTHOIICHUS WHTeHcuBHOCTeH, U.JI.DabenuHCKuit
paccMoTpeN OTHOIIEHHE TOHKOM CTPYKTYPHOW HANpsKEHHOCTH [cbULIKa]. Bbul cienan BBIBOA, YTO Takoi
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MCXaHU3M pacceaHus JOJIDKCH Y4YUTBIBATH HU3MCHCHUC TEMIIEPATYPhI ( de - (bnyKTyaumo
T
P

JTUDJICKTPHYCCKOM TPOHUIIAEMOCTH MIPU TOCTOSHHOM TUTOTHOCTH.

Takum o00pa3oM, dYTOOBI TIOHATH CTOJIb HEOOBIYHBIA MEXaHH3M KOA(DQUIIMEHTa OTHOIICHUS
MHTEHCUBHOCTEH, MBI TIOAPOOHO PaccMOTPUM TeMIIepaTypHoe MoBelacHHe oTHomeHus Jlanmay-Ilmaueka
(lor) TSt pa3TUYHBIX KOHIIGHTPAIIUi PacTBOpA.
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Puc.2. TemnepatypHas 3aBHCHMOCTD BEMHYHHBL Py 3. TemmepaTypHas 3aBHCHMOCTh 3HAYCHHIT =

Ic M6
=1 JISI YACTOI'O PACTBOPA Y-IIHKOJIMHA - 4;
2l or A p pa‘’y ’ I, ipu KoHUeHTpauusax 0,2 m.a. - ¢, 0,1 m.1. - X,

xoHueHTpanuii 0,8 m.x1. - m, 0,6 m.11. - A, 0,4 m.11. 0,06 M.1. - A Y-TIMKOJIHHA.
- X, Y'HI/IKOHI/IHa, COOTBETCTBCHHO.

Ha puc. 2 nokazanel 3Ha4eHUS lor B 4MCTOM Yy-TIMKONHWHE, a Takke 0,8 u 0,6 M.J. B BOJHBIX
pacTtBopax y-mukojuHa. IlokasaHo, uTo KoHUeHTpauus 4vactull 0,4 MONb 3aBUCHUT OT TeMIlepaTypbl
pactBopa. M3 pucyHka 2 BHIHO, YTO 3Ha4YCHHUE lor B YUCTOM Y-TIMKOJIMHE HE 3aBUCUT OT TEMIEepaTyphl U
COOTBETCTBYET HOPMAaJIbHBIM J>KHIKOCTAM IIO CBOEMY 3HaudeHHMI0. Bo BceM TemrepaTypHOM Juana3oHe
MOTpEeNrHOCTH 3KcnepuMenta coctaBmsu 0,4 + 0,5%. 3mech MOTrpemrHOCTh pacyeTa IUIOMATN HE
npesbiaia 4%. g KOHIEHTPUPOBAHHBIX PACTBOPOB 3HAUYEHUS |,y HEMHOTO BBIIIE, YEM JJISl YUCTOTO Y-
MUKOJIMHA, HO OHU IOYTH HE 3aBUCAT OT TemmepaTypbl. s xonuentpamuu X = 0,8 M.1. HeOonbIOe
yBeJIMYCHUE 3HAYeHHH lor CBSI3aHO ¢ KOJIGOAHMSAMH KOHIIGHTPALMKU BO BpPEMSI PAcTBOPEHHS MOJIEKYN Y-
nukosmHa B 0,6 M., OJHAKO yBEeNMYEHHE OTHOIIECHWS WHTEHCHUBHOCTEH TPH ITHX KOHICHTPALUAX HE
3aBUCHT OT TEMIIEPATYPHI.

IIpu KOHIEHTpalMu Y-MMUKOJIMHA B BOAHOM pactBope X = 0,4 M.n. HabOmromaercss HeOoJbIIOE
YBEJIMYEHNE 3HAYEHUH 3aBUCUMOCTH lor - MHTEHCHMBHOCTB B MHTepBasie Temmeparyp t>50°C, uro yxe He
CBA3aHO C U3MEHEHHEM KOHLIEHTPALIUH.

M3BecTHO, YTO (UIYKTyallid KOHIIGHTPALMH YMEHBIIAIOTCS C MOBBIIICHUEM Temreparypbl. OaHaKo
HaONFOIAaeTCSlT POCT WHTEHCHBHOCTH B BBICOKOTEMIICpATYpHOH OONacTH W3-3a HANW4Ms HIDKHEH
KPUTUUYECKOW TOYKHM PACCIOEHHMS B BOAHBIX PacTBOPAaX HU3KOKOHLIEHTPUPOBAHHBIX METHJIHPUAMHOB.
BungHo, 4ro, HECMOTpsS Ha OYEHb BBICOKHE KOHIICHTPAIlMH Y-TIHKOJHWHA, Clabble CIemsl Ipolecca
MIPOSBIISIFOTCS IPU HU3KUX KOHLIEHTPALUSX.

Ha puc. 3 mokazana TemneparypHasi 3aBUCUMOCTH lor 1pu koHIeHTpanusx 0,1, 0,2 u 0,06 m.a. Kak
BUJHO M3 DTOTO pPHCYHKa, Npu KoHneHTpammsx x = 0,2; 0,1 u 0,06 M.A. 3HaueHWE OTHOILICHHUS
MHTEHCUBHOCTH yMEHBIIAETCs ¢ Temreparypoil B auanasone ot 80 °C no 50 °C, szarem oTHOCHTEnbHas
WHTEHCHBHOCTH MOBbImaeTcs B auanasoune ot 30 °C o 7 °C.

Ha npumepe TemnepaTypHO#l 3aBUCUMOCTH MHTEHCUBHOCTH NpH X = 0,2 M.[. Y-IIMKOJIMHA OTYETIUBO
BHJIHBI TP TEMIIEPATYPHOM 00JIACTH ¢ pa3sHBIMHU 3aBUCMMOCTAMHM. B untepsaie temneparyp ot 80 °C no 50
OC BenM4MHA OTHONIEHHS MHTEHCUBHOCTH lor yMEHBIIAETCS TOYTH B 3 pasa. B auamnasoHe TemmepaTyp OT
50 °C no 30 °C »To 3HauYeHHMEe ocTaeTcst IOCTOSHHBIM M HAKOHELl, B TpEThEM JuarnaszoHe ot 15 0C mo 4 °C
HaOIIOIANIOCH TTOYTH 7-KpaTHOE yBeIHUeHHUE 3HaueHUs lor. s KoHmeHTpanuu y-nukonuHa X = 0,06 M.1.
TOYKa TeMIepaTypHol uHBepcun Habmomaercs npu t = 50°C. Ha pucynke 3 mokaszaHo, 4to st
KoHIeHTpauuu y-nukonuHa 0,06 m.a. TemmepaTypa Bbicokod kputnueckoi Touku (UKN) y-mukonmna
cocraBisieT t ~ 35 ° C, a jis HwKkHel kputuueckor Temrepatypsl (PKN) t ~ 62 °C. Takum obpasom,
mexxay FOKH u [TKH pacmonaraercst ocobast Touka, TOJI0KEHHE KOTOPO COOTBETCTBYET TeMmeparype S50
oC.
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IIpy mOBBILIEHMM W TOHWKEHHUU TEMIIEpaTyphbl NABJICHHE B HCCIIEyeMOW KIOBETE€ HM3MEHSAETCS.
Onnako oHa mpuOmwKaercs K Ooiee HHM3KOHM kputnueckoil Temmepatype (IIKH) wim Gonee BbIcokoi
kputnueckoir temneparype (FOKH). Temneparypa HmxHed kputudeckoit toukw (PKN) u Bepxneit
kputnueckoii Touku (UKN) 3aBucHT oT KoHIIeHTpauuu. OJHaKO KOHKPETHAs TOYKAa OCTAETCSl HE3aBUCUMOI
OT KOHIIEHTpaL\U pacTBopa npu Temneparype t© = 50.

B memoM ckopocTh (IyKTyaruy KOHIIEHTPAIlMd YMEHBIIAETCS C YBEIHMYCHHEM TEMIIepPaTyphl
UJealbHBIX PACTBOPOB, U B TO )K€ BpeMs YMEHBIIIAeTCs HHTEHCUBHOCTh CBETOpaccesaHus. B HamieM ciydae
POCT MHTEHCHBHOCTU HaOIOMaeTCs NpH KoHUeHTpanusax x<0,4 mxM u Temneparype t>50°C. Buano, uro
paccioeHrne METWIIHPUAWHOB B BOJE CBSI3aHO C MPUOMIKCHHEM K HU3KOW TEMIIepaType W BEIMYHHA
OTHOIIEHMS] MHTEHCUBHOCTH lo; yBenmumBaercs npu t<30°C, HO ¢ MOHMKEHHEM TEMIIEPATYPhI YBEIUIECHUE
MHTEHCUBHOCTH B uHTepBaie Temneparyp t>50°C u t <30°C yenuuusaer pemenune x = 0,2, x = 0,1. u 0,06
M.JI.

Hnst pactBopoB ¢ konnentpauusmu X = 0,2 u 0,1 M.n1. U3MEHEHHE XapaKTEPUCTHK TpagucHTa
TEMIIEpaTypbl MPOUCXOTUT IOCIE ONPENECICHHOr0 AUana3oHa TeMIepaTryp. B aToMm ciydae OTHOIIEHHE
uHTeHCUBHOCTEH o yBenmuumnBaercs ot 20 (s 0,2 m.a. y-nukonuna) a0 85 (0,1 M.A.- y-IUKOJIMHA) B 3TOM
TeMmriepaTypHoM Auarna3zone u mouytu npu X = 0,06 m.n. YBenuwumBaetrcs Ha 100 egmnmi. V3menenue
rpaaueHta Temreparypsl s X = 0,06 M.JI. IPOUCXOAUT B TOUKE, cooTBeTcTBYyIoMmel 50°C. U3 pucynka 3,
9TO XOPOIIO BUIHO B 3THX TEMIIEPATYPHBIX 00JIACTIX.

Taxum o6pazom, st X = 0,2 M.1. OBUIO 3aMEYeHO, UYTO B ONMPEAEICHHOM TEMIICPaTypHOM JHAITa30He
nust kornerTparuit 0,1 u 0,06 M., Y-IMKOTMHA B BOJIE 3HAYEHUS ---3aBHUCST TOJHKO OT KOHIICHTPAIUH.

IIpu xonunentpanusax 0,2, 0,1 u 0,06 M.A. B pacTBOpax ABYXCTOPOHHEE YBENUUEHUE UHTCHCUBHOCTH
B unTepsaie temreparyp t>50°C u tC30°C oxuHakoBO (OXHOPOIHO).

Jlns pactBopa ¢ koHuentpanuei 0,06 MKr y-nukomuHa lo: cooTBeTcTBYET Temmeparypam 35°C u
62°C npu makxcumanbHol unTeHcuBHOCTH (BKT) m (HKT). OTMeTHM Takke, 4TO Ha PHC. 3 IIOKa3aHbI
TEHJICHIIMN €TO POCTA MIPY MOBLIIICHUH TN MOHIWKEHUH TEMIIEPATYPHI IIPH KOHIICHTPALUAIX Y-ITHKOJIIHA X
= 0,2 u 0,1 m.a. Ciemyer OTMETHTb, YTO NPU MOBBIILIEHUH TEMIIEPATypbl MAaKCHUMAJIbHOE COOTHOIICHUE
WHTEHCUBHOCTHU lor AT 9TUX KOHIIGHTpALUi OyJeT BhIIIE 80°C, HO SKCIIEPUMEHT OyJieT Oosiee CIOXKHBIM,
IIOCKOJIEKY pacTBop Oyzer kumerh Bbime 80°C. MakcuMyM NP HHM3KHMX TEMIIEPATYpPaX MOKET OBITH
MEHBIIIe, YeM TeMIIepaTypa Hamiero uccienoBanms. OqHaKo, KaKk BUAHO W3 PUCYHKA 3, B TeMIEpaTypHOI
touke t>50°C m t <50°C mpm x = 0,2 m 0,1 m.a HaOmOmaeTcs TEHACHIMA K IIOBBILEHHIO lof
TemneparypHasi 3aBHCUMOCTb lor cuctembl mpu 0,06 M.1. ObUIM OIpeneNeHbl JBa MaKCHMyMa IpH
temneparypax t = 35°C u t = 62°C, a ocobas Touka HaXOAUTCA B JUANA30HE TEMIIEPATYp NPHOIU3UTEIHLHO
t~ 48°C - 50°C. BbICOKOTEMIIEPATYPHBIH MaKCUMYM OTHOCHMTEIBHONW MHTEHCHBHOCTH HAOJIONAETCS MPH
60°C, a HuskoTEMIIEPaTYpHBIH MakcumMyM umeet npu 30°C.

Ha puc. 3 OTYETIMBO BHIEH NEPEXOA OT OAHOW oOnactu K apyroi mpu Temmepatype 50°C ¢
KOHIIeHTparuel y-nmukonuaa 0,06 m..

Temnepatypa 50°C sBnsercs npenenom, pasesIsroliuii 18a Pa3HbIX MPOIECca U 0CO00M TOUKOM 115
BOJIHBIX PacTBOPOB Y-MUKOJNKMHA. Hibke W BhIIIE 3TOW TeMmImepaTrypbl HaOMIOAAaeTCsl OJUHAKOBBIN pocT lor.
IIpu mnoBbimieHMH TeMmepatypsl t>50 KoHLEHTpupoBaHHbIE pactBopel ¢ x=0,2; 0,1 u 0,06 m.m.
MPUOTMKAOTCS K HUKHEW TOYKE CII0S Y-TIMKOJIMHA.

C nouwkenreM Temrepatypsl npu t<50°C crpatudukanys B 3THX pacTBOpax MPHOIMKAETCS K
BBICOKOH Temmeparype. B oboux ciydasx Tombko (ha3bl 0OOraImaroTcsl OJHOTHITHBIMH MOJEKYJIaMH.
BunHo, 4TO mpWuYMHA OTOW CTpaTUPUKAIMK DHEPreTHYECKH pa3indHa MpPH HU3KUX M BBICOKHUX
TEeMIIepaTypax, HO yBENIWYEeHHEC MHTCHCUBHOCTH IECHTPATBHOW JIMHUU paccesHus Penes oxmHakoBo m3-3a
yBeNn4YeHus (QIyKTyanuid mapameTpa MOIbIL.

Buano, 4to Temneparypa KOHKpeTHOM ToukH t = 50°C, 1 MBI MOXEM pacCMaTpuBaTh 3TOT CIIydaii
KaK TOYKYy HMHBEpCUH. JpyrMMH CIOBaMH, MPUOPUTETOM 3TOrO MEXKMOJEKYJISPHOTO B3aWMOJEHCTBUS
SBISICTCSL TEMIIepaTypa H3MCHEHHs. BenumuumHa TeMIepaTypHOTO pacCTOSHHS 3aBUCHT OT OJH30CTH
KOHIICHTPAIIUX PACTBOPA K «KKPUTUUYECKONY.

3akinouenne

1. CunpHblii pocT coorHomeHus Jlanmay-Ilmadeka BOIM3M KOHKPETHOW TOYKH HCCIETYEMbIX
pelreHnii He MOXKET OBITh ONMCAH B paMKaxX KJIacCHYecKoil Teopur. beio oOHapyx)eHo, 94To (UIyKTyalnu
JUAIEKTPUUYECKOTO MOITIOMIEH s IPU NOCTOSHHOM IIOTHOCTU TEMIIEPATYpPhI SIBISETCS AOMOJHUTEIbHBIM
BKJIAJIOM B MHTCHCUBHOCTD IIEHTPAIEHON KOMIIOHEHTHI TpHIieTa Pemnes.

2. Hcnome3zys cootHomeHnue Jlangmay-Ilmaueka, Obuto 0OHaApyXe€HO, UYTO TEMIIEPAaTypHO-
KOHLICHTPALIUOHHOE TIOBEJCHUE M30TEPMHUUECKOH CXKHMAeMOCTU pacTBOPOB CBSI3aHO C  CHJIBHBIM
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YBEJIMUEHUEM CKOPOCTU TEMIEPATypHbIX (DIyKTyallMii IpU MOCTOSIHHON INIOTHOCTH BONU3HU ONpEJEeIeHHON
Touku. OOHapykeHO, YTO B Y3KOM JHUana3oHe KOHLEHTpaluil B 00JaCTH KOHKPETHOH TOUKU pe3Koe
YBEIMYEHHE HMHTCHCUBHOCTH ILEHTPAIBHOW CIIEKTPAIBbHONW JIMHMM TOHKOIO CTPYKTYPHOTO TpHILIETA
CBSI3aHO C MEXaHU3MaMU CTPYKTYPHOI IepecTpoilku Ha MPOCTPaHCTBEHHBIX MaciiTabax nopsaka 10 HM B
pacTBope.
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UDK: 530.12:523
EYNSHTEYN-SKALYAR-GAUSS-BONNET NAZARIYALARIDA “YUMRONQOZIQ INI”
YECHIMLARI

S. N.Murodov
Samarqgand davlat universiteti
mursardor@mail.ru

Annotatsiya. Eynshteyn-skalyar-Gauss-Bonnet nazariyalarida yumrongoziq ini yechimlarini
ko’rib chigamiz. Gauss-Bonnet bog’lanish doimiysini o’zgartirib, ushbu nazariyalarda yumronqoziq
inlarining mavjud bo’lish sohasini aniglaymiz. Bunda bir bo’g’izli yaumronqoziq inlari va ekvatorga ega
bo’lgan ikki bo’g’izli yumronqoziq inlari hosil bo’lishini, hamda ularning fizik xususiyatlarini o’rganib
chigamiz.

Kalit so’zlar: Eynshteyn tenglamalari, Gauss-Bonnet hadi, effektiv energiya-kuchlanish tenzori,
gora tuynuklar, yumrongoziq inlari.

Pemiennsi KpoToBBIX HOP B Teopusix JiiHIITeliHA-cKkansApa-TI'aycca-Bonne
AHHOTamMsi. MBI paccMaTpuBaeM pEIICHHS KPOTOBBIX HOP B TEOpHSIX OHHIITEHHa-CcKamspa-
TI'aycca-bonHe. M3MeHssi KOHCTaHTY cBsi3u l'aycca-bBoHHe, MBI ompenenseM IHama3oH CYIIECTBOBAHUS
KPOTOBBIX HOp B 3THUX TEOpHUSAX. BO3HMKAIOT KPOTOBBIE HOPBI C OJHUM TOpPJIOM U KpPOTOBBIE HOPBI C
SKBAaTOPOM U JIBOMHBEIM ropiioM. MBI uccieayeM (pru3ndecKue CBOWCTBA ATUX YEPBOTOUHH.
KiroueBsble ciioBa: ypaBHeHns DWHIITeHHA, WwieH [aycca-borHe, 3 (eKTHBHBINA TCH30p HEPTHU
HaINpPsHKEHHOCTH, YEPHBIE JBIPBL, KPOTOBBIE HOPBL.

Wormbhole solutions in Einstein-scalar-Gauss-Bonnet theories
Abstract. We consider wormhole solutions in Einstein-scalar-Gauss-Bonnet theories. By changing
the Gauss-Bonnet coupling constant, we determine the range of existence of the wormholes in these
theories. We investigate to arise wormholes with a single throat and wormholes with an equator and a
double throat including the physical properties of these wormholes.
Keywords: The Einstein equations, Gauss-Bonnet term, effective stress-energy tensor, black
holes, wormholes.

Kirish

Umumiy nisbiylik nazariyasida (UNN) o’tkazadigan Lorens “yumronqoziq inlari” (inglizcha:
“wormholes’’) materiyaning qandaydir ekzotik shakliga ega bo’lishi kerak, chunki bunday yumronqoziq
inlarining mavjudligi energetik holatlarni buzilishiga olib keladi [1]. Biroq, ayrim alternativ gravitasiya
nazariyalaridan foydalanib ushbu xususiyatni chetlab o’tish mumkin. Bu nazariyalarda gravitatsiyon
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ta’sirlashuvning o’zi tufayli energetik holatlar buziladi. Alternativ gravitasiya nazariyalarida hech qanday
ekzotik materiyalardan foydalanmay energetik holatlarni buzilishiga olib keluvchi effektiv energiya-
kuchlanish tenzorini hosil gilish mumkin [2].

O’tkazuvchi Lorens yumronqoziq inlarini hosil qiladigan alternativ gravitasiya nazariyalar
turlarining eng keng targalgni, bu Eynshteyn skalyar-Gauss-Bonnet (ESGB) nazariyalaridir [3]. Ushbu
nazariyalar yuqori egrilik hadlarini 0’z ichiga oladi. Bunday hadlar sifatida “tor nazariyalari”da (inglizcha:
“string theories”) hosil bo’ladigan invariant ko’rinishidagi Gauss-Bonnet (GB) hadini misol qila
olamiz.Tor nazariyalari dilaton maydonini 0’z ichiga oladi va dilaton maydon bilan GB hadini eksponensial
bog’lanishni ko’rsatadi.To’rt o’Ichamli fazoda GB hadini harakat tenglamalariga kiritish uchun uni skalyar
maydon bilan birlashtirish kerak. Buning uchun bizga umumiy bog’lanish funksiyalari kerak bo’ladi.
So’nggi yillarda, ko’plab umumiy bog’lanish funktsiyalari ushbu nazariyalarida keng qo’llanilmoqda [4].

O’tkazuvchi yumronqoziq inlari dilatonik EsGB nazariyalarida topilgan. Ushbu yumronqoziq
inlari bitta bo’g’izga ega bo’lib, ikkita asimtotik tekislik sohalarini bog’laydi. Yumronqoziq inlarining
mavjud bo’lish sohasi chegaralari dilatonik EsGB qora tuynuklar to’plamidan, egrilik singularliklariga ega
bo’lgan yechimlar to’plamidan va koordinata singularliklariga ega bo’lgan yechimlar to’plamidan iborat
ekanligi ko’rsatilgan [5]. Bu yumrongoziq inlari o’z markazida ikki tomonlama bo’g’iz bilan o’ralgan
ekvatorga ega bo’ladi.

EsGB nazariyalarida hosil bo’lgan qora tuynuklar yechimlari ushbu nazariyalarda yumronqoziq ini
yechimlarining mavjud bo’lishi to’g’risidagi savollarning tug’ilishiga olib keldi. Massasiz skalyar
maydonga ega bo’lgan EsGB yumronqoziq inlarini birinchi marta o’rganishining o’zidayoq yangi
tushunchalar taqdim etildi [6]. Ushbu ishda, xususan, ko’p sonli bog’lanish funktsiyalari yumronqoziq ini
yechimlariga ega ekanligi ko’rsatilgan. Hamda, yumronqoziq ini yechimlarining mavjud bo’lish sohasi
kvadratik bog’lanish funksiyasi uchun ko’rsatilga.

Usbu ishda biz barqaror fundamental EsGB qora tuynuklarni hosil qila oladigan bog’lanish
funksiyasi orgali ESGB yumrongoziq inlarini tadqiqg gilamiz. Ushbu yumronqoziq inlarining mavjud bo’lish
sohasini aniqlaymiz va ularning fizik xususiyatlarini o’rganamiz.

Tasir integrali va harakat tenglamalari

Eynshteyn-skalyar-Gauss-Bonnet nazariyalarida effektiv tasir integralini quyidagicha yozamiz:

1 4 1 uy 2
5= [d XH[R—E@M ¢ U(¢)+F(¢)RGB] @

Bu yerda, R skalyar egrilik. ¢ esa F (¢) bog’lanish funksiyasiga va U (¢) potensialiga ega skalyar

maydon va

R% =R, R“* —4R R" +R? )

Hvpo
kvadiratik Gauss-Bonnet hadi.

Eynshteyn tenglamalari va skalyar maydon tenglamalari, tasir integralini metrika va skalyar
maydon bo’yicha variyatsiyalashdan hosil bo’ladi,

G; =T/f, 3)
VAV p+F (4)R3 —U (¢)=0. 4)
Yugoridagi (3) va (4) tenglamarda effektiv energiya-kuchlanish tenzori quyidagi ifoda bilan aniglanadi:
1 1 1 s
T == 9w (0,60°9+20 (9))+50,00,6=5(9,,9: + 9,9, )1 "RV ,0,F (4)- ©)

Bu yerda Iig’; =n""R

skalyar maydon bo’yicha hosilani bildiradi.
Barqgaror sferik simmetrik yumronqozig ini yechimlariga erishish uchun biz quydagi chizigli
element shaklidan foydalanamiz,

ds? = —e"dt? +e" [dnz +h2(d92+sin29d¢2)]. (6)

va 777" =e”" [\|-Q Kattaliklarni kiritdik va (4) tenglamadagi nugta ¢

oraf

Bunda h® =n®+17,> yordamchi funksiya bo’lib, 77, esa masshtabli parametr. 7 radial koordinatalardan

bog’liq ikkita f,, f, metrik, hamda ¢ skalyar maydon funksiyalari.

Skalyar maydon tenglamasidagi va Eynshteyn tenglamalaridagi metrika va skalyar maydon uchun
yuqoridagi (6) yondoshuvdan foydalansak to’rtta bog’langan, chiziqli bo’lmagan, oddiy differnsial
tenglamalarga (ODT) kelamiz. Bu ODTda turli xil F(¢) bog’lanish funksiyalari tanlangan va skalyar
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potensialning nol giyamatlari olingan. To’rtta ODT lardan uchtasi ikkinchi tartibli va bittasi birinchi
tartibli. Ammo tenglamalardan fagat uchtasi mustaqil. Ragamli tahlilimizda birinchi va ikkita ikkinchi
tartibli ODTlarni yechamiz. Masshtabli almashtirishlarga ko’ra maydon tenglamalari invariant bo’ladi,

n—>Nn, n,—>N8n, F->NF, U->X?U, N>0. 7)
Bu esa 77, parametrini Kiritishga imkon beradi.

Bo’g’izlar, ekvatorlar va chegaraviy shartlar

Monoton yassi yumrongoziq ini yechimlarini olish uchun, biz ODTlarning tegishli chegaraviy
shartlarni belgilashimiz kerak.

Yumrongoziq ini yechimlari sferik radiusning bir yoki bir nechta cheklangan ekstrimumlariga ega
bo’ladi,

R. =e""*h. (8)

Eng oddiy holatda, ular minimal qiymatga ega bo’lib, bu esa bitta bo’g’izga mos keladi. Ammo ular ikkita
minimal bilan o’ralgan lokal maksimumga ham ega bo’lishi mumkin. Lokal maksimum shundan keyin
ularning ekvatoriga to’g’ri keladi, ikkita minimal esa ularning ekvatorini o’rab turgan ikkita bo’g’izni
anglatadi.

Ichki chegaraviy shartlarini olish uchun 77 =0 da sferik radiusining ekstremumi mavjud bo’lishi
kerak. Bu quyidagini hosil giladi,

dR,

dn

=0 < fl'\ﬁ:o. 9)

n=0
Shunday qilib, biz fll‘,,zo =0 shartni markazdagi chegaraviy shartlarimizdan biri sifatida tanlaymiz.

Bundan tashqari, biz markazda quyidagi uchta shartdan birini tanlaymiz,

f0|’7=0 = fo., f1|77=0 = f., ¢|77=0 =4 (10)
Asemptomatik yassi yechimlarni olish uchun cheksizlikdagi chegaraviy shartlardan foydalanamiz,
f0|,,:oo =0, f1|,,:o0 =0, ¢|,,:w =0. (11)
Cheksizlikdagi funksiyalarning kengayishi M massani quyidagicha tanlashimiz mumkinligini
ko’rsatadi,
f :ﬁm(iz]- (12)
n n

Yechimlar simmetrik bo’lganligi sababli, massa fazo-vaqtning ikkala asimptotik tekis gismlarida bir xil
giymatga ega. Massa hadiga ega bo’lgan yumronqoziq ini yechimlari tufayli yo’qolgan skalyar zaryad
skalyar maydonning eksponensial so’nishiga bog’liq bo’ladi.

Energetik shartlar

Yumrongoziq inlari yechimlarida nol energetik holat (NEH)

T,n“n" >0 (13)
buzilgan bo’lishi kerak. Bu yerda N* gandaydir nol vektor (n“n, =0).
n“ =(1, J-9:/9,,. 0, 0) (14)
va shu tariga N, = (gn, \ /—gn 9,, ,0, 0) ni aniglagan holda NEH sferik nosimmetrik fazoda

T, 0N =T'n'n +Tn'n, =g, (-1 +T/) (15)
shaklIni oladi. Shunday gilib, NEH,

-T +T7>0. (16)
Shu bilan bir gatorda,
0 =(1,0,4~9,/ 040 0)- (17)
dan aniglash mumkinki, NEH.
-T'+T/ >0. (18)

ga teng. Yumrongoziq ini yechimlari uchun ushbu shartlar buzilishi kerak [7,8].
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Natijalar

Biz natijalar olishda “Mathematica for Windows” va “Fortran” kompuyeter dasturlarindan
foydalandik. Quyida F (¢) bog’lanish funksiyasi va U (¢) potentsial bilan olingan natijalarimizni tagdim

etamiz,

(04 _p42
F(¢)=ﬁ(l—e 7, U(9)=A(cd” +eo' +d).
Biz o’zgarmasni £ =15 deb olamiz, brog ¢ erkin parametr sifatida qaraladi. To’liq potensialdan
foydalanib 1=0.06, c,=1.1, ¢c,=—2 va C; =1 lamni keltirib chiqaramiz, massa hadi bo’lgan holatda

A=0.06, ¢, =1.1 lar saglanadi, ammo C, =C, =0 hosil bo’ladi. Bundan tashqari, 77, =1 bo’ladi.

O’zaro ta’sir potentsialiga ega bo’lgan ymronqoziq ini yechimlar to’plamining chiziqli funksiyalarini
ko’rb chiqamiz. Bunda(l-rasm) —g, va g, metrik componentalarni, @ skalyar maydonni va R. sferik
radiusni 77 radial koordinataga bog’liqligi ko’rsatilgan. Ikkita erkin parametrlar, ya’ni « bog’lanish
doimiysi va markazdagi ¢, skalyar maydon giymati uchun biz quyidagilarni tanladik: (a) ¢ ning minimal
qiymatiga yaqin giymati uchun (e, ¢,)=(0.8,—0.4); (b) a ning katta giymati uchun (1.1,-0.4); (c) gora
tuynuk chegarasiga yagin ¢, ning giymati uchun (1.4,-0.067); (d) ¢, ning kichik giymati uchun
(1.4,-0.95); (e) ¢. ning boshqa kichik giymati uchun (1.1,—1.02); () a ning maksimal giymatiga yagin

giymati uchun (3.0,-1.205).

5 : . T Z
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1-rasm. (a,q)c)parametrlarga ega yumrongoziq ini yechimlari uchun, —g, va g, metrik

componentalarni, ¢ skalyar maydonni va R, sferik radiusni 77 radial koordinataga bog ligligi:
@) (a,4,)=(0.8,-0.4), (b) (a,4,)=(1.1,-0.4), (¢) (o, ¢,) = (1.4,—0.067),
(d) (a,¢c)=(1.4,—0.95) , (e)(a,¢c):(1.2,—1.02), () (a.¢,)=(3.0,-1.205)

Metrik funksiya —(Q, har doim monoton ravishda markazdagi kichik qiymatdan o’zining

asimptotik giymatigacha ko’tariladi. Odatda, metrik funksiya § ~monoton emas, biroq 0’zining asemptotik

m
giymatiga yaqinlashishidan oldin, markazdagi minimumdan o’zining maksiml giymatiga oshadi. Ammo
qora tuynuk chegarasiga yaqinlashganda, u markazdagi o’zining maksimumi bilan monoton bo’ladi va

9,, (0) =4 bo’lganda qora tuynuk qiymatiga yaginlashadi (1(c)-rasm). Qora tuynuk chegarasiga
yaginlashganda skalyar maydon juda kichik bo’ladi. Ammo hech qachon katta absolut qiymatlarni gabul
gilmaydi. Qora tuynuk chegarasi yaginlashganda, R. sferik radiusning giymati R.(0)=2ga

yaginlashadi (1(c)-rasm). Bir bo’g’izga ega yumronqoziq ini yechimlarida R, monoton ravishda oshgan
paytda, markazda ekvator va ikkita bo’g’izga ega yumronqoziq ini yechimlari uchun maksimum hosil
bo’ladi.

Xulosa

EsGB nazariyalari qora tuynuklardan tashgari yumrongqoziq ini yechimlariga ham olib kelar ekan.
Bunda ularning effektiv energiya-kuchlanish tensori gravitatsion soha orqgali energetik shartlarni buzadi.

Biz @ GB bog’lanish doimiysini va ¢, markazdagi skalyar maydon giymatlarini o’zgartirib, bir bo’gizga

va ekvator bilan chegaralangan ikki bo’g’izga ega yumrongoziq ini yechimlarining mavjud bo’lish sohasini
anigladik.
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PAINAIIMOHHAS BE3OITACHOCTD CTPOUTEJIBHBIX MATEPUAJIOB B Y3BEKUCTAHE

Cadapos A.H.%, lllaponos U.A.l, Myxamenos A.K.}, Azumos A.H.!, Cadapos A.A.}, Caaumos M.H.?
! Camapranockuii 2ocyoapemsennviii ynueepcumen,
2 Unemumym Hoeproti Dusuxu AH Yzbexucmana

AnHoTauus. ChenaHbl U3MEpeHHs PAaJUOaKTUBHOCTH [03000pa3yIOIUX PaJUOHYKIHIOB Paaus
Ra-226, topus Th-232 u xammusa K-40 B mpobax pa3HBIX CTPOUTEIBHBIX MaTepHajoB. OmpeaeieHsl
yraenpHble  3((EeKTUBHBIE AKTUBHOCTH IPOO  CTPOMTENBHBIX  MaTepHaioB. OIEHEHBl  BKJIAbI
7103000pa3yIoMmuX pafHoOHYKINIOB B yIeIbHbIE 3()(DeKTUBHBIE aKTUBHOCTH.

KnrodeBble cjioBa: paJuOHYKIUIBI, paJUalliOHHas O€30MacHOCTb, AHAIHM3 PAaJUOJIOIMYECKHI,
CTPOUTEIBHBIC MaTEPUABL.
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Radiation safety of building materials in Uzbekistan
Abstract. We measured the radioactivity of dose-forming radionuclides Ra-226, Th-232, K-40 in
different building materials samples. Specific effective activities of samples of building materials were
determined. Contributions of dose-forming radionuclides to specific effective activity were estimated.
Keywords: radionuclides, radiation safety, radiological analysis, building materials.

Y30eKHCTOHIATH KYPHJINII MATepPHAJIAPHMHHHT PATHALMOH XaB(CU3IUTH
Annotatsiya. Typiu X KypriIHIl MaTepralyiapAary 103a XOCHIT KWITyBYH panuii-226, Topuii-232
Ba Kamuii-40 pamuoHYKIHMUIap aKTHBIWKIApW YyimuaHad. Kypwidin marepuaUIapHHHT COJHINTHpMA
3(1)(1)6KTI/IB AKTUBJIMTY aHUKJIIAHAU Ba O03a XOCUJI KWJIYBYU PAAUOHYKIIMJIAPHUHT COJIMIITUPMA 3(1)(1)6KTI/IB
AKTUBJIMTHOAru Xuccacu 6aXOHaH,Z[I/I.
Kalit so'zlar: radionuklidlar, radiatsion xavfsizlik, radiologik tahlil, qurilish materiallari.

Bormpocam sKonoruy, B 4aCTHOCTH paJMalldOHHON SKOJIOTHH, IIPU CTPOUTEIBCTBE KHJIBIX 3JaHUH
HAayYaJI YACISITH BHIMAaHHE C IIEPEX0I0M Ha KaUeCTBEHHYIO OIIEHKY CTPOHUTENFHON MpoayKiu. O4eBUIHO,
YTO Ha Ka4eCTBO KWIWILA OKa3bIBACT BIMSHHE B IIEPBYIO OYepe/b BHIOOpP CTPOUTEIBHOTO MaTepuaia, U3
KOTOPOTO HW3TOTOBJICHBI KOHCTPYKLUMHM W OTHAeJNaHO HomeuieHue. [loJKHBI OBITh HCIIONBb30BAaHBI TaKUe
CTPOUTENBHBIC MaTepPHANbl, KOTOPHIE B OONBIIEH CTEIICHN ONAaronpHsTHBL A deloBeka. BaxHo BEIOpaTh
3¢ QeKTHBHBIE MaTepHaIbl HE TOJBKO C SKOHOMHUYECKOH M SCTETHYECKOH, HO M C IKOJOTMYECKOH TOYeK
3penus. [y 3TOro HeoOXoIMMa JKOJIOTWYecKas OLEHKAa M KIacCU(HKAIMsS CTPOHMTEIBHBIX MaTepHajoB
COTJIACHO TPEOOBAHMSM II0 3AIIUTE OKPYXKAIOIIEH Cpembl. DKOJOrmdecKkas 0e30mMacHOCTb CTPOUTEIBHBIX
MaTepPHAIOB ¥ W3IENNil, CBA3aHHAs C OTCYTCTBHEM HETaTHUBHBIX (DaKTOPOB, BIMSIOIINX Ha 3I0pOBHE
YeJioBeKa, XapaKTepH3yeTcst He TOJIBKO XMMHYECKOH, OMOJIOrMYecKoi U MmoxapHoW 0e30MacHOCTEI0, HO U
panuannoHHOH 0€30MaCHOCTBIO.

JAns  cTpOWTENBCTBA B OCHOBHOM HCIIONB3YIOTCS MATEpHANBl M HW3AEIHS MHHEPAITEHOTO
MPOUCXOXKICHUS, CBIPbEM JUIl KOTOPBIX Yallle BCETO SBISIOTCS FOpHBbIe MOpoabl. VX KommuecTBO B 001IeM
o0beMe MOTPeOICHHUS MaTEPHAIIOB TIPH CTPOUTEIHCTBE 3MaHUN U COOPYKeHHM MoXkeT gocturath 60-80%.
Bce ropabie mopoasl 00:1a0ar0T B TOM WM WHOM CTENEHN €CTeCTBEHHOU PaglOaKTHBHOCTBIO, TaK KaK OHU
BOLUUIM B COCTaB 3EMHOHW KOpBI elle ¢ MoMeHTa e€ oOpazoBaHua. [Ipy 3TOM paaMoaKTUBHOCTb
CTPOMTENIFHBIX MaTepUajIoB, ONpeessieMas CoiepKaHHEeM B HUX €CTECTBEHHBIX PaJMOHYKIIUIOB, 3aBUCHT
OT MeCTa PACIONIOKEHHS TOPHBIX MTOPOJ, TIIyOMHBI MX 3aJieTaHWs, BUA, HATMYHS BOJIU3N YPAaHOBBIX Py
WM PaJOHOBBIX HMCTOYHHKOB. J[03000pa3yromMMH paJHOHYKIMIAMH B CTPOMTENIBHBIX MaTepuaiax
ABJSIFOTCS  ecTecTBeHHBbIE paanoHyknuabl (EPH) pammus Ra-226, topust Th-232 u xamus K-40. Hx
coJiep)KaHNe PETIaMEHTHPYETCS B COOTBETCTBYIOIIMX HBIHE NEHCTBYIONIMX HOPMATHBHBIX JOKYMEHTaX

nokaszaTesieM yAeNnbHOU 3((EeKTUBHOW aKTUBHOCTH Aaqbqb , OTMPEIENsIeMbIM C Y4ETOM OHOJOTHMYECKOTO

Bo3zAeiicTBUs ykazaHHbIX EPH Ha opranusm uenoseka.

loBopst 00 axkTyambHOCTH paIWAlMOHHOTO aHANN3a CTPOUTEIBHBIX MATEPHUAIOB M H3MCIUH
cleyeT OTMETUTh, 4TO A0 KoHIa 50-x romoB XX Beka 3Toi mpobieMe He YIeNIsIoch 0cO00r0 BHUMAaHUSI.
B wuwactHocTH, pernaMmeHTanusi JOMYCTUMBIX YPOBHEW OONydeHHUs paclpoCTpaHAIach TOJIbKO Ha
TEXHOT'€HHbIE HMCTOUYHUKM HOHM3UPYIOIIMX HU3nydeHuil, Hanpumep [1]. OrpaHuueHuss Ha copep)kaHue
€CTECTBEHHBIX PAJMOHYKINIOB B CTPOUTEIBHBIX MaTepuanax Oblau BBeAeHB! B 80-x rogax XX Beka 1o
PEKOMEHIAIMK MEXIYHAPOTHONU KoMuccHH 1o paauoiorudeckoit 3amurte (MKP3) — 8 CCCP B 1987 roay
TaKUM TOKYMEHTOM CTald OCHOBHBIC CAaHUTapHBIC NpaBuia pabOTHl ¢ MCTOYHHKAMHU HOHH3HUPYIOIIUX
mznydenud OCII-72/87 [2]. CormacHO 3TOMY JOKYMEHTY, HOPMAaTHUBBI PACIpPOCTPAHSINCH TOJBKO Ha
CTPOUTETbHBIE MAaTEePHUAIIbl JJIs1 BHOBb CTpOsIIMXCS 37aHuid "...1.4. YienbHas akTUBHOCTh €CTECTBEHHBIX
PaJMOHYKJIIMIOB B CTPOMTEIBHBIX MaTepualiaX, MCIHOJIb3yEeMBIX BO BCEX BHOBB CTPOSIIMXCS KWIBIX U
OOIIECTBEHHBIX 3IaHUSX, HE JH0JDKHA IpeBbImaTh 1 22°Ra - 1x1078 Ku/kr, ms 2%2Th - 7x10°° Ku/kr u ans
K - 1,3x107 Ku/kr...". TIpu 3TOM /Ui CMECH YKA3aHHBIX PAJMOHYKIHIOB C YIEIbHON akTuBHOCTEIO C (B
Kwu/kr) 10mKkHO OBUIO BEITOHATHCS YCIOBHE

G C C
R p— oy —K _<1. (1)
10 7x107 1,3x10
Vka3zaHHbIC HOpPMBI HE€ MNPUMCHSUIMCH K MCJIbHBIM TOPHBIM IOpOAaM U YACJbHAasA aKTUBHOCTH
CCTCCTBCHHBIX PAAWUOHYKIMAOB HE ABJsIJIaCb OCHOBAHUCM [JIsI OIpaHUYCHHA pa3pa60TI<H C ILCJIbHO

M3TOTOBJICHUS M3 HUX CTPOUTEIBHBIX MAaTCPHATIOB (IIEMEHTA U T.II.) U OTAEIBHBIX BHAOB CTPOUTEIBHBIX
KoHCTpyKIMiA. [lo aHamorum ¢ COBPEMEHHBIM pacdyeToM yaenbHOH 3((EeKTHBHOW aKTHBHOCTH Anod
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(popmyna mpuBeneHA HIDKE) B3BEIIMBAIOIINEC KOX(PQPHUIUCHTHI Ui TOPUS M Kalus COCTaBIUIA ObI
cootBeTcTBeHHO 1,43 11 0,077.
B Hacrosiiee Bpemsl Ui OIEHKH PaJHAI[MOHHOW O€30IMacHOCTH CTPOUTEIBHBIX MaTEepPHajoB

HCTIONIB3YETCSI 3HAYCHUE YAETbHOH 3((PEKTUBHONH aKTHBHOCTH Aaqb¢ , TIOHATHE KOTOpPOH IMOSIBMIIOCH B

HOpMax paauanuoHHoil Oe3zomacHoctn HPB-96 [3]. VYaenpnas s¢d¢exTHBHAsS aKTUBHOCTH A9qbd7

BBIYUCIACTCA 4€PE3 UBMEPCHHBIC TEM WJIM UHBIM CIIOCOOOM YACJIbHBIC AKTUBHOCTH PAJUOHYKIINI0B Ra-226

(ARa) , Th-232 (Al'h) n K-40 (AK) o opmyie
ASde7 :ARCZ +1,3OA7'vh +O,09AK, (2)

rre 1,30 u 0,09 - B3BemmBaromme koddduuments! s TopuA-232 u kanua-40 1Mo OTHOIIEHWIO K
paauio-226 [4-6]. 3ametum, uto B HPB-96 [3] u mexkrocymapcreernnom ['OCT 30108-94 [7] 3HaueHust 3Tux
KO3 GUIMEHTOB OBLIM JaHbl IpyTue: s Topus - 1,31 u xanms - 0,085.

B3spemmBarommme k03¢ puIrieHTs!1, BBEIEHHBIE B ()OPMYITY UL Aaqb¢ , JUI1 paaus, TOpUs U Kauus

CBSI3aHBI C Pa3HOW PaMAIIOHHON OMACHOCTHIO TaHHBIX PaAUOHYKIUA0B. OHH YIUTHIBAIOT () (HEKTHBHOCTH
W3IYYCHHUS PaJOHYKIUAOB B HWHAYIMPOBaHMU Onosorudeckux 3¢ ¢ekxroB. Huskuit koaddunmeHt mis
kamus (0,09) o0ycioBiIeH OTCYTCTBHEM Y HEro JOYEPHHUX J03000pa3yrolluX pagHoOHYKIUAOB, a TaKXKe C
MOTIAIaHIEM 3HAYUTENIFHOTO KOJMYECTBA KalMs B CTPOHUTENBHBIE MAaTEepHalbl H3-32 €ro BBICOKOTO
KJIApKOBOTO umcia. Tak, Uil ImpuMepa, KIapKOBBIE YMCIA PAacCMAaTPUBAEMBIX PAJHOHYKIUIOB OICHEHBI
a1 kanus Kak 25000 r/t, s Topust - 13 v/t [8], s pamust - ~10° o/t [9]. ToBbiuennsii ko3pdUIpEeHT
it Topus (1,30) o cpaBHEHUIO ¢ pagueM cBsi3aH ¢ TeM, B psmy Th-232 Gombime raMMa-u3irydaTeneit ¢
BBICOKOW SHeprueil, ueM B psany Ra-226, a mpu oaMHAKOBOWH aKTHBHOCTH BHEIIHUX IaMMa-H3JIydarelneil
J03a OyzeT TeM BblIlle, yeM OoJIblle SHeprus raMMa-n3irydeHus. K Tomy ke mpoHHMKaromas criocoOHOCTh
BBICOKOPHEPTETHYHBIX TaMMa-KBAaHTOB 3HAUYUTEIHHO BHIIIE, Y€M Y HU3KOYHEPTeTHYHBIX, YTO CYIIECTBEHHO
B CITy4ae, HallpuMep, TOJCTHIX CTCH CTPOSHHH, acanbTa U T.1I.

OTMeTHM KCTaTH, 4TO B yHmoMsHyToM pokymeHte HPB-96 yxe mnosBuiock pasaeneHue
cTpoiimMarepuanoB Ha TpH kiacca: I kimace (mo 370 br/kr) - s HoBBIX 3maHwmid, 11 kimace (mo 740 Br/kr) -
JUTsI TOpoT B HaceneHHbIX myHkTax U 111 kirace (o 2800 Br/kr) - myist mopor BHe HacelIeHHBIX ITyHKTOB. [Ipn
9ToM MaTepualbl ¢ Asepe > 2800 Br/Kr paspemanoch UCHOIB30BATh MO COTJIACOBAHUIO C (elepabHBIM
opranoM ['ocymapcTBeHHOTO caHdmUIHAM30pa Poccnu B Ka)KIOM OTIENEHOM CITydae.

B V30ekucrane OCHOBHBIM pPEriIaMEHTHPYIOIIAM JOKYMEHTOM SBIISIOTCS HOPMBI paJdaIllHOHHON
6esomacuoctr (HPB-2006) 1 OCHOBHBIC CAHUTAPHBIC MTPaBUiIa OOECIICUCHHsT PATHAIIMOHHON OE30aCHOCTH
(OCIIOPB-2006) [4], KOTOpBIE T'OBOPST, YTO yACHbHas 3(PQPEKTHBHAST aKTUBHOCTh Anod NPHPOTHBIX
PamTUOHYKIIMIOB B CTPOUTEIBHBIX MaTepHanax (mieOeHb, IpaBHid, MECOK, OYTOBBIA W MWIOHHBIA KaMEHb,
HOEMCHTHOC W KUPIIHUYHOE CBIPHE U Hp.), ,Z[O6I:IBaeMI:IX Ha KX MCECTOPOXACHUAX WIIN SABJIAIOLIUXCIA
HO60‘IHLIM IMPOAYKTOM  TMPOMBIIIJICHHOCTHU, a TaKKE€ OTXOAbl IMPOMBIIIJIICHHOIO MPOU3BOACTBA,
UCIIONIB3yEeMBIC ISl W3TOTOBJICHHSI CTPOUTENBHBIX MATEPHAliOB (30JIBI, IUTAKA M Tp.), HE JOJDKHA
TIPEBHIIIATE!

- AJI1 MaT€pUuajioB, HCIOJB3YCMbIX B CTPOAMIMUXCA U PEKOHCTPYUPYCMBIX KUJIBIX U O6H_leCTBeHHI)IX
3manusx (I kmace):
Asao < 370 Br/kr
- IJIL MaTCpUaJIOB, MCIIOJb3YCMbIX B JOPOXKXHOM CTPOUTCILCTBEC B MPEACIaX TCPPUTOPUN HACCIICHHBIX
MYHKTOB W 30H TIEPCHEKTUBHON 3aCTPOMKH, a Takke NpPH BO3BEICHHU IPOU3BOJICTBEHHBIX
coopyxenuit (Il knmacc):
Arop < 740 Br/kr
- 7Sl MaTepPHAJIOB, UCTIONB3YEMBIX B IOPO’KHOM CTPOHUTENBCTBE BHE HacelIeHHBIX MyHKTOB (III ximacc):
Asoa < 1500 Br/kr

IMpu 1500 Bx/kr < Asepe < 4000 br/kr (IV  kimacc) Bompoc 00 HCIONB30BaHUM MaTepHAIIOB
pemiaeTcs B KaXAOM Cllydae OTIENBHO [0 COMVIACOBAHMIO C TEPPUTOPUAIBHBIM  IEHTPaMHU
TOCYIapCTBEHHOTO CaHHUTAPHO-AMHIEMHOIIOTHYECKOTO Hamzopa. [lpu Asee > 4000 Br/kr matepuansl He
JIOJDKHBI HCIIOTB30BaThCS B CTPOUTEIIECTBE.

O0LEeKTHI HCNIBITAHUM

Kak YKe ObLIO CKa3aHoO, AJid CTPOUTCIIbCTBA B OCHOBHOM HCIIOJIB3YIOTCS MaTCpUalibl U U3ACITIUA
MUHEPAJIBHOT'O IMPOUCXOKACHUSA, CBIPDHEM IJI1 KOTOPBIX Yall€ BCCTO SABJIAIOTCSA IT'OPHBIC MMOPOALI, B TOW WUITH
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UHOHI CTeNeHu 00Iajarollie €CTECTBEHHOM pajuOaKTUBHOCTBIO. PaJMOaKTUBHOCTb TOPHBIX HOPOA TEM
BhIIIIE, YeM OOJIbIlIE KOHIEHTpalMs B HUX MUHEPAJOB, COJACPXKAIIUX ECTECTBEHHbBIE PaAMOAKTUBHBIC
SJIEMEHTH, B OCHOBHOM CEMEHCTB ypaHa, Topus, a Takke Kammsi-40. PagnmoakTHBHOCTH TOPHBIX IOPOI
OIIpeeseTCs. COAeP KaHUEM PaJHOaKTUBHBIX OPOL000pasyroIux MuHepanos. IIpu 3ToM B 3aBUCHMOCTH
OT KaueCTBEHHOIO M KOJIMYECTBEHHOIO COCTAaBa 3THUX MHUHEpANIOB, YCJIOBUN 00pa3oBaHMS, BO3pacTa U
CTEIleHH MeTaMop(H3Ma UX PaTiOaKTHBHOCTS H3MEHIETCS B OUCHD IIUPOKHX IIpeeiax.

OCOOEHHOCTBIO pacHpeielIeHUs] €CTECTBEHHBIX PAJUOHYKINAOB SIBISIETCS HEPABHOMEPHOCTh X
COJIep)KaHUsI B OJHOTHIIHBIX IOPOJAX, OCOOEHHO B MarMaTOreHHbIX. CpeaM TeHeTHYeCKU Ppa3IMYHbIX
THUIIOB TIOPOJI HANOOJBIIEH PagOaKTHBHOCTRIO XapaKTEPH3YIOTCS MarMaTHIeCKUe N3BEPKCHHBIE ITOPOIBI
(TpaHHThI, ByJKaHWYEeCKWd Ty W Ap.), TPEIACTABISAIONIHEC COOOW MPOAYKT KPHCTALTU3AIMM MarMebl.
BbICOKOW pafilOaKTUBHOCTBIO XapAaKTEPU3YIOTCSl LIMPOKO PAaCIpOCTPAHEHHbIE MMHEPANbl, COAEpKalue
Kanuii-40 (TIMHUCTBIE MaTepHaIIbl, OOJIBIIAs YacTh IMOJICBBIX IITATOB, CIIOBI, KaluitHbIe conn). CpenHeit
pPamMOaKTHBHOCTRIO  OONamalOT  HEKOTOpHIE  IIOJIEBBIE  INMATHI, IECYAHWK, [IMHAa. Hu3koi
PalOaKTUBHOCTBIO 001aat0T KBapll, JOJOMUT, KaJIbIUT, U3BECTHIK, TUIIC, KaMeHHas coib uap. Crenyer
OTMETUTh, YTO HEKOTOPbIE CTPOUTENIbHBIE MaTepHaibl (KepaMUKa, IEMEHT) MOJIy4atoT 00KUTOM ChIPbs 10
CIECKaHUs, B pe3yJabTaTe 4YEero B HHUX MOXET INPOUCXOIHUTH KOHICHTPAIMS PAJHOHYKIHUAOB 32 CYET
BBITOPAHUSl PA3IMYHBIX TpPUMECEH, pPAa3IOXKEHUS MHHEPAJOB U YIJIOTHEHUS CTPYKTyphl. llosTomy
KEepaMHUYECKHe MaTepHUallbl U B YACTHOCTH KUPIIHY MOTYT 00J1alaTh OBBIICHHON PaAN0aKTUBHOCTHIO.

B cBs3u ¢ 3THM, TOBOpS O pPaAMOAKTUBHOCTH CTPOUTEINBHBIX MATEPHAJIOB W H3ACIHH, HX
HCCIIEIOBATEIO XKETATeNIbHO MPEACTABIATh cebe, YTO U3 ce0s MPEeICTABISIET TOT WIN HHOM CTPOUTENIBHBII
MaTepHan, U3 KaKuX MHHEPAJOB OH COCTOHUT, KAaKUM ITyTeM ObUI HoiydeH. [103ToMy MBI COWIN HY>KHBIM
JaTh KPaTKOE OITMCAHUE UCCIIEOBAHHBIX HAMU CTPOUTENHHBIX MAaTEPHAIOB.

AunebacTp - HOIBH TUIICA, TOTYIAEMBIH ITyTEM MEIKOTO TOMOJIa THIICOBOTO KAMHSL.

AcdanbT - cMech OMUTYMOB ¢ MHHEPAJIbHBIMU MaTepUallaMH: T'PaBHEM; MECKOM; MHHEpPAIbHBIM
MOPOIIKOM. Ac(ambTOOETOH - MaTrepHan, KOTOPHIH IONydaeTcss B pe3yibTaTe YIUIOTHEHHS CMECH M3
neOHs, mecka, MUHEPAJILHOTO TIOPOIITKA M OMTYMHOTO BSDKYIILIETO.

BeHTOHUT - NpUPOAHBIA TIHMHUCTBIE MHHEpal, TIHIPOATIOMOCHIMKAT, OOpa3yloUIMics mpu
BBIBETPUBAHUM BYJIKaHWYeCKUX Hopox (TydoB u memos). Ilociae cooTBETCTBYIOLMX MoOIUGHUKanUil
HCIIOIB3yeTCs B He(pTera3oBoii, CTpOUTEIHHOM, MAIIEBON, KOCMETHYSCKOW MPOMBIIICHHOCTSIX.

butymbl- TBEpABIC WM CMOJIONONOOHBIE IMPOIYKTHI, COCTOSIINE U3 CMECH YIIEBOAOPOJOB M HX
Npou3BOAHBIX. IlpuponHble OHTYMBI - HCKONAeMble OPTaHMUYECKOTO IPOHCXOXKICHUS C IEPBHUHOMN
YTIIeBOIOPOIHOM 0CHOBOM. K HUM OTHOCSTCS €CTecTBeHHBIE TPON3BONHBIE He(hTH. Texandeckue OUTYMEI -
OCTaTOYHBIE MMPOAYKTHI TEXHOJOTMUYECKOH epepaboTku HedTH, KAMEHHOTO YIJISl U CJIAHIIEB.

lumnc - MuHepan u3 knacca cyiabpaToB (TUApAT cylbhaTa KalbIus).

I'paBuii — mpupoOIHBINA MaTepuai, HOJIy4aeMblil IPU NOCTEIEHHOM Pa3pyLICHUH CKaJbHBIX MOPOL
0] BO3JICHCTBUEM €CTECTBEHHBIX NMPUPOTHBIX MpH4HH. JJ0OBIBaeMBIil TpaBUil OOBIYHO CONEPKHUT MHOTO
HpHMeCCfI - IMeCKa, TIJIMHBbI, MOYBbI, PA3JIMYHBIX OPTraHUYCCKUX BCIIECTB. YuurteiBas paSHI/IqHI:Jﬁ
MUHEPAJIOTro-eTporpagudeckuii COCTaB TOPHBIX TOpOX, 3EépHA TpaBUS MOTYT COAEpKaTh TPAHUTEHI,
KBAapIIbI, TIOJIEBBIC AT, MPaMOpP.

I'panur — Marmatuueckas IiyOMHHas ropHas mnopoaa. CocTOMT M3 KBaplia, KalMeBOIO U
AIIOMOCHJINKATHOTO IOJIEBOTO IINAaTa U CIION.

Jonomut - MIHEpal U3 Kiacca KapOOHATOB KIS W MarHus. Bcrpedaercs B Buae 0caJgodHOM
KapOOHAaTHOM TOpHOM MOpoAbl. MOJOTHIN TOJOMHUT HIMPOKO HCHOJB3YEeTCS A M3TOTOBICHHUS CYXHMX
CTPOUTCIIbHBIX cmeceli. [InoTHbIC OOJIOMUTHI UOYT Ha U3TOTOBJICHUEC O6J'II/IL[OBO‘IHI>IX IUIAT, KOTOPBIC, KaK
MPaBUIIO, UCTIONB3YIOTCS ISl HAPYKHOU OOJUIIOBKU CTPOCHUI.

W3BecTHAK - ocamouyHas, OOJOMOYHAs TOpHas TMOpPOJa OPTaHHYECKOTO IPOUCXOXKACHHUS,
COCTOsIIAsl MPEUMYIIECTBEHHO M3 KapOoHaTa KaJblIUs B BHIEC KPHUCTAJUIOB KalbIUTa (M3BECTKOBOTO
mmnara). I3BecTHAKU ¢ OOJIBILINUM COAEPKAHUEM YIIIEKUCIIOTO MarHus Ha3bIBatOTCS JOJIOMUTAMH.

U3zBecTh - MaTepual, MoaydaeMblii 00KHTOM KapOOHATHBIX TOPHBIX MTOPOJ, COACPKAIINX HE MEHEe
95% yritekucnoro Kajiblus (M3BECTHAKOB, MeJla, MpaMopa).

Kaomuu - Oemas rmuHa, cocrosmas w3 MuHepana kKaonmHuTa. OOpasyercs MpHu pa3pylmIcHUU
TPaHUTOB, THEHCOB U APYTHX TOPHBIX MOPOA, COAEPHKAIUX MOJIEBBIE IINATHI.

Kepam3ut - 7n€rkmii MOPUCTBIH CTPOWUTENBHBIM MaTepHai, 3EPHUCTBIM OCTOHO3AIONHUTEND,
MOJTy4yaeMblil MyTéM O0KHMTra INIMHUCTBIX CIAHLEB M PA3JIMYHBIX COPTOB JIETKOIJIABKOW, BCIY4HBaIOLIEHCS
TJIMHBL.
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Kupnuy xepamuueckuti (Kpachvlii KUpnu4) - CmpoumenbHvlli KAMeHb, U320mMasiueaemblil U3 2iuHbl
nymem Cywiky u nociedyiouje2o 00acuea colpoll KUpNU4HoOU 3a20MoeKiu.

Kupnuy ocneynophuiti - cmpoumenvHuill KAMEHb, U320MABIUBAEMbII U3 MY20NIABKOU UWUAMOMHOU
2NUMbL, epagpuma, OKCUOO08 KpeMHUs U ATIOMUHUA, KEapya U KOKca Npu HOMOWU 00dcuca KUPHUYHOU
3aeomoegxu npu memnepamype 1300°-1400°C.

Kupnuu cunuxamuoiil - cmpoumenshuvlil KameHb, U320MABIUBAEMbII U3 CMeECU KBAPYeB020 NecKd,
6030VUIHOU U36ECU U 800bL C NOMOWBIO ABIMOKIABHOL 00pabOMKU CHIPOU KUPRUYHOU 3A20TMOBKU.

Kupnuu coipyogbulii - He0O0HCIHCEHHBII BbICYUEHHBLLL KUPNUY U3 2TTUHDL.

Kupnnanoe ceippe - TIUHBI CpefHEH IIACTUYHOCTH C IMOCTOSHHBIM COCTaBOM MHUHEpAsoB W 0e3
MpUMeceil H3BECTHSIKA.

Men - pa3HOBUIHOCTh M3BeCTHsAKA. OcaovHasi TOpHAs MOPOAa OPTaHUYSCKOTO IPOUCXOKICHHUS,
COCTOSIIAsl B OCHOBHOM M3 KapOOoHaTa KaJbLUs C HEOONBIINM KOJIHMYECTBOM KapOoHaTta MarHus. B mere
MOYKET HaXOAUTHCS HE3HAYNTENbHAS IPUMECh MeNTbUaiIIiX 3€peH KBapIa.

MuHepaabHBId MOPOIIOK — OCTaTOK, OOpa3yIOMIMICS B Mpolecce APOONCHUS W3BECTHSIKOBBIX
TOPHBIX MOPOJA WM OTXOIBI MPOMBIIIICHHOTO MPOHM3BOJCTBA, KOTOPHIE 3aT€M MOJBEPTalOTCs TOHKOMY
noMony. Hambonee pacmpocTpaneHsl KameHHas M monomuToBas Myka. OcHOBHas cepa NIpHMEHEHUS
MOPOIIKa — MPOU3BOACTBO ac(hanbroberoHa. [1opoIIoK SBISETCS 3amOMHHUTENIEM, KOTOPBIM IMOBBIIIACT
BSDKYILLYIO CLIOCOOHOCTh OUTYMa.

Mpamop - HepeKpUCTATH30BAHHBI HW3BECTHSK, COCTOSIIUI B OCHOBHOM M3 KalbIHUTa. MOTYyT
MPUCYTCTBOBATH BKJIIOYCHUS TOJIOMHTA.

[lecok — pbIxJoe CKOIUIeHHE 3EPEH Pa3IMYHOTO MHUHEpaTbHOro cocraBa pasmepom 0,1-5 mm.
[lecku pa3menstoT Ha IPUPOAHEIE U UCKYCCTBEHHBIE (OTXOMABI IIPU APOOICHNHN TOPHBIX MTOPOX U T.I1.).

LleMeHT 5TO TOHKO U3MENbUCHHAS CMECh THIICA M TaK HAa3bIBAEMOT0 KIHHKepa. KIimHKep - IpoayKT
pPaBHOMEPHOTO O0XHTra KapOOHATHBIX (M3BECTHSAK, MEJ, PAKYIICUHHUK, JOJIOMHT) W TIMHUCTBIX MOPOI
(TMHA, CYTIIMHOK, Jiecc, TIIMHUCTBIN ClIaHelT).

[llebeHh — CTPOUTENBHBIA MaTepHal, MOJyYaeMbI MPH MEXaHUYESCKOM IPOOJICHHH OOJIOMKOB
TOPHO¥ MOpobl. B oTiH4Ke oT rpaBusi HE COACPIKUT IMPHUMECEH TIIMHBI, TIOYBBI, Pa3IUNYHBIX OPraHUYECKUX
BeriecTB. Kak u rpaBuil meOeHb MOKET COJCPIKATh MPAHUTHI, KBAPIIBI, OJIEBbIC IIMAThHI, MPAMOD.

Iudep - 0000mEHHOE Ha3BaHWE OOJHIIOBOYHBIX CTCHOBBIX M KPOBEIBHBIX CTPOUTEIIBHBIX
MaTepuasioB. Yaiie Bcero noj mudepoM MOHUMaloT acOECTOIEMEHTHBIN MHdep UiTu cIaHLeBbIi mudep.

[111ak007I0K - CTPOUTEIBHBI KaMeHb, MOJNyYCHHBIH W3 MUIAKOOSTOHHOTO PacTBOpa IYTEM €ro
BUOPOIIPECCOBAHMS WM €CTECTBEHHOHM ycamkd B ¢opme. PacTBOp cOCTOWUT W3 HAMIOTHUTEINS W IIEMEHTA,
HCIIOJIb3yEMOT0 B KaueCTBE BSDKYIIEro MaTepuaia. HamonmHureneM MOXET CITy»KHTh HE TOJIBKO IIUTAK, HO U
KEPaM3HUT, [IECOK, MPaBHii, meOeHKa U T.I1.

B macrosmeit paboTe MBI TPHUBOAMM PE3YIBTATHl HCCICIOBAHUN PagHOAKTHBHOCTH TIPOO
pa3IMYHBIX CTPOUTENILHBIX MaTepualioB (24 Bua MaTepuanoB, 652 npoOsl), oTobpanHbIX B eprog ¢ 2011
mo 2020 romgel B perumoHax PecrmyOmuku VY30ekucran (AHmbkaHckas, byxapckas, Ju3akckas,
Kamkanapeunckas, HaBouiickas, Camapkanackas, CypxanaapeuHckas, Celpaappusckas, depranckas,
Tamkentckast o6nactu u Kapakannakucran) (tabnuma 1).

Tabm. 1 - Bugbl cTpOUTENTBHBIX MaTEPUAIIOB, TIOABEPTHYTHIX PaAHOIOTHYECKIM HCITBITAHUSIM

Ne Hueao CrpoutenbHblit MaTepuan | Ne Huero CrpoutenbHBIN MaTepHal
poo poo

1 2  |Anebactp 13 6 |KupnuyHoe chipbe

2 13 |AcdamsT 14 8 |Men

3 1  |beHTOHUT 15 6  [MuHepanbHBI TOPOIIOK

4 58  |betonHbIe U3AETHS 16 16  [Mpamop

5 12  [['urmcoBble MaTepUabl 17 64 [[lecox pa3HBbIif

6 3  [lpasmit 18 27  [lecyaHo-rpaBHiHAasI CMECh

7 2  |[['panut 19 1  |[Ipom otxozsl (3012)

8 1  lomomur 20 7  |CMmecH mITaKJIEBOYHbBIE

9 14 |M3Becth pa3Has 21 | 185 |lemeHT

10 1  [Kaonun 22 2  |[Mudep

11 6 [Kepamsur 23 3  |makob6mok

12 | 124 |[Kupmud pasHbiit 24 90 [leGenn
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Metoa ucnpITaHHKA

AKTHBHOCTH €CTECTBEHHBIX PamHoOHYKInaoB Ra-226, Th-232 u K-40 omnpenensiorcs METOI0M
ramMma CIIEKTpOMETpUU. AKTHBHOCTh Ra-226 u Th-232 o00bMHO ompexpernsercs NyTeM H3MEpeHUs
AKTHBHOCTH MX JIOUYEPHUX MPOIYKTOB pacmanaa: Pb-214 u Bi-214 (s Ra-226) u Ac-228, Pb-212, Bi-212 u
TI-208 (st Th-232). Ml onpeensiii paquoOHYKIUIHbINA COCTaB 00pa3loB CTPOUTEIBHBIX MATEPHUATIOB Ha
CIMHTH/UIAIIHOHHOM ramMMa-criektpometpe ¢ pasmepom kpuctamuia Nal(Tl) @80x80 MM u sHepreTHdeckum
paspemienueM 8,5% Ha auHuUM 662 k3B. J{nd KanuOpOBKU MO HHEPTUHM CHEKTPOMETPA UCIOJIB30BATHChH
TOYEUYHBIE UCTOYHHMKH paauoHykiauaoB Cs-137 wuTh-232. Jlns KamuOpOBKH CIEKTPOMETpa MO
3G (}EKTUBHOCTH  HCIOJB30BAUCH O0BEMHBIC (T€OMETPHUS OIHOJHMTPOBBIX COCYAOB MapHrHEIIN)
STAJOHHBIE MCTOYHUKK pagroHyKimnaoB Ra-226, Th-232, K-40 u Cs-137 ¢ uHEPTHBIMH HAIOJIHUTEISIMU
wiotHocThio 200, 900 u 1700 r/m. AKTHBHOCTH 3TAIOHOB cocTaBisiia 1,75-6,2 KBK/KT ¢ MOTPENIHOCTHIO
YCTaHOBJIEHUS aKTUBHOCTH 5% Ha ypoBHe goctoBepHocTH 0,95.

N3mepeHnst mpoBOAUIUCH MO aTTECTOBAHHOW METOJWKE HaydHO-TeXHH4Yeckoro meHtpa PAJIOK
(Cankrt-IlerepOypr, Poccus) [6]. Ha6op u 06paboTka CrIEKTPOB MPOBOIUIACH C TIOMOIIBIO TPOrPAMMHOTO
obecneuenust PAJIOK [6]. OmmOkn m3MepeHni BRIYUCISINCE Ha ypoBHE noctoBepHOCTH 0,95. Ommbku
BKIIIOYAIOT B ce0S CTATUCTUYECKHE W CHCTEMaTHYCCKHE OIIMOKH, MPH 3TOM MOCIEIHHE B OCHOBHOM
ONPEJCIAIOTCS TOYHOCTBIO AaTTECTALMM STaJlOHOB U H3MEPEHMEM Macchl 00pasioB. ¢¢heKTUBHAS
ylesIbHasi aKTUBHOCTh 00pasna As,pp BBIUMCIAIACH IO NpUBENEHHOM Bbimie (Gopmyre (2). AGcomoTHas
MOTPEITHOCTh M3MEPEHUS aKTUBHOCTH PACCUUTHIBANACH UYepe3 a0CONIOTHBIC ITOTPEIIHOCTH H3MEPEHUS

YAENbHOI aKTHBHOCTH pagHoHyKiInaoB Ra-226 (AAg, ), Th-232 (AP, ) u K-40 (AAk ) o crexyromeii
(opmyue [6]

DA,y = (Mg )2+ (130 Ay, )2 + (0,00 Ay )2 3)

Pe3yabTaThl HCMbITAHMIA

Ilenpl0 HaMMX HCCIEAOBAHMN SIBISETCA paJdalMOHHAsS OE30MacHOCTh HACEICHHS IpPHU
OCYIIICCTBIICHUN CTPOUTEIHCTBA M JAJbHEHIICH MHOTOJIETHEH OSKCIUTyaTallud JIIOABMH OOBEKTOB
CTPOUTENBCTBA, KOTJA PEYb HICT O CHUIKEHUHM PUCKOB JJIS 3[JOPOBBS MUIUTHOHOB Jtonei. [loaToMy Mbl
cuhMTaeM, 4TO 37eCh Hal0 HCXOOWTh W3 HpWHIOMIA moactpaxoBku "Better Safe Than Sorry (nyuwe
noocmpaxosamucs, dem coxcaiems". B CBsI3M ¢ 3THM, 00CY)XIas BEIWYMHBI yACIbHON 3P QdEeKTHBHOM
AKTUBHOCTHU Hp06 CTpOI/ITeJ'ILHLIX MaTepI/IaJ'IOB, MbI 6yZ[CM OCHOBBIBATHCA HA MAKCUMAJIBHO BO3MOXHBIX
AKTHBHOCTSAX. MaKCHMaJbHBIE 3HAYEHHUS YIEIbHBIX aKTHBHOCTEH BBIYHCISIOTCS C YYETOM OIIHOOK

u3MepeHust, 10 ectb 1o hopmyne Ay, = A+AA. ToBops 0 BO3MOXKHOI paIHOAKTHBHOCTH KAaKOTO-THO0

BU/Ia CTPOUTENHHBIX MaTE€PHalioB MBI pacCMaTPHUBAEM BCE 3HAYEHUS, NMOTYYCHHBIE IJIS BCEX MPOO ITHX
MaTepUaloB M BHIOMpAacM B KayecTBE BEPXHEH TIpaHMIEI BO3MOXHBIX 3((EKTHBHBIX YAEITBHBIX
aKTHUBHOCTEHl Marepuasa 3TO MaKCHMalbHOE 3HadeHHE. B Hacrosmel paboTe MBI NPHUBOIUM TaKKe

MHUHHAMAJFHO BO3MOXKHBIE 3HAUCHUS YJEIbHBIX aKTHBHOCTEH Amin = A—AA wu cpennue 3na4eHus. 31eCh

HAJI0 CKa3aTh, YTO UCXOMS U3 UCIOIB3yeMOT0 HaMH MPUHIIUIA MOACTPAXOBKH MOJ| CPETHUMH 3HAYCHUSIMHU
MBI TIOHAMAacM CpeqHHe apu()METHUCCKHE 3HAUCHHS 10 BHEIOOPKE MaKCHMANBHBIX 3HAYCHUH YOSTBHOMN
aKTUBHOCTH. ECTeCTBEHHO, 4TO B Cily4ae UCHBITAHUSA TOJIBKO OJHOM MPOOBI TOJ CPETHUM 3HAUCHHEM MBI
MOHMMAeM U3MEPEHHOE 3HAYEHHE akTHBHOCTH A4 Oe3 yuera ommOoK usmepenuss AA . Takum 0OpasoM Ml

MoJTydaeM MH(OpMAaLHIO 0 BO3MOXKHOM JAHaNa30He 3HAYCHUH yaeabHOH 3(h(heKTHBHOM aKTHBHOCTH Aaqb(j)

JJIs1 TOTO UJIK UHOT'O BUAa CTPOUTEJIbHBIX MaTECpHUAJIOB.

HOHy‘{eHHBIe HaMH peE3YyJIbTaTbl 110 A3¢)d) IUIA  TIPOAaHAJIU3UPOBAHHBIX BH/J0B CTPOUTEIbHBIX

MaTepUAJIOB MPUBEACHBI B Ta0J. 2 W, 7S HATJIATHON, BU3YaIbHOM OIICHKH, Ha puc. 1.

Tabn. 2 —[IpenenbHbie U cpeHNE 3HAUYCHUS YAeTbHON 3P PEKTHBHON aKTHBHOCTH HUCCIICIOBAHHBIX
CTPOUTEIIHHBIX MaTEPHAIIOB

e Koi-Bo O06pa3zer CTPOUTETBHBIX Ardd (Br/kT)

" | mpob MaTepHaIoB MaKc cpemHee MUH
1 16 |Mpamop 11,4 8,5 49
2 8 |Men 16,7 13,4 8,9
3 12 [Tumncosbie 23,1 16,6 6,6
4 2 |Anebactp 24,6 24,4 20,0
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e Kon-Bo OO6paser CTpOUTENbHBIX Aaxdd (Br/kr)

" | mpob MaTepHaIoB MaKc cpeaHee MHH
5 1 Jlomomut 45,8 40,2 34,6
6 2 Hudep 53,6 47,8 35,0
7 3 ["paBwii 76,3 59,4 44.4
8 7 CMecH IIaKIeBOYHbBIE 77,7 41,4 12,3
9 1 [Tpom oTxop! (3071a) 79,7 72,6 65,5
10 3 I1ak0610K 82,8 75,0 54,2
11 6 IMuHepabHBIN MOPOIITOK 124,2 71,3 28,3
12 185 |[lIement 137,5 79,1 23,0
13 27  [[lecuaHO-TpaBHifHAS CMECH 160,7 85,8 35,9
14 6 Kepam3ut 168,2 82,9 35,1
15 14  |U3Bects pa3Has 173,1 48,5 8,6
16 6 Kupnnanoe ceipbe 177,5 148,1 90,8
17 1 BeHTOHUT 177,6 166,0 154,3
18 13  |Acdansr 177,9 128,3 42,8
19 58 |beron 2175 102,7 39,6
20 1 Kaonux 232,4 216,0 200,0
21 64 [[lecox 312,5 118,0 25,4
22 2 ['panut 332,8 278,4 192,3
23 90 [[lebenn 375,0 96,3 17,1
24 124 [Kuprnmu 400,8 173,2 71,3

Aadpp (Bk/kr)

AnebacTtp

MpenenbHbIe U cpegHue 3HavyeHuAa Aadd

B MuH BCpegHee B Makc

Lnakneskwn

Mpom.oTxoabl

LLnakoGnok

MWH.MopoLLoK

LlemeHt

nrc

Kepamaut

W3BecTk pasHas

KupnuuHoe ceipbe

BeHTOHUT

Acchanst
BetoH
KaonwH

Mecok
[panut
LebeHb
Kupny

Puc. 1 - [IpenenbHble U cpeHNE 3HAUCHUS YAETbHON 3(P()hEeKTHBHOI aKTHUBHOCTH HCCIICTOBAHHBIX

BupHo, 9TO JUIA HEKOTOPHIX BHAOB CTPOMTENBHBIX MAaTEpHAIOB HAOIIOMAETCsl 3aMEeTHOe
OTKJIOHCHHE MAaKCHUMAaJIbHOM aKTHMBHOCTH OT CPEAHEro 3HadcHMs. i1 BBIACHEHHS BO3MOXKHBIX IIPDUYHMH B
Tabnuue 3 mpuBeneM pe3yNbTaThl MU3MEPEHHH yOeNbHBIX A(P(EKTUBHBIX aKTHBHOCTEH HEKOTOPHIX MpPo0
M3BECTH, KMpIU4a, meOHd K recka. [IpoOs! BeIOMpannch 3 Habopa Mpod OJHOTO BHAA CTPOUTEIHEHOTO
MaTepHaia CleIyIoImuM 00pa3oM - o0paser ¢ MakcuMalbHOH Addd 1 obpaser] ¢ aKTHBHOCTBIO, OJTM3KOH K

CpeIHEeH.

PaccMmoTpuM mpoObI M3BECTH — M3BECTh TallleHasi, U3BECTh HETAIlleHass M M3BECTh HETAIlICHHAs C
OTXOJIaMH1 M3BECTHsKA. B 3THX mpo0ax akTHBHOCTH paansA-226 MpHOIH3UTEIHHO OAWHAKOBHI (B Tpeenax
omunbok m3MepeHus). CUIbHBIC pa3inuusi HaOMoJacM JJIs aKTUBHOCTH HYKJIHMIOB Topwii-232 u K-40.
Bunano, uto B mpo0ax HerameHoi U3BEeCTH yAeNbHbBIe aKTHBHOCTH HYKJINAOB Topuii-232 u K-40 Oonee yem
Ha MOPSIOK OOJIBIIIE MX aKTHBHOCTEH B TOTOBOM TaIlICHHON M3BECTH, YTO M SBUJIOCH IIPHYMHON TTOSBICHUS
00MBII0I MaKCHMaNbHON YAETHHOW aKTHBHOCTH B psie mpo0 "M3Bects”". HTEpeCHO Takke IMOCMOTPET,

CTPOUTCIIbHBIX MaTCPUATIOB
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KaKoi BKJIAJl B YIENbHYIO d3Q(QEKTUBHYIO aKTHBHOCThH IMPOO MOTYT JaTh J03000pa3yroIIue HyKIUABL Ty
uHpopMmaruoo a1 npod "Mseects pasHas", "Kupnuu", "Ille6enp" u "Ilecok" Mbl maem B Tabmuue 4.
BugHo, uro B cimydae mpoO "M3BecTh HeramieHHas" paawoHYKIuabl Topuid-232 m K-40 parot Briajg
nopsiaka 45-65 Bk/kr, 4To cpaBHHMO co BKiagoM Ra-226 (34-45 Br/kr). B ocTaabHBIX HCIBITAHHBIX
npo0ax WU3BECTH BKJIAJ HYKIUAOB Topuii-232 u K-40 Obu1 HesHauntenbHbIM (2-9 Br/Kr), a Briag Ra-226
coctaBisut 5-40 Br/kr.

Tabn.3 —Pe3ynbraTel pacyera yaenbHOU d3PGEKTHUBHON aKTUBHOCTH HEKOTOPBIX CTPOUTEIHHBIX
MaTepUAJIOB. Y JIeNIbHBIC aKTHBHOCTH PAIHOHYKIHIOB, A3(pd 1 AMakc 1aHbl B BK/KT

CrpoutenbHbIi MaTepuan Ra-226 Th-232 K-40 Asxdpd Amaxkc
II3BecTh rameHas 34,4457 <3,1 <36,9 41,8+5,7 475
I3BecTh HeTaleHas 44,6+6.4 36,7+3,7 508,5+51,0 138,1+9,2 147,3
V13BECTS HETALICHAA € OTXOAAMH 36,7+4,3 50,044,7 | 6854+69,0 | 163,497 1731
M3BECTHSKA
Kupnra xepamudeckuit 58,5+6,5 44,0+4,3 641,3+63,0 173,4+10,3 183,7
IKupmrrd ceIpIioBBIit 48,7+4.9 45,6+4.4 895,7+90,0 188,6+11,1 199,7
IKuprniy oraeymopHBIT 165,9+14,4 124,2+12,0 222,6+28,0 3474+21,4 368,8
IKuprniy oraeymopHBIT 187,5+18.2 125,9+13,0 273,5+33,0 375,8+25,0 400,8
[1leOeHb 31,844,8 26,6+2,5 260,8+26,0 89,9+6,3 96,1
[1leOeHb 22,7427 33,6+3,3 349,9+34,0 97,9+5,9 103,8
[[Te6enn (HaBon) 64,0+15,0 104,0+12,0 | 1230,0+£120,0 | 309,9+24,2 334,1
[[Te6enn (HaBon) 282,2+29,0 22,8456 368,0+59,0 345,0+30,4 375,3
[lecox 31,3+4,8 23,5+2,7 478,8+47,3 104,9+7,3 112,3
[Tecok U3 0TCEBOB qPOOICHUS 57,7£5,8 101,1+10,0 | 1172,0£120,0 | 294,6+£17,9 312,5

Tabn. 4 — Bknansl yneiabHBIX aKTUBHOCTEH 103000pa3yonX paJuoHyKIUAOB B YAEIbHYI0 3G (HEeKTUBHYIO
AKTHBHOCTH HEKOTOPBIX CTPOUTEIFHBIX MaTepruaioB. Bkiaas! pagnoHykmnmos, Ad¢d u Amakc qaHsl B

Bx/kr

CTpoutenabHbIi MaTepHa Ra-226 Th-232 K-40 Asxdpd Amaxkc
I3BecTh rameHas 34,445,7 <4,0 <3,3 41,8+5,7 475
M3BeCTh HeraleHas 44,6+6,4 47,7+4,8 45,8+4,6 138,149,2 147,3
VI3BECTS HETauIeHast ¢ OTXOAaMH 36,7+4,3 65,046,1 61,7+6,2 163,4+9,7 1731
M3BECTHSIKA
Kuprny kepaMudecKuit 58,5+6,5 57,2£5,6 57,7£5,7 173,4+10,3 183,7
Kuprmg ceIpIioBEIit 48,7+4,9 59,3+5,7 80,6+8,1 188,6+11,1 199,7
Kuprimg oraeymnopHbIi 165,9+14,4 161,5+15.,6 20,0£2,5 347,4+21,4 368,8
Kuprnd oraeymnopHbIi 187,5+18.2 163,7+16,9 24,6+3,0 375,8+£25,0 400,8
[lebenn 31,8+4,8 34,6+3,3 23,5£2,3 89,9+6,3 96,1
[lebeHn 22,7427 43,74+4,3 31,5+3,1 97,9+5.9 103,8
[le6enn (HaBowu) 64,0+15,0 135,2+15,6 110,7+10,8 309,94+24,2 334,1
[le6ennr (HaBown) 282,2+29,0 29,6+7,3 33,1+5,3 345,0+£30,4 375,3
Mecox 31,3+4.8 30,6+3,5 43,1443 104,9+7,3 112,3
[lecok n3 oTCceBOB ApOOICHNUS 57,7+£5,8 131,4+13,0 105,5+10,8 294,6+17,9 312,5

3aMeTHOEe OTIIMYME YHAECTHbHOH 3((QEeKTUBHON aKTHBHOCTH OT CpPEIHETO 3HAYCHHs HaOIromaeTcs
Takke s po0 kupnwda. M3 tabmun 3 1 4 BUAHBI pa3iudus B aKTUBHOCTAX PaTUOHYKIHIOB B KHPIIAYE
OTHEYITOPHOM U KHPIIHYE KEPAMUUIECKOM U CHIPIIOBOM, OCOOCHHO JUTsl paaus U Topus. [Ipu 3ToM OCHOBHOM
BKJIaJl B BBICOKYIO aKTHBHOCThH OTHEYMOPHOIO KHpIu4Ya AAr0T Hykimuabl Ra-226 u Th-232 (tabm. 4).
VYnenpnas akTuBHOCTH K-40 B OTHEYITOPHOM KHPIHYE 3aMETHO HIDKE, YeM B APYTUX HCIBITAHHBIX MPO0OaX,
B KOTOpBIX oHa JNeXuT B mpenenax 400-1000 bx/kr. Kak 6pu10 ckazaHO BbIie (IIPH OMUCAHUN OOBEKTOB
WCIIBITAHUI), OTHEYNOPHBIA KUPIUY OTIMYAETCA OT JIPYTUX COPTOB KHpIHYa KaK MO COCTaBy, TaKk M IO
TEXHOJIOTMM M3TOTOBJIEHHUA. B YacTHOCTH, OrHEYNOPHBIM KHUPIMY J€NaeTcsi MPU OYeHb BBICOKOM
temnepatypbl ooxura (o 1400°C), koTopasi MOKET MPUBOJUTH K KOHICHTPAIMHA PAJTHOHYKIHIOB 32 CUET
BBITOPaHUS Pa3INYHBIX MPUMECEH, Pa3ioKeHNs MUHEPAJIOB U YIIJIOTHEHHSI CTPYKTYPBI.

3aMeTHOe OTIIMYME YAETbHOH 3(QEeKTUBHON aKTHBHOCTH OT CPEIHETO 3HAYCHUS HAOIIOmaeTcs
TaKKe JUIs JBYX MpoO mebHs U ogHo# mpoOsl necka. M3 Tabmui 3 u 4 BUAHO, YTO IJs MeOHS OCHOBHOM
BKJIaJ] B BBICOKYIO VIIEIbHYIO d3PPEKTUBHYIO aKTHBHOCTh MOXKET JIaTh KaK BBICOKAs yJelbHAS aKTHBHOCTb
paausd, Tak ¥ Topus U Kanus. {1 necka u3 oTceBoB IpOOIEeHUsS TOPHBIX MOPOJA Mbl BUJUM OCHOBHOI BKJIaj
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pagnonyknuaoB Th-232 u K-40. DT 00CTOSTENHCTBA HE SBISIOTCS YEM-TO YHHKAIBHBIM, TaK Kak W
meOeHb U MeCOK, UCIOJIb3yeMble B KaUeCTBE CTPOUTEIBHOIO MaTepHuana B Y30EKUCTaHE, eCTb MPOAYKThI
MPaMOPHBIX U TPaHUTHBIX KaphepOB, PEYHOTO IPaBHsA M T.II., KOTOPBIE MOTYT OY€Hb CHIIBHO Pa3lHyaThCs
COJIep>KaHHEM PaJIUOHYKIIHJIOB.

HccnenoBanue pagroakTUBHOCTH CTPOUTENBHBIX MAaTEPUANIOB IMOKA3bIBAET, YTO MOMUMO 3HAHUS
BEJINYMHBI YAENbHOH 3((EeKTHBHON aKTHUBHOCTH OJI€3HO 3HATHH YAENbHBIE aKTHBHOCTHU 103000pa3yOIINX
pagunonyknuaoB Ra-226, Th-232 u K-40, a Takke ux BKIAA B yOeHbHYIO 3(Q(EKTUBHYIO aKTUBHOCTDH C
ydueroM B3BemmBamonmx kodpdurmenros mis Th-232 u K-40 mo orHomenuto k Ra-226. TToatomy MbI
JOMOJIHSIEM CTaThl0 COOTBETCTBYIOIIMMHU JaHHBIMH (Tabn. 5 um 6), maBas mId HAIIAOHOCTH TakkKe
COOTBETCTBYIOLIHE Ipaduku (puc. 2-6).

Tabm. 5 - [IpenenbHble ¥ CpEAHUE 3HAYCHUS YISIbHON aKTHBHOCTH PaaroHyKInaoB Ra-226, Th-232 u
K-40 B nccnenoBaHHBIX CTPOUTENBHBIX MaTepraiax

Kon-so O6paser cpoii- VY enbHbIE aKTHBHOCTH J103000pasyronux HykiuaoB (Bk/kr)
Ne o6 MATEpHATOB MHUH MAakKc cpenHee
Ra Th K Ra Th K Ra Th K

1 16  Mpamop 1,6 0,5 7,8 6,0 26 | 222 | 41 2,2 | 17,8
2 8 Men 53 05 | 211 | 87 3,7 | 356 | 6,8 2,8 | 27,8
3 12 [['uncossle 3,9 1,2 | 16,7 | 122 | 6,1 | 844 | 7,2 35 | 37,8
4 2 AstebacTp 106 | 38 | 51,1 | 106 | 6,7 | 53,3 | 10,6 | 56 | 52,2
5 1 JToromMut 260 | 29 | 400 | 370 | 29 | 689 | 315 | 29 | 544
6 2 Iupep 125 | 92 | 90,0 | 22,4 | 16,8 | 137,8| 155 | 13,1 | 1144
7 3 ['paBuii 78 | 129 | 81,1 | 17,0 | 40,0 |223,3| 15,0 | 23,7 | 151,1
8 7 CMecH MInmaKIeBOY-HEIe 4.4 3,3 278 | 304 | 149 |371,1| 16,1 78 (1411
9 1 ITpoM OTXOIBI 285 | 17,8 (1144 | 411 | 22,4 | 143,3| 34,8 | 20,1 |128,9
10 3 [1ako6I0K 15,8 | 11,5 | 224,4| 23,9 | 22,0 | 382,2| 20,0 | 17,0 | 310,0
11 6 MuHepaIbHbIH TOPOIIOK 9,4 42 38,9 | 94,0 | 24,2 | 524,4| 36,0 | 10,6 | 160,0
12| 185 [[lemeHT 6,6 6,7 | 55,6 | 72,8 | 53,0 |407,8| 29,2 | 18,6 |212,2
13| 27 CHD:;::HO'FPE‘B““H” 47 | 72 | 956 | 380 | 50,6 | 7033 | 19,2 | 25,9 | 2978
14 6 Kepamzut 136 | 75 |111,1| 88,0 | 33,3 |477,8| 31,1 | 15,4 | 292,2
15 14 M3BecTh pa3Has 5,3 15 12,2 | 51,0 | 54,7 | 754,4 | 20,9 9,4 |118)9
16 6 KuprimaHoe chIpbe 17,1 | 26,1 | 390,0( 74,6 | 50,3 | 730,0 | 39,0 | 39,1 |548,9
17 1 IBEHTOHUT 23,4 | 28,6 |965,6 | 32,8 | 34,6 |1185,6| 28,1 | 31,6 [1075,6
18 13 |Acoamst 7,1 95 |178,9| 69,3 | 51,2 ({1240,0| 28,4 | 26,9 | 627,8
19 58 |berton 10,8 | 6,8 |164,4| 749 | 69,3 [1037,8| 25,6 | 24,6 | 421,1
20 1 Kaoymn 31,3 | 83,1 |562,2| 48,5 |101,7|693,3| 39,9 | 924 |627,8
21 64  |[lecok pasHbIii 3,1 2,2 | 444 | 635 |111,1|1411,1| 23,8 | 28,5 |543,3
22 2 ['panuT 7,0 | 66,0 |{1034,4| 53,7 | 126,8 (1467,8| 21,9 | 95,6 |1241,1
23 90 |Ie6enn 71 0,8 | 22,2 |311,2 | 116,0 {1350,0| 28,8 | 27,9 | 346,7
24| 124  [Kuprnu 15,0 | 11,3 | 194,4 | 205,7 | 138,9 |1106,7| 46,1 | 45,3 | 635,6

Tabm. 6 - [IpenespHbIe U CPEAHNE 3HAYEHUS BKIAI0B pagrnoHykinaoB Ra-226, Th-232 u K-40 B yaensHyro
93¢ (GEKTHBHYIO aKTHBHOCTD MCCIICAOBAHHBIX CTPOUTEIBHBIX MaTepraiax

Bxuagpl 103000pa3yromux HyKIHIO0B B yIENbHYO 3G (HEKTHBHYIO
Komn- o
Ne| Bo Obpa3er cTpoii- akTUBHOCTH (BK/KT)
1po6 MaTepHaJioB MUH Makc cpexHee
Ra Th K Ra Th K Ra Th K
1| 16 Mpamop 1,6 0,7 0,7 6,0 3,4 2,0 4,1 2,8 1,6
2| 8 Men 5,3 0,7 1,9 8,7 4,8 3,2 6,8 3,7 2,5
3| 12 [uncosble 3,9 15 15 12,2 79 7,6 7,2 4.6 3,4
4| 2 |AneGactp 10,6 | 49 46 | 106 | 8,7 48 | 106 | 7,3 4,7
5| 1 [domomwur 26,0 | 3,8 36 | 370 | 38 6,2 | 315 | 38 4,9
6| 2 [udep 125 | 119 | 81 | 224 | 219 | 124 | 155 | 17,0 | 10,3
7| 3 [[paBuii 78 |168 | 73 | 170 | 520 | 20,1 | 150 | 30,8 | 13,6
8| 7 (CmecH IMaKIEBOY-HEBIE 4.4 4,3 25 (304|194 | 334|161 | 101 | 12,7
9| 1 [[Ipom oTxomsl 2855 | 231 ] 103|411 | 291|129 | 348 | 26,1 | 11,6
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Briiaiel 103000pa3yomux HYKIHIOB B YACIbHYIO 3()(DEKTHBHYIO
Kozn- .
Nl Bo O6pazer cTpoii- akTHBHOCTH (BK/KT)
B 106 MaTepuaaoB MHH Makc cpenHee
po Ra [ Th | K | Ra | Th | K | Ra| Th | K
10| 3 [HImako6iok 158 | 15,0 | 20,2 | 23,9 | 28,6 | 344 | 20,0 | 22,1 | 27,9
11| 6 [MuHepaNbHBIA TOPOIIOK 9,4 5,4 35 1940 | 315 | 47,2 | 36,0 | 13,8 | 144
12| 185 [[lemeHT 6,6 8,7 50 | 72,8 | 68,9 | 36,7 | 29,2 | 242 | 191
13| 27 [[lecuaHo-rpaBuiiHas cmech| 4,7 9,3 8,6 | 380|658 | 633 | 192 | 33,7 | 26,8
14| 6 [Kepam3ut 136 | 9,7 | 10,0 | 88,0 | 43,3 | 430 | 31,1 | 20,0 | 26,3
15| 14 |13Becth pa3Has 5,3 1,9 1,1 | 510 | 711 | 67,9 | 20,9 | 12,2 | 10,7
16| 6 [KupnuuHoe cbipbe 17,1 | 339 | 351 | 746 | 654 | 65,7 | 39,0 | 50,8 | 49,4
17| 1 |benToHUT 234 | 37,2 | 86,9 | 32,8 | 450 |106,7 | 28,1 | 41,1 | 96,8
18| 13 |Actanst 71 | 124 | 16,1 | 69,3 | 66,5 | 1116 | 28,4 | 350 | 56,5
19| 58 |beron 108 | 88 | 148 | 749 | 90,1 | 934 | 25,6 | 32,0 | 37,9
20| 1 [Kaonuu 31,3 | 108,0| 50,6 | 485 [132,2| 62,4 | 39,9 |120,1 | 56,5
21| 64 [[lecok pa3HbIil 3,1 2,9 4,0 | 635 |1444]127,0| 23,8 | 37,1 | 48,9
22| 2 [panur 70 | 858 | 93,1 | 53,7 |164,8 |132,1| 21,9 |124,3|111,7
23| 90 |leGenn 7,1 1,1 2,0 |311,2]150,8|1215| 28,8 | 36,3 | 31,2
24| 124 Kupnuy 15,0 | 14,7 | 17,5 | 205,7 | 180,6 | 99,6 | 46,1 | 58,9 | 57,2
CpegHve 3HaAa4YeHMA yOeJSIbHOW aKTMBHOCTHM O03000pasyrnowmx HYKITngos
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Puc. 2 - Cpennue 3Ha4eHUs yAeTbHONW aKTUBHOCTH J103000pa3yoNuX HYKIUI0B
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Puc. 3 - CpenHue 3Ha4eHHs BKJIAI0B 103000pa3yIOMNX HYKIHIOB B YACTbHYIO d3(PQEKTUBHYIO aKTHBHOCTh
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MpeaenbHble U cpeaHWe 3HaYeHUA yaenbHOW akTUBHOCTKU K-40
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Puc. 6 - [IpenenbHble U cpeaHue 3HaYeHUs yAenbHOH aktuBHOCTH K-40

3HavyeHue ynenbHoi 2PQPEeKTHBHON aKTHBHOCTH CTPOUTEIHHBIX MATEPHAIOB BEIUUCILICTCS depe3
yIeJIbHBIE AKTUBHOCTH J103000pa3ylOLINX paJdOHYKIHJIOB M B3BEUIMBAIOIINE KO3(PQUIMEHTH UIs
Topusi-232 u kamus-40 1Mo OTHOWICHHIO K paauio-226. B pa3nuuHBIX HOPMATHUBHBIX JOKYMEHTaX
NPUBOIATCS pPas3Hble 3HAUEHHUS OTHX Kod(p¢HuuueHToB. KOppeKTHO M KOJNWYECTBEHHO CpPaBHHUBATH
pe3yNbTaThl, TIONYyYCHHBIE pPAa3HBIMHA HCCIEAOBATEISIMH TIPU  PA3MHYAIOMINXCS 3HAUEHHWSX JTHX
KO3 PUITHEHTOB ?

[ombiTaeMcst OTBETUTH HAa TOT BOIIPOC, CPAaBHUBAS B TaOMHIE 7 pe3yabTaThl pacueTOB YISIbHOU
3¢ dekTHBHON aKTUBHOCTH A3( @ 00pa3ioB HEKOTOPHIX CTPOUTEIBHBIX MAaTEPHUAIOB U3 Pa3HBIX CTPaH MPHU
PasINYHBIX 3HAYCHUSAX B3BelIMBaoUMx Kod¢¢uurentos. Koaddumuentsr 1,30 u 0,09 st topus-232 u
kamus-40, COOTBETCTBEHHO, WCIOJB30BAIMCH HaMH Ha OCHOBAHHM HOPMATHUBHBIX JOKYMEHTOB
V36ekucrana [4, 5]. bamkue x HuM kodddummentsr 1,31 u 0,085 HCMOTB30BANKCH POCCHHCKUMU
uccnenosatrensamu [10, 11], 1,43 u 0,077 — TypeUKHUMH UCCIIEJIOBATENISIMU TIPU OTIPENICTICHUU aKTUBHOCTH
CTpOUTENbHBIX MaTepuanoB u3 Typuuu [12]. B 370l ke Tabmuie 7 Mbl IPUBOJUM TaKXKe PE3ybTaThI
HAIIUX MCCIICIOBAaHMH, CACTaHHBIX B paMKax HacTosmeil paboTs! (maeHTudukatop "Y30ekucran").

Crenyer 3aMETUTb, YTO AaKTHBHOCTU OJJHOTHITHBIX CTPOUTEIBHBIX MaTEepUaANIOB U3 PAa3HBIX CTPaH B
OCHOBHOM COIIOCTaBMMBI JApyr ¢ apyroMm. CyIlecTBeHHas pa3HMIIA 3aMeTHa: Al OeIOpyCCKOro
KEPaMUYECKOTO KHPIMYa C aHOMAaJIbHO BBICOKAM COJCpIKAaHHEM pamus M TOpWs; THICAa W3 AJDKHpa U
Kuras, re 3aMeTHO MOBEHIIEHHOE COACPIKAHNE PAAUs H TOPHSL.

Tabn. 7 — CpaBHEHHE YACTBHBIX aKTUBHOCTEH HEKOTOPHIX CTPOUTEIBHBIX MaTEPHUANIOB U3 Pa3HBIX CTPaH.
CpaBHeHue 3HaUCHUH yaenbHON 3 ()EeKTUBHON aKTHBHOCTH, BEIYMCICHHBIX TIPU Pa3HBIX 3HAUCHUSIX
B3BemuBaronnx kodddunuentosn (1,30, 1,31 u 1,43 — ko dunuents! st Topusi-232, a 0,090, 0,085 u
0,077 — cooterctByromme k03hbuiuents! ast Kanusi-40)

A (bx/kr) Asxdd (bx/kr)
CTpouTeNnbHbIN MaTepuat Ra-226| Th-232 | K-40 (1):88 0]:63815 01164737
Kuprnny runsnbii (Y36exucran) ) 48,7 45,6 895,7 | 188,6 | 184,6 | 1829
Kuprimy riousstasii (Aipkup) [12] 65 51 675 192 189 190
Kupriy roussaeii (Kurait) [12] 46,2 28,4 137,4 95,5 95,1 97,4
Kuprmy riousstaeni (Typrus) [12] 58,9 | 11,7 | 2488 | 96,5 95,4 94,8
Kupnuu oraeynopuslii (Y3oekucran) () 165,9 | 124,2 | 2226 | 3474 | 3475 | 360,6
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A (bx/kr) Adxdd (br/kr)
CTpouTeNbHbIi MaTepUa Ra-226| Th-232 | K-40 é:gg 0]:'03815 01264737
Kuprny oraeynopusrii (P®, bpsrck) [10] 120,2 | 156,5 | 88,7 3316 | 332,8 | 350,8
Kuprmiy kepamudeckuii (PD, Bpsirck) [10] 10,9 59,5 42,8 92,1 92,5 99,3
Kuprnuu kepamudeckuii (Y3oekucran) () 585 | 44,0 | 641,3 | 1734 | 170,7 | 170,8
Kupriy kepamudeckuii (P, Kpacuosipek) [10] 52,1 53,2 579,0 | 173,4 | 1710 | 172,8
Kuprny kepamuueckuii (P®, Bonrorpan) [11] 56,6 494 531,2 | 168,6 | 166,5 | 168,1
Kupmuy (benapycs) [10] 280 230 330 608,7 | 609,4 | 634,3
ement (Amkup) [12] 41 27 422 1141 | 112,2 | 1121
[ement (KuTait) [12] 68,3 | 51,7 | 173,8 | 151,2 | 150,8 | 155,6
[ement (M3pawmis) [12] 66,3 | 39,2 | 138,1 | 129,7 | 129,4 | 133,0
Lement (Typuus) [12] 26,1 | 10,4 | 129,7 51,3 50,7 51,0
Llement (Y36ekucran) ) 17,3 7.9 60,4 33,0 32,8 33,2
Liement (Y36exucran) ) 41,1 | 44,8 320 128,1 | 127,0 | 129,8
Lement (PD, Bonrorpan) [11] 100,1| 22,5 35,3 132,5 | 132,6 | 135,0
[ement (PD, Bpsrck) [10] 356 | 16,5 | 1894 74,1 73,3 73,8
Lement (P®, Kpacnosipek) [10] 57,7 | 21,2 | 187,0 | 102,1 | 101,4 | 102,4
['unic (Amkup) [12] 50,0 | 21,0 | 275,0 | 102,21 | 1009 | 101,2
[unc (Kurait) [12] 64,7 | 48,7 | 161,3 | 1425 | 142,2 | 146,8
'unic (M3pawns) [12] 10,5 5,9 51,4 22,8 22,6 22,9
'unc (Typrws) [12] 27,5 15,6 200,2 65,8 65,0 65,2
unc (Y36ekucran) ) 3,9 2,1 16,8 8,1 8,1 8,2
unc (Y36exucran) ) 12,2 6,1 32,7 23,1 23,0 23,4
['unic (PO, Bonrorpan) [12] 12,6 | 10,9 26,3 29,1 29,1 30,2
W3BecTHsk (Amxup) [12] 16 13 36 36,1 36,1 37,4
Wssectrsk (Kurait) [12] 195 | 134 63,2 42,6 42,4 43,5
M3zsectusik (M3panis) [12] 12,1 4,1 51,1 22,0 21,8 21,9
W3sectrsk (Typrms) [12] 28,8 8,9 76,4 472 47,0 47,4
Mspecthsik (Y36ekucran) () 17,2 3,0 27,3 23,6 23,5 23,6
3ects (Y36exucran) ) 6,1 3,1 24,9 12,4 12.3 12,5
Mseectusik (PO, Kanyra) [10] 52 12 23 69,7 69,7 70,9
W3sectrsik (PP, Bonrorpan) [11] 5,8 32,6 52,7 52,9 53,0 56,5
M3zesects (PD, Boarorpan) [11] 76,0 | 125 40,4 95,9 95,8 97,0
sects (Y36exucran) ) 446 | 36,7 | 5085 | 138,1 | 1359 | 136,2
M3seects (PD, Bpsuck) [10] 9 9 60 26,1 25,9 26,5
['paBuii (Amxup) [12] 24 10 259 60,3 59,1 58,2
I'pasuii (Kuraii) [12] 285 | 19,5 | 286,7 79,7 78,4 78,5
['paBuii (Typuust) [12] 22,5 6,8 101,7 40,5 40,1 40,1
['paBuii (M3panis) [12] 15 3 50,4 23,4 23,2 23,2
["pasuii (Y36exucran) () 15,1 | 16,1 | 1714 51,5 50,8 51,3
["pasuii (Y36exucran) () 17,0 | 40,0 80,8 76,3 76,3 80,4
I'paBuii (P®, Kpacuosipck) [10] 38,2 | 475 624 156,1 | 153,5 | 154,2
[{e6enn (PD, Bpsnuck) [10] 50,6 | 66,0 1250 | 248,9 | 243,3 | 2412
[{e6enn (PD, Boarorpan) [11] 36,3 | 36,3 | 121,5 94,4 94,2 97,6
[{e6ens (PD, KpacHosipek) [10] 40,1 | 44,0 | 498,0 | 142,1 | 1401 | 1414
[1le6enn (Y36ekucran) () 10,7 1,5 77,3 19,6 19,2 18,8
[1le6enn (Y36ekucran) ) 282,2| 22,8 | 368,0 | 3450 | 343,3 | 343,1
[1le6enn (Y36ekucran) () 64,0 | 104,0 | 1230,0 | 309,9 | 304,8 | 307,4
I'panur (Bemapycs) [10] 100,0 | 80,0 |1200,0| 312,0 | 306,8 | 306,8
['panut (Y36ekucran) ) 7,0 75,5 | 1144,7 | 208,2 | 203,2 | 203,1

(*) - AktuBHOCTH 00pa3ioB U3 Y30eKucTaHa onpe/elieHbl B HACTOsIIEH paboTe

131




ILMIY AXBOROTNOMA FIZIKA 2021-yil, 1-son

3akiaouenne

[IpuBeneHHBIC pe3yNbTaThl IOKA3BIBAIOT, YTO CTPOWTEIBHBIE MAaTEPHAIBI, HCIIONB3yeMBIE B
VY36ekucrane, Kak MPaBHIIO, UMEIOT MAaKCUMAIBHYIO YACITbHYIO 3(()EeKTUBHYIO aKTHBHOCTH HIDKE MOPOra
370 Br/KT, TO €CTh COOTBETCTBYIOT | Kllaccy CTPOUTENBHBIX MaTEPUAIOB (pa3pelieHo IS HCIONb30BaHUS B
CTPOAIINXCS U PEKOHCTPYUPYEMBIX JKIJIBIX U OOIIECTBEHHBIX 31aHISIX ). TUIIYHBIC 3HAYCHUS aKTUBHOCTEH
nexar B npeaenax Aapd ~ 5-230 bx/kr. OgHako MOTYT OBITh SIUHUYHBIC CIIyYad JJIS HEKOTOPBIX BHIIOB
MaTepUaAIOB (KHpIHUY, MeOCHb, TPAHMT, MECOK), MAaKCUMAaIIbHBbIC YJelIbHbIC 3(P(PEKTUBHBIC AKTHBHOCTH
KOTOPBIX MOTYT OBITh ONM3KH K IIOPOTOBOMY 3HAUEHHIO Ui | Kiacca W a)ke HECKOIBKO MPEBBIIATH €ro
(xupnuu orHeynopssiif). Takue ciyuan HaOMOJAINCh B ABYX HpoOax u3 124 (kupmud OrHEyNnopHbIiL),
neOeHb U3 OTCEBOB JIPOOIIeHHs TOPHBIX Mopos (2 mpoOsl u3 90), mecok u3 oTceBoB apodneHus (1 mpoda u3
64) u rpaHUT, KOTOPBIHA BOOOIE MOKET UMETh BBICOKYIO PaJMOaKTHBHOCTh. B 1emoM ke MakcHUMaIbHbIE
CpeHue 3HAYCHHS JIekKaT B ipenenax Asp¢ ~ 9-278 Br/kr.

l'oBopst 0 BkIamax 103000pa3ylomnX pagdOHYKIHIOB B YACTbHYIO 3()()EKTHBHYIO aKTHBHOCTH
ClIeTyeT CKa3aTh, YTO BKJIAJBI MOTYT JIeXaTh B npeaenax ~4-311 br/kr mis pagusa-226, ~3-181 bx/kr mis
Topusi-232 u ~2-132 Bbx/kr mis xanus-40.

Hcnonb3oBanue npu pacueTax yACIbHOW aKTHBHOCTH A3( ¢ B3BEIIHBAIOLINX KOAPPHUIIUCHTOB IS
Topusi-232 u kanusi-40 MO OTHOIICHHWIO K pamguio-226, B3SITHIX W3 Pa3IWYHBIX JOKYMEHTOB, HE MAET
CYIIECTBEHHOW pAa3HUIBI B PACUYETHHIX BenmmunHax Ad(¢ — pasHHIa TOpsSOKa TOJNBKO HECKOJIBKHX
MPOIICHTOB.
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DETERMINATION OF THE ASTROPHYSICAL S FACTOR OF 2B(p,7)°C CAPTURE
REACTION FROM ®B(d,n)°C REACTION.

Toshev F., Badalov K., Shoimov M.
Samarqgand davlat universiteti
f.s_toshev@mail.ru

Abstract. The asymptotic normalization coefficients for °C —>®B+p virtual decay have been
determined by measuring the cross-section of 8B(d,n)°C reaction in inverse kinematics at 28.8MeV/u using
the RIPS facility. The deduced astrophysical S factor Sis of B(p,7Y)°C capture reaction in the center of

mass energy range 1-100keV is S;g=45 =+ 13eVb.
Keywords: transfer reactions with radioactive nuclear beams, DWBA analysis, Asymptotic
normalization coefficients, Astrophysical S factor.

Onpenenenne actpodusnueckoro S pakropa peakuun 3axsata °B(p,y)°C u3 peakuuu 8B(d,n)°C.
AHHOTAHUS. ACUMIITOTHYECKHE HOPMHUPOBOYHBIE KOO(DPUIMEHTHI U1 BUPTyanbHOro pacmnana °C
—>8B+p GbuM ompeeNeHbl MyTeM U3MEpeHHUs TonepevHoro ceuenns peakuuu 8B(d,n)9C B 06paTHOI
kuHeMaTHKe Tpu 28,8MbsB/u ¢ ucmnonb3oBanueM yctanoBku RIPS. BriBenennslii actpodusmyeckuii S-
daxrop Sig peaxuuu 3axsara ®B(p, Y )°C B auamasone sHepruii uentpa macc 1-100keV pasen Sig=45 +

13eVh.
KioueBble caoBa: peakiy MEepeHOCa C TOMOIIBI0 MYyYKOB pPaJMOAKTUBHBIX sICp, aHAIN3a
ACUMITOTHYECKUX HOPMHUPOBOYHBIX KOAPPHUIIMEHTOB NCKAKCHHBIX BOJH, ACTpOpH3NIECKOTo S-hakTopa.

8B(d,n)°C reaksiyadan ®B(p,y)°C ushlash reaksiyasining astrofizik S omilini aniglash
Annotatsiya. °C —8B+p virtual parchalanish uchun asimptotik normallashtirish koeffitsientlari
8B(d,n)9C reaksiyasining kesimini 28,8 MeV/u da RIPS qurilmasi yordamida teskari kinematikada
o‘lchash yo‘li bilan aniglandi. Olingan astrofizik S-faktor Sig ushlash reaksiyasi ®B(p,Y)°C massa

markazining energiya oralig‘ida 1-100keV, S1g=45 + 13eVb ga teng.
Kalit so'zlar: radioaktiv yadro nurlari, DWBA analizi, asimptotik normalash koeffitsiyentlari,
astrofizik S omil bilan reaksiyalarni o'tkazish.

Introduction

Radiative capture such as (p.7) reactions are of crucial interest in astrophysics, since they play an
important part in basic processes such as hydrogen burning. The thermonuclear energies relevant for such
astrophysical processes are well below the Coulomb barrier, typically where cross-sections are very small.
The measurement of such cross-sections is even more complicated when short-lived radioactive nuclides
are involved in the entrance channel. This has lead to the implementation of indirect methods allowing the
experimental difficulties inherent to the direct measurements of capture cross-section to be circumvented.

This method relies on the very peripheral character of this capture process at solar energies. It
consists in extracting nuclear quantities called Asymptotic Normalization Coefficients (ANC) from
peripheral transfer cross-sections, through a Distorted Wave Born Approximation (DWBA) analysis.

Knowing these quantities, the S factor of the capture reaction can then be reliably calculated.

From the experimental point of view, the obvious advantage of such method lies in the cross-
section magnitudes, which allow to make a measurement within a few days with secondary beams
nowadays available. So far, this method (to which we shall refer as the ANC method) has only been applied

7 8 16 17
to the above mentioned  Be(P:7)"B solar reaction, and also to some test cases, the  (P:7)" F [2] and

12 13>
the ~ C(7)"C reactions. For these two test cases the S factors obtained from the ANC method were
found in good agreement with those extracted from a direct capture measurement.

8 9
In this Letter, we report on an experimental study of the B(d,n)°C

. S SB(p )9C . . .
which the factor of the 7 capture reaction can be derived using the ANC method. The

proton transfer reaction from

8 9 7 8
B(p.»)"C capture at astrophysical energies represents a case similar to the Be(p,7)" B reaction,
predicted to be non-resonant (direct) and strongly dominated by an electric dipole (E:) transition in the
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energy range of interest [4]. Nevertheless, the peripheral character of the capture is expected to be less
pronounced than for the former reaction, due to the larger proton separation energy in °C, 1.256MeV
instead of 0-137MeV jn °B |

8 9
The B(P.7)°C s of interest for the nucleosynthesis in stars (such as supermassive stars [5])

where temperatures and densities are such that it can compete with the B decay of BB, becoming a
possible alternative path to the synthesis of CNO elements (the so-called hot proton—proton chain). A

recent calculation of the S factor for this reaction (which we will note Sls) was performed [4] and the
result was found to be in disagreement with a previous evaluation [5]. On the experimental side, only a

preliminary estimate was determined from a Coulomb dissociation measurement of °C [6]. This estimate
was found to be consistent with the prediction of [4], but smaller by a factor three to four than the
calculated value of [5].
Experiment and results
The experiment was performed at the RIKEN Accelerator Research Facility where we have

8 9 7 8
measured the cross-section of the B(d:N)°C reaction at 28.8MeV/u_ The 'Be(d:N)°B (ross-section was
also measured in the same run but in this Letter, we restrict ourselves to the results obtained for the former
reaction.

8 9

The radioactive B(d:M)"C heam was produced by fragmentation of a 7OAMEV sing the RIPS
[7] fragment separator. As mentioned above, a relatively low incident energy is required in order to fulfill
the condition of peripherality. The transfer reaction itself was studied at the final focal point F3 of RIPS.
Upstream of the reaction target, a set of two position sensitive PPAC’s provided a determination of the (X,
Y) positions in the plane perpendicular to the beam, allowing to deduce incident position and angle. The
beam spot size at the target position was 2cmx2cm FWHM. The deuteron target consisted of deuterated
polyethylene (CD2) foils of relatively large size (5CMx>8CM) the total thickness being 5.7mg/em® The
ejectile detection system was composed of three thin plastic scintillators, placed at 38¢M downstream of
the target. The first two detectors, 0-25MMthick ~\yere ysed as E—E telescope for 'C ejectile

identification. The last detector (MM ticKy served as a veto detector to reject beam particles, whose range
in plastic was much larger than for the ejectiles which stopped in the second detector. This latter point was

carefully checked by tuning RIPS in order to produce °C of the same energy as the ejectiles, and then
check their range. Position dependence of the signals were checked by use of a PPAC with sensitive area of

15em(H)x10cm(V) placed right before the plastic detectors. Finally, recoiling neutrons were detected in
coincidence with ejectiles by eight cylindrical plastic BC408 scintillators cells, 14cm  giameter and
3.81cmthack, coupled to a phototube through a conical light guide. They were placed at backward angles
with respect to the beam direction (corresponding to forward angles in the center of mass (CM), covering
individually a solid angle of 20MST in the laboratory frame.

'B(d.n)’C 28.8MeV /u

T T T T T T

12 b .

COUNTS

L= B S L e ]
T T
| i |

[ ’_||’—L I L ] L
-2 -1 0 1 2 3

Excitation energy in °C (MeV)
Fig. 1. Excitation energy spectrum in deduced from neutron angle and time-of-flight.

Fig.1. Shows the excitation energy spectrum obtained from the neutron TOF and angle in
coincidence with °C ejectiles. The statistics are rather low, but the peak corresponding to the population of
the ground state shows up very clearly. Counts at negative excitation energy correspond to random
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coincidences. The counts at excitation energies greater than zero correspond to the sum of random
coincidences and to background neutrons having larger TOF than the neutrons from the ground state,
mainly originating from scattering on beam pipe and chambers. These counts do not correspond to excited

states in °C since only the ground state of this nucleus is bound and events in Fig.1 are gated on °C
gjectiles. In the following, random coincidences will be subtracted for the crosssection determination.

For absolute normalization of cross-sections, a precise determination of the neutron detection
efficiency is necessary. We measured this efficiency during a separate run at the Orsay tandem accelerator,

T1: 7
by studying the p("Li, "Be)n reaction at 40MeV, which produces neutrons in the energy range of

interest (2—4MeV). The deduced error on the neutron efficiency was 8% The total thickness and
homogeneity of the CD2 target were determined during a separate run at the Orsay tandem accelerator, via

the measurement of P~ elastic scattering at 22MeY" for which the cross-section is accurately known

[8]. The error on the target thickness deduced from this analysis was 6% Finally, the uncertainty on the
number of incident particles was considered as negligible since they were recorded on tape with a fixed
sample rate during each run.

DWBA analysis

9 n _
The spin and parity values of °B and C are respectively 2" and 3/27 . Two components

8 9 H H
contribute to the B5(d:N)°C cross-section, corresponding to (I=1j=3/2and 1=1,j=1/2)
transfers. When the reaction is peripheral, transfer cross-sections can be factorized in terms of ANC’s
instead of spectroscopic factors. These ANC’s can then be determined by normalizing DWBA cross-
sections to the data, but without the large uncertainties inherent to spectroscopic factors due to the
ambiguities on the potential parameters used to calculate the form factors. The experimental cross-section

5B(d,n)°C

for the reaction can be written as [15]:

0'(9) = (C1,3/2 )2 O-1+2(9) + ( 1,1/2 )2 O-1+2(0)
bra, b/,

1)

:2
where ol,j are the calculated DWBA cross-sections (including the spin-statistical factors), and bl j are

(ulj(r) /W +(r))?

given by the ratio at large radius, Ulj(r) being the single-particle wave functions used

in the DWBA calculation as form factors, and W +(r) the Whittaker function. In the asymptotic region,
bl, j*

is constant and represents the squared amplitude ofthe tail of the single-particle wave-function.

9 8
Ciar2 and C,,,, are the two ANC’s for the virtual decay C—>"B+ P, from which the S factor of the

8 9
B(p.7)"C reaction can be extracted. Full finite-range calculations were performed using the code
DWUCKS, [5] and including the effect of the deuteron d-state. The obtained results are consistent with

those of zero-range calculations within less than 8% , a variation distinctly smaller than the uncertainty due
to the choice of the optical potential or to the statistical error as will appear later. The proton bound-state
wave functions were determined by adjusting the well-depth of a Woods—Saxon potential with “standard”

rp =1.25fm a=0.65 fm) and @ spin—orbit Thomas term with 4 =25,

The shapes of the angular distributions for 1=3/2 and 1=1/2 are similar, so that the relative
contribution of both transitions cannot be determined from our data. In our case however, the ratio

Ocm 15°

parameters (radius , diffuseness

al, j/bl, j* is almost independent of ) within £1% accuracy (for ), due to the peripherality

of the reaction studied as will be discussed at the end of the present section. Consequently, Eq.(1) can be
written as:

0_(9) = ((C1,3/2 )2 + ((Cl,uz )2 ))M =503, (9) @)

2
b1,3/2
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7 8 Cya0)? +(Crypy)?
As in the case of the Be(p.y)'B reaction [1], the sum ( 1'3/2) ( 1’1/2) determines the
overall normalization of the capture cross-section at astrophysical energies. It can be extracted by

normalizing @132 14 the transfer data. S is the spectroscopic factor which we discuss below. Optical
potentials to be used in DWBA calculations play a central role in the discussion of the accuracy of the ANC
method. Since no elastic scattering data exists for either the entrance or exit channels, we have used sets of
optical potentials for deuterons [11,12] and neutrons [13-16] derived from global formulae. The deuteron
potential D2 [12] has been extensively used for stripping reactions, while the potential D1 [11] is more
recent and was deduced from a broader set of data. For neutrons, potentials N1 and N2 of Refs.

'B(d.n)’ C 28.8MeV /u

D1-N4 ——

do/dQ (mb/sr)
o = N W om0

0 5 10 15 20 25 30 35
Ocm (deg)

Fig.2. Angular distribution of the 8 B(d,n)QC reaction at 28.8 MeV/u compared with DWBA
calculations uzing different sets of optical potentials. D1 and D2 correspond to the optical potentials N1,
N2, N3, N4 for n +°C are from [13-16], respectively. All curves have been normalized to data.

[13] and [14], respectively, have been derived from a specific study of p-shell nuclei (at relatively
low energy for the latter, however). Neutron potentials N3 [15] and N4 [16] were used for comparison.

Fig.2. Shows the calculated angular distributions o, 5, using combinations of the optical potentials
mentioned above, each curve being normalized to the plotted data points. All shapes are rather similar, and
the poor statistics of the data does not allow to discriminate between the different curves. But these forward

angle data points can be used to determine the normalization factor of the curves (the quantities of interest)
with nearly 20% statistical uncertainty.

; (G 3/2)2 +(C, 1/2)2 . _ . . :
The obtained values of : : using above combinations of optical potentials are plottedin
Table 1. These values exhibit fluctuations of about +19% around the average value. In the calculation of

(Crsn)’ +(Crip)’
S18 presented below, the average over all the plotted values of : * has been used. The
factorization of ANC’s as expressed in Eq.(1) assumes that the reaction is peripheral enough to ensure that
the cross-section is nearly proportional to the squared amplitude of the tail of the boundstate wave
functions.

Table.1. Values of the sum of squared ANC’s (Cy;,,)* +(C,,,,)” deduced from the *B(d,n)°C cross-

section at 28.8MeV /u by using combinations of optical potentials in the entrance and exit channels. D1
and D2 correspond to the optical potentials for d +% B from Refs. [11] and [12], are from [13-16],

respectively.
Optical potentials (C1,3/2)2 +(C1,1/2)2 [fm™]
D1-N1 0.97
D1-N2 1.11
D1-N3 1.15
D1-N4 1.11
D2-N1 1.17
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D2-N2 1.42
D2-N3 1.22
D2-N4 1.30

This assumption can be checked by varying the potential parameters used to calculate the bound-
state wave functions ulj(r) (thus changing the tail amplitude), and examining whether the ratio between the
tail amplitude b2 (with respect to the Whittaker function) and the (forward) cross-section remains constant.
This ratio is presented in Table 2 for three different sets of Woods—Saxon binding potential parameters.
These calculations use optical potential sets D1-N4 but other potentials lead to similar results. One
observes that, while the cross-section varies relatively strongly with the form-factor parameters the ratio
remains nearly constant (within 10%), thus providing an indication that the reaction studied is essentially
peripheral. As stressed in Refs. [1,2], spectroscopic factors are more uncertain quantities than ANC’s
because of their larger dependence on the Woods—Saxon used to calculate the proton form factor

parameters. The experimental spectroscopic factor S deduced from Eq. (1) can still be compared to the
predictions of the shellmodel. The average value obtained by normalizing the calculated DWBA cross-

9
sections of Fig.2 to the data is S=0.73 For comparison, shell-model calculations of the C ground state
were performed using successively Cohen—Kurath, Warburton and WBT (in a p +5d  mogel space)

. ) . . . S .
interactions. All three sets of calculations predict the spectroscopic factor ~*%/2 for the Pu2 orbital to be

S1,3/2 + S‘1,1/2 ~ S

less than 5% of the one for the P3/2 orbital, . The sum of the corresponding

. S;4,+S,,,=~S . . .
spectroscopic factors ~%3/2 © TL1/2 ranges in the interval 0-81—0.97 glightly above but close to the
experimentally determined value of 0.73. Such values are substantially lower than the one calculated in
Ref.[5] (S = 2-5). In their calculation, the authors performed a rough estimate of the spectroscopic factor

6 -
by restricting themselves to the LI —core plus three protons in the 1ps, orbital (neglecting configuration
mixing), thus getting a large value of S,

Calculation of 813 from the ANC’s

The astrophysical S factor Sie can be deduced from the ANC’s by calculating the matrix
elements for the electromagnetic transition induced by the capture process. We have already mentioned that

in the present case (just as in the case of the calculation of 817), the largely dominant contribution to the
transition is of electric dipole character. In a potential model, the matrix elements for E1 transitions are:

Q% =y, [T,

where we have indicated with subscript ¢ the proton in the continuum (scattering channel) and with b the

3)

9
bound-state, here corresponding to the C ground state. The capture cross section is simply given by

167 k® 2
(ED) ’ == 7 a2 (E1)
O'c»b(p 7/) 9 ho ;‘Qcab (4)

where the sum runs over the Sur2 and A/, components of the continuum connected with E1 transitions to

(j==3127) Here, ky=y/hc

9
the C ground-state is the photon wave number corresponding to a

transition energy 7, v the core-proton relative velocity in the continuum and € s the single-particle
proton effective charge. The S factor is related to the proton capture cross section by the relation:
— 2zn
Si(E) = o,, (E)Ee 5)
. 8 . = T
where E is the proton B relative energy and n=2e2/hv is the Sommerfeld parameter. When the
capture is peripheral, the radial component of ®b in the asymptotic region can be written as:

ulj(r) = bljw,’, (kbr) ©)

137



ILMIY AXBOROTNOMA FIZIKA 2021-yil, 1-son

where blj are the constants defined in the previous section, Wrp1+the Whittaker function and KD the
boundstate proton wave number. Therefore, the matrix elements are proportional to the ANC’s and the sum

(Cia2)? +(Cyyy,)? defines the absolute normalization of the capture cross-section. The approximation

represented by Eq (6) is correct provided that the major contribution to the E1 matrix elements is from
the asymptotic region. In general, this must be checked case by case when one wants to apply the ANC
method to determine capture cross-sections. It can be investigated in the same way as in the transfer case,

namely by checking the proportionality between the capture cross-section (or the S factor 818) and the
amplitude of the tail of the bound-state. For that purpose, one can vary the potential parameters used to

calculate the wave functions @€ and (Db' which was done using the same potential parameters as in the

case of the transfer (set 1-3 of Table 1). The ratio between Sig and b2 , the tail amplitude, was found to be

10% 1keVCM

constant within nearly energy, as can be seen in Table 1. One can conclude that the

8 9 7 8
B(p.7) Creaction, although less peripheral than Be(p.»)'B at astrophysical energies, can be
investigated using the ANC technique since the main contribution to the capture comes from the large

radius region. At higher CM energies (above a few hundred keV) the interior starts playing an important
role, the above approximations no longer hold, and the potential model becomes too uncertain.

Table 2. The potential parameters used to calculate the bound-state wave function, and the
corresponding ratios of the squared tail amplitude of these wave functions to the calculated transfer cross-

0

section at © i the center of mass, and to the S -factor 818 at lkeV CM energy.

Set Vo Iy a | o) | b o™ E) | Sw | g

(MeV) | (fm) (fm) | (mb/sr) (eVb)

1 44.4 1.25 0.65 6.01 0.269 61.5 0.274

2 65.6 0.95 0.65 4.63 0.259 48.1 0.253

3 39.4 1.35 0.45 4.85 0.275 48.7 0.279

The energy dependence of S5 deduced from the model presented above in the CM energy range
1-100keV is a slow decrease by nearly 3% 1n this energy domain, the average value is Sip =456V,

The estimated error due to the contribution of errors on the neutron detector efficiency (8%), absolute
thickness of the target (6%), the choice of the optical potential in the DWBA calculation (19%) and the
statistical error (20%) is £13eVD  Our result on St is roughly a factor of two lower than the calculated

value reported in [4] (about 85eVb), where a microscopic cluster description of the °C structure was
used. Such tendency of microscopic cluster models to overestimate absolute cross-sections was already

7 8
observed in the case of 817, the S -factor of the Be(P:7)"B reaction at solar energies. Values of $17(0)
deduced by similar calculations as in [9] stand near 27—-30eVb depending on the interaction used, while the

currently adopted value is 19+4—2eVb |n Ref.[5], the mean value of Sig , averaged over the energy range

Ep 0.8MeV \yas found to be Sis ~ 2108VD ik higher than our results. The origin of such large value
certainly comes from the value of 2.5 for the spectroscopic factor, well above both the one extracted from
the present data, and those estimated in our shell model calculations.

In conclusion, we have provided for the first time an experimental determination of the S factor of

the ® B(p,y)gC reaction by applying the ANC technique, particularly suitable in this case where short-

lived nuclei are involved. Our result is lower by nearly a factor two than the one predicted in recent
microscopic calculations.
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OIPEJIEJIEHUE OB bEMHOM AKTUBHOCTH PAJTOHA B ATMOC®EPHOM BO3JIYXE U B
IMOYBE CAMAPKAHJACKOM 1 HABOMHCKOM OBJIACTSX

A.M.My3zagdapos!, P.M.Dméypuen?, A.P.)Kypakyaos®, 1.M.Xoso08%, K.X.Xomumon?
L Haeounckuii 20pno-memannypeuueckozo kombunama
2Camapranockuil 20cyO0apcmeenHblii yHUGepCUmen
$Hasounckuii 20cydapcmeennviil 20pHblil UHCIMUNTYM
r-eshburiyev@mail.ru

AHHOTamMsA. B aHHON cTaThe NMpUBENEHBI PE3yNIbTaThl UCCIIEIOBAHMS KOHLIEHTPALUH U yIEIbHON
AKTUBHOCTH PA3/IMYHBIX PAIHOHYKIIMIOB, TAKMX Kak - 222Rn, 20T u ux pa3sHOBMIHOCTH B BUJE MOIIHOCTH
9KCIIO3UIIMOHHOMN 70361 - MDJI, SKBUBAJICHTHOW paBHOBECHOW OOBEMHOW aKTHBHOCTH pajoHa - DPOAP,
nponroxusymue anbda Hykauael — JAH B atmocdepHom Bosznyxe Camapkaniackoit u HaBounckoit
obmactu. IlpuBeneHBI HEKOTOpHIE pE3yJbTAaThl 3HAUCHMH OOBEMHON AKTHBHOCTH pajioHA, YACIBHOMN
aKTHBHOCTH PaJNOHYKINAOB, dG(QEKTUBHONH yNETBHOW AaKTHBHOCTH - Aspp M (H3HUIECKHX MapaMeTpoB
OKpY KarolleH Cpesbl.

KnoueBble ciioBa: ypaH, OKBUBAJICHT, OOBEMHAs aKTUBHOCTb, PAAUAIMOHHBIE (DaKTOPHI,
AKTHUBHOCTb, PAJIMOHYKIIH/, SKCIIO3ULOHHAS 103a, SKBUBAJIEHTHAS 1033, FAMMa-U3Iy4€HHs], HOIPEITHOCTb,
MUTpALHSL.

Camapkana Ba HaBowuii Buiiositiiapu armocgepa XaBocH Ba TYNPOKJIAPUAA PAAOHHUHT Xa:KMUI
AKTHBJIMTUHHM AHUKJIALI

AnHoranms. Ymly makonaga “Anbdapan mioc” Kypuamacu épaamuaa Camapkann Ba Haowid
XyAyanapu atMochepa XaBocH Ba TyHpokiapuaa PagoH-222 W30TONMHHMHT JKCIO3UIIMOH /1032 KyBBaTH
XamJia paJOHHUHT Xa)KMHW aKTHBIUTH KUECHU Ypranwiau. MawiymMku Ep atMmocdepacuaa Tapkairaxn
paIMoOaKTHB M30TOIUIApHUHT Kapuid 60 cdowmsmHmM pagoH rasu tamkuia stagu. Ly Hykram HazapaaH
PaJIOHHUHT Ma3Kyp XyJyJulap/ia COJUIITHPMA aKTHBIUTUHU XaMa COMUIITHPMA 3PPEKTHB aKTUBIUTHHU
VpraHWI aMaaui )KUXATAaH XaM MyXHM XHCOOIaHa Iu.

Kalit so’zlar: ypaH, 5SKBHBaJCHT, XaXMUH aKTHBIUK, pPagHaloH (aKTopiap, AaKTHBIHK,
PaIuOHYKIIN, SKCIIO3UIIMOH /1033, SKBUBAJICHT J03a, TaMMa-HypJIaHUII, MUTPALIUL.

Determination of the volumetric activity of radon in the ambient air and in the soil of the Samarkand
and Navoi regions.

Abstract. In this article, the value of the equivalent volumetric activity of radon-222 in the air and
the exposure dose rate of radon gas in the air and soils of Samarkand and Navoi regions were studied using
the Alpha-Rad instrument. It is known that 60% of the radioactive activity in the Earth's atmosphere is
radon gas. In this context, the study of the specific activity and specific effective activity of radon in these
regions is learned.

Keywords: uranium, equivalent, volumetric activity, radiation factors, activity, radionuclide,
exposure dose, equivalent dose, gamma radiation, error, migration.
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B arMocepHOM BO3yXe UMETCS Pa3InyHbIE PATUOHYKIHIBI - 222RN, 220TN 1 uX pa3HOBMIHOCTH B
BHJIC MOIIHOCTH 3KCIIO3UITMOHHOW 1103bI - MOJI, SKBUBAJICHTHON DPaBHOBECHOH OOBEMHOW aKTHBHOCTH
pamona — DPOA wu nmonroxkuBymue anbha uHykaumsl — JJAH wm tak ganee. Cpemu paaroakTHBHBIX
PaIMOHYKIUIOB —2??RN SBISIETCS OTHUM M3 CaMBIX OIMACHBIX ECTECTBEHHBIX PAIMOHYKIHIOB. B memnouke

pacmaja ypaHa U3 pajoHa o0pa3yroTcs HEelleTyYHe paJriOaKTUBHBIC PaIHOHYKIUIbI - 28pg, 2 pp, 2 Bi
U KOTOpBIC TPHW TOMAJaHUM B OPraHW3M BBIBOJATCS U3 HEro ¢ OONBIIUM TPyIoM. B ypaHOHOCHBIX
peruoHax, KOTOPBIMH B peciyOnuke sBIstoTcs Tepputopun Camapkanackoil u HaBowHckol oGmacTtu
TIOBEIIIICHHOE COAEp)KaHNE PaTHOHYKIHIOB TPeOyeT OmpeneNeHHs] X KOHIICHTPAIlH B aTMOC(HEpHOM
BO3/IyX¢ HACEICHHBIX ITyHKTOB.

Ha ocHOBaHMU BBIIIIECKa3aHHOTO pa3pabOTKa METOIMKA ONPENESIICHHS BETHYNH PATHUOHYKINIOB B
atMoc(epHoM Bo3myxe CamapkaHackoii W HaBowHCKOW 005acTH SBISETCS aKTyaJIbHOW 3ajadeit
NPUKIATHON SaepHOil PU3KKH, AHATUTHISCKOW XUMHUH M paaunodkororuu [1-4].

TexHNKa U METOAMKA (PU3MIECKOI0 IKCIIEPUMEHTA.

W3mepennss 00bEeMHOH aKTHBHOCTH paJOHA IPOBOAWINACH W3MEPUTECIBHBIM KOMILIEKCOM
«Ansdapan TorIocy, NOpegHAa3HAUYCHHBIN UIsI ONpEAeNeHHs IUIOTHOCTH MOTOKa pajoHa ¢
MOBEPXHOCTH TIOYBBI, JKCIPECCHBIX H3MEPEHHH U HENPEPHIBHOTO MOHUTOPUHTa 00BEMHOMN
aktuBHoctH - (OA) panona-222 (??’Rn) um "konmdectBa pacmagos Po2?8 (239Th). Ilpemen
JOITYCKAeMO OTHOCUTEIFHON morpemHocTy mpu u3meperusax OA 22Rn B nouse cocrasisier +30%.

KonunuecTBo pajjoHa omnpeensercs KOMIUIEKCOM YCTaHOBKHU «AJb(apaj mItcy Ha OCHOBAHUH
ClIeyIOUIed peakIuu:

22 o 214pypy B 214 g; B Q)

380n 26.8murn 19,8 mun

W3mMepenust yaenbHOM aKkTHMBHOCTH PAaJUOHYKIMIOB B OTOOPAaHHBIX TBEPIBIX IpoOax MPOBOIUINCH Ha
ramma-paguomerpe «IIPOI'PECC-TAMMAY», mnpepen HOIMyCKaeMoOil  OTHOCUTENbHOW HOTIPEUIHOCTH
KoToporo coctaBisieT +£10%.

3HaueHue yaeabHOH 3((EeKTUBHONW aKTUBHOCTU - A,y €CTECTBEHHBIX paanoHykiannoB — (EPH)
paccUuTHIBAIOT IO popMyIIe:

Aa(pq): Ara + 1,31A7 + 0,09Ak; (2)

rae, Ara, A, Ak — COOTBETCTBEHHO yJIelbHAs aKTHBHOCTH 22°Ra, 2%2Tn u 40K,

3HaueHHe aOCONIOTHOW IIOIPEIIHOCTH M3MEPEHHs YICIbHOW aKTHBHOCTH - A,pp I-TOTO
pamuoHyKIHIA U aOCOMIOTHOHN ITOTPEITHOCTH ONpenesIeHus (Asy¢g) PACCUUTHIBAIOT IO hopMyIIe:

Aot = ‘/AzRa +(L31xAp,)* +(0,09% A )* ®3)

3HaveHue yaenbHOH 3((EeKTHBHON aKTUBHOCTH - A,y EPH paccuutsiBator o gpopmyse (1):
OCHOBBI NIPOBEJIEHUS PAAUALMOHHOTO MOHUTOPHHIA U U3yYEHHE MOBEACHUE PaZioHa, OCHOBAHO Ha
SKCIIEPUMEHTAIIbHBIC HCCIIEIOBAHNUS (PU3UKO-XUMHYECKIUX CBONCTB KOHTPOJIUPYEMBIX paAHOHYKIUI0B. Ha
OCHOBaHHE IOJYYEHHBIX pPE3YJIbTATOB MOXKHO CJAENaTh BBIBOJ, MO3BOJSIONICH IPOTHO3UPOBATH UX
MUTPAIOHHYIO aKTUBHOCTH B aTMoc(hepHoM Bo3ayxe Camapkannckoir 1 HaBomHCKo# 00macTw.
Iony4yennsie pe3yabTaThl U HX 00cy:kaenne. [Iposenenst 6onee 120 3amepoB 3HaueHH - MO/,
OPOA u JIAH B HabmiogarenpHbIXx Toukax Camapkanackoit obiactu u Gonee 100 3aMepoB 3HaueHH -
M3/, OPOA u IAH B HabmromarenbHBIX Toukax HaBowHCKkoW 06macTu. 13 HUX HEKOTOpPHIC Pe3yabTaThl
3HaYCHUH OOBEMHOW aKTHBHOCTH paJIOHa, YICIBHOW aKTHBHOCTH PaJIHOHYKIHIOB, 3(deKTHBHOM
YIIEJIHON aKTUBHOCTH - A, U PH3UUECKUX MTApaMETPOB OKpYyKaroIleil cpepl NpUBEACHHI B Ta0. 1.
Taoauna 1.
Pe3yabrarsl usmepenuii no onpenesiennio OAP, yne/ibHOH aKTUBHOCTH PaJAMOHYKJIM/IOB,
3¢ deKTHBHOI YAeJIbHOM AKTUBHOCTH H (PM3HYECKUX IAPAMETPOB OKPY:KAIOLLEH Cpeabl

Temnepa Burask- YaeanHasi aAKTHBHOCTH B IOYBE
Dn | mbdies | sevema | 1T | Cmmrig | KO | R TR A
ollg’ % -Hg Bxlkz Bxlke Bxlkz Bxlke
Camapkanjackas 00.1acTh
1 11234 +323,2 30 36 727 496 260 126 388
2 9931 +312,2 30 37 728 485 285 116 391
3 7712+ 3133 24 31 729 397 209 149 368
4 9211+332,4 28 33 729 477 240 185 393

140



ILMIY AXBOROTNOMA FIZIKA 2021-yil, 1-son

5 8833+ 223,3 33 38 729 458 211 158 302

6 4432 + 148,4 31 32 730 399 198 107 304
Hasounckas ob.1acTh

7 4421 +332,4 25 22 730 397 289 149 399

8 4441 + 198,4 23 29 730 477 264 185 393

9 3882 + 288,5 24 31 731 458 243 158 372

10 3332 +285,9 28 30 732 399 231 107 334

W3 nonydeHHbIX pe3ynbraToB B Tabiwuie 1. BumHO, yTo 3HayeHuss OAP nmo Camapkanackoi odnacTu
usMenseTcs B npenenax ot 4432 mbx/em® no 11234 mBr/cM?, yienbHol akTHBHOCTH paguoRyKIuaoB —K*°
u3MeHsteTes B npesenax ot 397 Br/kr no 496 br/kr, - Th?%2 usmensercs B npenenax or 107 Br/kr no 185
Br/kr u - Ra??® usmensiercs B npenenax ot 198 Br/kr no 285 Br/kr, a a3 dekTnBHAs yaenbHas aKTHBHOCTD
— Aspp m3MmenseTcs B mpenenax ot 302 bx/kr mo 393 Bx/kr,a mo HaBomnckoit obmactu 3nadenuss OAP
u3Mensteres B npesienax ot 3332 mbr/cm® 10 4441 MBK/cMS, yaienbHOM aKTUBHOCTH paanoHyKiuaos —K40
u3MeHnsteTes B npesenax ot 397 br/kr no 477 br/kr, - Th?%? usmensercs B npenenax or 107 Br/kr go 185
Br/kr u - Ra?? usmensterca B mpenenax ot 231 Br/kr no 289 Br/kr. DddexTuBHas yaeabHas aKTUBHOCTD —
Aspp m3MeHseTcs B npenenax ot 334 bx/kr no 399 Br/kr.

Xorsi ob0EMHast aKTHBHOCTH paJOHa B aTMOC()EpPHOM BO3AyXe M B II0YBE B HEKOTOPBIX paloHax
Camapkanjackoii obnactu mocturaercs no 11234 mbk/cM3, HO B HEKOTOPBIX XIJIAIIHBIX MOMEIIEHUSIX
ropojickoro turna OAP cocrasiser 55000 mbxk/ cMS, a B HIDKHBIX 3T@KaX M MOABAIHBIX TOMEIIEHHUIX TpHU
pasa Gombie (150000 mBk/cm®), Tem He MeHee cpeanee 3Hauenuss OAP He Gombie 3650 mMBr/cMe,
[lomydeHHBIe pe3yabTaTH MOKA3BIBAIOT UTO, BEIMYMHA O0EMHON aKTHBHOCTH JJIS IPYTUX PaTUOHYKIUIOB,
226Ra, 2%2Tn u “°K, a Taxke mis Camapkannckoit 1 HaBorHcKoit 00nacTy ananoruynsie. Takxke IS STHX
obnacteil 3HaueHUs1 3P(HEKTUBHON yIEeNbHOM aKTHBHOCTH MOYTH COBMaAaroT. YTo Kacaercsi pajoHa-222,
9TOT PaJUOHYKIHJ SBIISETCS OCHOBHBIM HMCTOYHHKOM paJMOAaKTUBHBIX HM30TOIIOB B HA3eMHOM
MIPOCTPAHCTBE U MMOATOMY BBHICOKAsl aKTUBHOCTH PaJjOHa HAOIIOMAETCS B BO3AYXE U BOJE, a TAK)KE B IIOYBE.

Ha ocHOBaHMM IIONyYeHHBIX pe3yJabTaToB ycraHoBieHBI 4to OAP  3aBHCHT OT yZAenbpHOH
akTuBHOCTH Ra?® u 5(QpeKTUBHON yAeNnbHOW aKTHBHOCTH - Asgpp. Ha puc. 1. mpusenen rpaduk
3apucumoctd OAP oT armocdepHoro mammenus. V3 pucyHKa BBITEKaeT, 4To Ooiee IUTOTHBIX CIIOSX
atmocdepsl (730 — 735 mm.pT.cT.) 3HaueHne OAP 3HauMTENHPHO yMEHbIIAeTCsd W BapbupyeT oT 46333
Br/M® o 13448 Br/M3. B Menee mioTHbIX cnosx atmocdepsl OAP 3HaunTenbHO Bhiule. Takas YrclIeHHas
aHOMAaJUs pajoHa B Pa3IMYHBIX CIOSX aTMOC(ephl CBA3aHO C TeM, YTO PAJOHOBEHIM a3 HEPAaBHOMEPHO
pacripeiesieHa B pa3IMIHbIX BRICOTaX atMoc(eprl.Ha mpr3eMHBIX citosix atMoc(ephl INIOTHOCTh paloHa Ha
MHOTO 60ble, 0co0eHHO 0 — 5 KM OT MOBEPXHOCTH 3eMJIM OTHOCUTENIbHAS KOHIEHTPAIHs pajoHa MOYTH
3-5 pa3 npeBhIMAcT YeM B BEPXHUX CIIOSX aTMOC(hEpHI.

A

P, mm.pT.cT.

S OAP bk

46333+ 43614+ 30862+ 27846+26553+19843+ 19183+ 18782+ 14648+ 13448+
18533 17445 12628 16416 10621 79380 12418 76450 53430 10628

Puc.1.I'paduk 3aBucumoctrt OAP oT aTMOC(hepHOro JaBJICHUS BO3IyXa.
Ha ocHoBanuu npoBeeHHBIX UCCIIEIOBAaHUI HalineHo n3MeHnenre 3nauyenne OAP, B 3aBucumMocTu oT

JaBJIeHUs aTMOC(EPHOrO BO3/yXa, ONpPEENEHbl 3HAYEHHE YIENbHOW aKTMBHOCTH PaaHOHYKIHI0B —K*©,
Th?%2 Ra?® u sddexTuBHas yaeIbHAS AKTUBHOCTD — (Asgq)-
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Ha ocHOBaHuM mpoBeNeHHBIX HCCenOBaHUN 3amepoB 3HaueHud - MO, DPOA u JAH B
HaOIroMaTeNbHBIX TOYkax CamapkaHackoid u HaBowHCKOM 00NacTSX MpoOBeAEH pacuyéT rOJ0BOM TEXHOTCHHOM
3¢ (exTHBHON O3Bl KOTOpOE cocTaBiseT mus HacemeHus Camapkaniackod obmactu mo 0,83m3B/rom, a mms
HaceneHns HaBomnckoit obmactu 1o 0,89 mM3B/ron. O0a 3HaueHWs MEHbBIIE YeM 3HAYCHHS yCTaHOBJICHHOW
HOPMBEI.

Takum 00pa3oM HOITydIeHHBIE SKCIEPUMECHTAIBHBIC PE3yIBTATH IO OTPEACICHUIO YACTbHON aKTHBHOCTH
ecTecTBEeHHBIX paauonykauaos K*°, Th?®2 Ra?? 222Rn p armocdepHoM Bosayxe u B nouse CaMapKaHICKOH U
HaBomHCKO# 00IaCTSIX MOKA3BIBAIOT, YTO yJENbHAS aKTUBHOCTh PATHOHYKIHIOB B MCCICIOBAHHBIX PETHOHAX
COOTBETCTBYET YCTAHOBJICHHBIM HOpPMaM, a 3¢ (eKTHBHAS TOJIOBAs 103a pajoHa-222 Ui HACEJICHHBIX MyHKTOB
He TpeBbIacT 3HaueHuit yctaHoBnenHbix B CanllnH-0193-06 [5].
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UDK: 539.2
KOGERENT POTENTSIAL METODI ASOSIDA AMORF HOLATDAGI
CuxTiix QOTISHMALARNING TERMO ELEKTR YURITUVCHI KUCHI (EYUuK) ni
HISOBLASH

0.Q.Quvondikov, D.X.Imamnazarov, F.B.Ruziboyeva
Samargand davlat universiteti

Annotatsiya: Kuchli o’zaro ta’sir hamda gibridizatsiyani hisobga olgan holda s-d modeli uchun
kogerent potentsial metodi asosida amorf holatdagi paramagnit CuxTiix qotishmalarning elektron
strukturasi, solishtirma elektr qarshiligi p va termo e.yu.k. S kattaliklari hisoblandi. O'tkinchi metallar va
ular qotishmalarining Kkinetik xususiyatlarining konsetrasiyaga garab anomal o'zgarishi zaryad
tashuvchilarning oralig zonalararo o'tishlari bilan birga kuchli elektron-electron o'zaro ta'siri bilan
bog'ligligi ko'rsatilgan. Hisoblangan kattaliklarning konsentratsiyaga bog'ligligi Zayman va Mott modellari
bo’yicha hisoblash natijalari bilan tagqoslandi hamda tajriba natijalari bilan mos kelishishiga erishildi.

Kalit so'zlar: elektron struktura, elektronlar holat zichligi, solishtirma elektr garshiligi, termo
e.yu.k. koeffisienti, kogerent potentsial metodi, holatlar gibridlanishi.

Pacuer TepMO3JIEKTPOABHAKYIIEH CHIIBI (TEPMO-3.]1.C.) aMOP(HBIX MAPAMATHUTHBIX CILJIABOB
CuxTi1x B IPHOIMIKEHHH KOTePEeHTHOr0 MoTeHIaxa

AuHoTanusi. B paMkax mpuOIIKEHHS KOTEPEHTHOTO MOTEeHNHMana it S-O-Mojenu ¢ ydeTom
HEMaroHaJIbHOrO OeCropsiaKa PacCUUTAHBI HIEKTPOHHASI CTPYKTYpa, HIEKTPOCONPOTHBIECHUE P U TEPMO-
3.0.c. S amopdHbIXx mapamMarHUTHBIX CIUIABOB CuUyTiTitx. I[loka3zaHo, 4TO aHOMAaNbHOE H3MCHEHHE
KHHETUYECKUX CBOMCTB MEPEXOTHBIX METAJUIOB M CIDIABOB B 3aBHCHMOCTH OT KOHIICHTPAIIMH CBS3aHBI C
CHJIBHBIM B3aUMOJICHCTBHEM C y4eTOM T'MOPHIM3AIMH, COTPOBOXKIAIOMINMCS MEXK30HHBIMU TI€PEXO0aMH
ToKOoHOcHUTeNel. [IpoBelieH cpaBHUTENbHBIN aHaIUM3 € pacyeTaMd MonensiMH 3aiimana u Mortrta, U
MOJYYEHO YIOBJIECTBOPHUTEIHFHOE COTJIACHE PACCUMUTAHHBIX KOHIIEHTPALMOHHBIX 3aBUCHMOCTEH p M S ¢
9KCIIEPUMEHTAIbHBIMU JaHHBIMU.

KiroueBble ci10Ba: 3JIEKTPOHHAs CTPYKTypa, MIOTHOCTb AJIEKTPOHHBIX COCTOSHUM, yJAelbHOE
AJIEKTPOCONPOTHBIICHNE, BEIMYMHA KOI()(UIMEHTa TEpMO-3.1.C., METOA KOT€PEHTHOTO IOTEHIHANa,
rHOpUIN3aIUS COCTOSHUI.
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Calculation of the thermoelectric force (thermo-e.m.f.) of amorphous paramagnetic alloys CuxTi1-x
within the framework of the coherent potential approximation

Abstract. Within the framework of the coherent potential approximation for the s-d model, taking
into account the off-diagonal disorder the electronic structure, electrical resistivity p, and termo-e.m.f.
coefficient S of amorphous paramagnetic CuxTii.x alloys are calculated. It is shown that the anomalous
change in the kinetic properties of transition metals and alloys depending on consentrations associated with
a strong interaction with hybridizations accompanied by interband transitions of current carriers. A
comparative analysis is performed with the calculations by the Ziman and Mott models, and a satisfactory
agreement of the calculated concentration dependences of p and S with the experimental data is obtained.

Keywords: electronic structure, elektron density of states, electrical resistivity, termo-e.m.f.
coefficient, coherent potential method, state hybridization.

Tartibsiz sistemalarning nazariyasini tuzishda hozirgi vaqtda ko’p karrali sochilish formalizmiga
asoslangan Grin funksiyasi metodi, ya’ni kogerent potensiallar metodi (KPM) keng qo’llaniladi. Bu metod
Veyssning ferromagnitizm nazariyasidagi effektiv maydon metodiga o’xshash bo’lib, sochilish potensialiga
va qotishmalarning konsentratsion tarkibiga hech qanday chegaralanish qo’ymaydi.

Magsadli yo’naltirilgan yangi materiallarni hosil qilishda ular tarkibiga kiruvchi elementlarning
elektron strukturasi hamda kinetik hossalarini bilish juda muhim ahamyatga ega. Aynigsa, termo E.Yu.K.
va Xoll koeffitsenti kattaliklari gotishmalarning elektron strukturasiga juda sezgir bo’ladi. Bu effektlarni
o’rganish qotishmalarning elektron strukturasi haqida zarur ma’lumotlarni beradi. Shuning uchun ushbu
ishda kogerent potensiallar metodi yordamida gotishmalarning elektron strukturasi, solishtirma elektr
qarshiligi, termo E.Yu.K koeffitsentini hisoblash konkret sistema, ya’ni amorf holatdagi Cu,Ti;_,
gotishmalar uchun tadbiq gilinadi va tajriba natijalari bilan tagqoslanadi.

O’tkinchi metallar asosidagi amorf qotishmalarning kinetik xossalarni harakterlovchi kattaliklarni
(solishtirma elektr garshilikni, termo E.Yu.K koeffisentini, Xoll effekti koeffisentini) tajribada olingan
giymatlarini [1] fizik nuqgtai-nazardan talgin etishda hozirgi vaqtda zaryad tashuvchilarning sochilishi
kuchsiz bo’lgan holdagi gonunyatga asoslanuvchi umumlashgan Faber—Zayman modeli qo’llaniladi.
Shuningdek, bu modelda d-elektronlarning zaryad ko’chishlari e’tiborga olinmaydi. Bu model asosida olib
borilgan hisoblashlar shuni ko’rsatadiki, oddiy va nodir metallar asosidagi qotishmalarda solishtirma elektr
qarshilikning konsentratsiyasiga va temperaturaga bog’ligligini tushuntirib berishga imkon beradi, ammo
to’lmagan d-holatdagi elektronlarga (o’tkinchi metallar) bu modelni tadbiq qilish jiddiy qiyinchiliklarga
olib keladi.

Birinchidan, bunday gotishmalarning solishtirma elektr garshiligi juda katta giymatga p(0) = 150
mkOm - sm ega bo’lib, bu esa ularda zaryad tashuvchilarning sochilishi kuchsiz emasligini bildiradi.
Shuningdek, ko’pchilik qotishmalarda qarshilikning temperatura koeffitsenti manfiy ishoraga ega bo’lib,
uning giymati temperaturaning 4.2°K gacha pasayishida taxminan 3% ga oshishini ko’rsatadi. Solishtirma

elektr o’tkazuvchanlikning temperaturaga bog’lanishi T<100K da o~T va T>100K da o~+/T ekanligi
tajribada kuzatilgan.

Ikkinchidan, bu gotishmalarda termo E.-Yu.-K (S) kattaligi juda kichik bo’lib, ishorasi musbat
ekanligi tajribada kuzatilgan. 50°K temperaturada S ning T ga bog’lanishi chizigli bo’lib, termo E.-Yu.-K
ning T ga bog’lanishida ikkita sohani alohida—alohida qarab chiqishga to’g’ri keladi, ya’ni biri T>50K
bo’lgan soha va ikkinchisi 15K<T<50K bo’lgan soha. Ularning har birida S ning T ga bog’lanishi chiziqli
bo’ladi va ularning har biri uchun mos keluvchi to’g’ri chizigni tanlab olish mumkin.

Uchinchidan, elektr o’tkazuvchanlikda d-holatlarning ham ulushi bor degan farazga asoslangan
modelning birlamchi parametrlarini ham tanlash ixtiyoriy bo’ladi, xususan, qotishmalarning effektiv
valentligi masalasida, bu esa gotishmalarning elektron strukturasini hisoblamay, balki ma’lum degan faraz
asosida olib boriladi. Shuning uchun ushbu ishda yuqoridagi kamchiliklarni bartaraf etish magsadida
o’tkinchi metallar asosidagi amorf qotishmalarda kinetik xossalarni o’rganishda KPM ni qo’llaymiz [2,3].
Kristall gotishmalar uchun yaratilgan KPM ni topologik notartib sistemalar uchun umumlashtirish bazi-bir
giyinchiliklarni keltirib chigaradi. Shuning uchun ushbu ishda hisoblash nugtai-nazardan oson bo’lgan
quyidagi sxema asosida, aniqrog’i kogerent lokator yaqinlashishida ikki zonali umumlashgan s—model
uchun nodiagonal tartibsizliklarni hisobga olgan holda, effektiv gotishmalarning bir zarrachali Grin
funksiyasi hisoblaniladi. Bunda o’tish integrali huddi kristall qotishmalardagi singari bitta yoki uchta
giymatni gabul gilmay, balki amorf gotishmalardagi atomlarning juft tagsimlanish funksiyasiga mos
keluvchi Gauss tagsimot funksiyasi orgali beriluvchi uzluksiz gator giymatlarni gabul giladi. Bunday
sxema asosida aniglangan amorf qotishmalarning elektron strukturasi keyinchalik Kinetik xossalarni
hisoblashda qo’llaniladi va kristall qotishmalardagi KPM yaqinlashdagi ifodalarni amorf qotishmalarga
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qo’llash mumkin. Amorf holatdagi qotishmalarda gamiltonian tarkibiga kuruvchi o’tish integrali hmn
kristall holatdagi gotishmalardagiga qaraganda bir yoki uchta qiymatni gabul gilmay, qandaydir o’rtacha
giymat h atrofida dispersiyalangan bo’lib, h ning tagsimot harakterini Gauss funksiyasi ko’rinishda olish
mumkin. Amorf gotishmalari uchun bunday sxema asosida kogerent potensial, qotishmalarning elektron
strukturasi va qotishmalarning o’rtacha Grin funksiyalari aniqlanganidan so’ng, kristall qotishmalar uchun
hisoblab chiqarilgan solishtirma elektr o’tkazuvchanlik o va Mott formulasi asosidagi termo E.Yu.K
ifodalarini amorf holatiga ham qo’llab, hisoblab topiladi [4,5]:

1 w2k2T dIno(E)
p==, s=-Cll ,_dnolh) (™
o 3leler dlnE | __
E—SF
0 =05+ 045+ 2054 + 20,4 (2)
2e? of 2 +y12
Oss = 2 ﬁ dﬂ (_ %) z 1955 [ImGss(k'n )] (3)
Kk
2e? of
O4qa = 10 ﬁ dT] (— a) Z 19?1(1 [ImGdd (k,n+)]2 (4)
K
2e? of
Osa = mBnQJ dn (_ ﬁ) Z Jss9aa[lmGsq (k,n*)]? )
Kk
2e?h of
00 =VZ05p [ dn(=50) D (2 05BsalmGis (o imGg i) +
3mQ an -

+2984q95almGqq (k,nH)IMGq(k,n*) + 824 ImGss (k) ImGaq(k,n*)} (6)
bunda o(E) — solishtirma elektr o’tkazuvchanlik, Ex — Fermi energiyasi, e — elektron zaryadi, kg —
Bolsman doimiysi, T — absolyut temperatura, ImG,z(n) - o’rtacha Grin funksiyasining mavhum gismi
bo’lib, ular quyidagi tenglamalardan aniqlanadi:

Gos(k, Z) = {1°° — e5(k) — y2[19? — Zpe,(l)] 1)1 (7)
Gaa(k, Z) = {1%¢ = Zye4(k) — y?[1%° — & (K)] 71} (8)
Gsa = Gas(k, Z) = y{[1*° — &s(OI[1%¢ — 2584 (k)] —y?}7} )

bunda &, (k) va g4 (k) mos ravishjda s- va d-zonaning energetic spektri, y esa gibridizatsiya parametri.

CuxTi1-x gotishmalarning elektron strukturasini hisoblash uchun qotishma tarkibiga Kiruvchi mis
(Cu) va titan (Ti) elementlari s- va d-zonalarining yarim kengliklari W, va ularning og’irlik markazri &,
hamda gibridizatsiya y parametrlari birlamchi kattaliklar sifatida 1-jadvalda keltirilgan [2]:

1-jadval.
Wy Ws €q €q Y
Cu 3.1 17.6 -10.1 -8.2 1.2
Ti 4.3 10.0 -2.6 -4.6 1.0

s-elektronlarning holat zichligini birinchi yaqinlashishda yarim elliptik ko’rinishdagi formada:
E) = w2 — E2]"/2 10
no(E) = —— W — E?] (10)

d-holatlar uchun esa kuchli bog’lanish yaqinlashishi metodi asosida hisoblangan gibridlanmagan holatlar
zichligidan foydalanamiz. Hisoblashlarni soddalashtirish maqgsadida quyidagi yaginlashishlarni ham
e’tiborga olamiz, yani:
Ly=xy*+A—-x)y"; 2.vy = (%) Vsgs
3/
1 208)? E\?] 72
3. 1546(8 — £4(0)) vz = 22~ [1 - (&) ]

Wea

bunda 97 = (%) W, — elektronlarning a-zonadagi maksimal tezligi (a=s,d), a — qotishmadagi atomlararo

o’rtacha masofa bo’lib, u quyidagi ifodadan topiladi: a = xa + (1 —x)a™, a®* =2.28%10"1%m,
a™ = 2.48 x 1071%m. N - elektronlar konsentrasiyasi bo’lib, bitta atomga to’g’ri keluvchi hajm Q orqali

: P N=i=-__1 .
aniglanadi: N = — = TCuT(—mart’

bunda Q¢ =118 1072m3, Q7" = 1.52 » 10729m>.
4. Qotishmaning Fermi energiyasi qotishmaning to’liq energetik spektridan aniqlanadi:
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€r

f [g5(E) + g4(E)]dE = xn§" + (1 — x) n{!

bunda n§" — Cu uchun s— va d—elektronlar to’liq soni; ng'— Ti uchun (3d?4s? elektrion konfiguratsiyasi) s—
va d—elektronlarning toliq soni bo’lib, u 4 ga teng (n3! = 4). Mis elementi (Cu) GIK panjaraviy strukturaga
ega bo’lib, elementar yachaykadagi atomlar soni Z = 4 ga teng, bitta atomga to’g’ri keluvchi hajm V,; =

a

3 3
a? (a - panjara doimiysi) ga teng va molyar hajm V., = N Z (N4 - Avagadro soni). U holda molyar
L = 4.7 + 102°m?ni
Nga
. . ) s . . S o1 oz

topamiz va 1m?3 hajmga to’g’ri keluvchi atomlar soni quyidagiga teng bo’ladi: N¢“ === 8.49 *
1028m=3,

Tielementi (Ti)- GPU panjaraviy strukturaga ega bo’lib, uning panjara doimiylari a = 2.95 *
1071%n, ¢ =4.69 *» 1071%n ga teng bo’lib, elementar yachaykadagi atomlar soni Z = 2 ga teng va bitta

2
atomga to’g’ri keluvchi hajm V,, = ?% u xolda 1m3 hajm birligiga to’g’ri keluvchi atomlar soni

Zu _ 4%63.54x1073
Ngp  6.02%10%3%8.93+103

massa u bilan kristall zichligi p = bog’lanishdan a3 =

Ti elementi uchun quyidagiga teng bo’ladi.
o1 27
NTL [ —
Vat \/§a2c
1-rasmda amorf gotishmalarning Cu-Ti uch xil konsentratsiyasi uchun kogerent potensial metodi
asosida hisoblangan elektronlar holat zichliklari keltirilgan. Strelkalar yo’nalishi mos ravishda Fermi
energiyasining joylashishini ko’rsatadi. Shu grafikning yuqori burchagida CusyTis, amorf gotishmasining
holatlar zichligining chiziqli kuchli bog’lanish metodi (LMTO) bilan atom sferalari yaqinlashishida 1500
atomdan iborat bo’lgan klaster uchun hisoblangan [6] elektronlar holat zichligi keltirilgan bo’lib,
fotoemission spektr natijalari bilan mos kelishini ko’rish mumkin. Rasmdan ko’rinadiki, kogerent potensial
metodining lokator yaginlanishida hisoblangan elektron strukturasi LMTO yordamida hisoblangan elektron
struktura bilan mos tushadi. Amorf gotishmalarning Cu-Ti Fermi sathi-dagi elektronlar holat zichligi d-
holatlar orgali aniglanib, qotishma tarkibidagi Ti elementlari konsentratsiyasi oshib borishi bilan Fermi
sathi energiyasi ham oshib boradi. Hagigatan ham, Ti elementi uchun elektronlar holat zichligi
funksiyasida Fermi sathi energiyasi Ti elementining d-holatiga (cho’qqisiga) yaqin joylashgan bo’ladi, mis
Cu elementida d-holatlar to’Igan bo’lib, Fermi sathi energiyasi d-zonadan tashqarida joylashgan bo’ladi.
CugoTis, gotishmalari uchun solishtirma elektr o’tkazuvchanlikning partsial va natijaviy qiymatlarining

Fermi energiyasining sathidan bog’lanishi grafigi 2-rasmda keltirilgan.

= 6.6 *10%8m=3

N(E) N(E) 1-rasm.  Amorf  qotishmalar

0,3F
5 !

CuyTi;_4 holatlar zichligining energiyaga
bog’ligligi (energetik spektri). Vertikal
chiziglar qgotishma Fermi sathining

joylashishini ko’rsatadi (konsentratsiya

o’zgarishi bilan Fermi sathining ham
siljib  borishini  ko’rish  mumkin).
Shuningdek, yuqori burchakda kuchli

bog’lanish yaginlanishi metodi (LMTO

EeV metod) asosida hisoblangan Cug,Tig,
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ag
. 0y
2-rasm. Cus, Tis, amorf

gotishmalari  uchun  solishtirma 30
elektr  o’tkazuvchanlik  tashkil
etuvchilarining energiyaga Jobeer
bog’ligligi grafigi:

D M U O

N Y S
E, eV TEF

Bu rasmdan ko’rinadiki, d—zonaning solishtirma elektr o’tkazuvchanligi (o44;) Fermi energiyasi
sathining mis (Cu) elementi d-cho’qqisi tamon siljib borishi bilan juda katta qiymatga oshib boradi, bu esa
bunday energiyaga mos keluvchi holatlar zichligi katta qiymatga ega ekanligi bilan bog’liq bo’ladi va
Fermi energiyasining istalgan ixtiyoriy giymatlarida tezlikning zonalararo o’tishi matritsa elementlari bilan
bog’liq bo’lgan (o.4) hadi gibridizatsion had (g44) bilan bir xil tartibda bo’lib, u bilan energetik bog’lqligi
juda yaqin bo’lib, Fermi energiyasining haqiqiy joylashgan nuqtasida (2-rasmda strelka bilan ko’rsatilgan)
to’liq solishtirma elektr o’tkazuvchanlikning o asosiy hadini s-holatlar (o) tashkil giladi, ammo d-holatlar
(04q) Vva gibridizatsion tashkil etuvchilar (644), (0.4) ham unchalik kichik bo’lmagan qiymatlarga ega
ekanligini ko’rish mumkin. Buning birdan-bir sababi s-elektronlarning holatlar zichligiga ulushi kichik

bo’lsada, ularning kuchsiz sochilishga nisbatan so’nishi d-elektronlarga nisbatan juda kichik bo’lishi bilan

bog’liq bo’lishi mumkin. Amorf qotishmalar CuxTi1x uchun goldiq solishtirma elektr garshilik (p = l) va

a

(1) ifoda orgali hisoblangan termo E.Yu.K Kattaligi giymatlari 3-jadvalda keltirilgan. Shuningdek, bu
jadvalda Cu,3Tis, qotishmasi uchun Zayman modeli va Mott modeli bo’yicha hisoblangan giymatlari bilan
tajribada o’lchangan qiymatlari keltirilgan. Bu tajribadan ko’rinadiki, KPM bo’yicha hisoblangan qiymatlar
Zayman va Mott modellari bo’yicha hisoblashlar natijasiga qaraganda tajriba natijalariga yaqinroq bo’lib,
bazi bir konsentratsion giymatlarda tajriba natijalardan unchalik kichik farq gilmaydi va KPM natijalari
tajriba natijalari bilan mos tushishini ko’rish mumkin.

2-jadval.
X 30 34 | 40 | 45 | 50 53 | 57 60 | 70
KPM
Pnazariy 186 | 196 | 214 | 215 | 220 | 215 | 214 | 215 | 200
(mkOm-sm )
Praj (mkOm-sm) [1] _ 183 | 193 | 195 | 204 | _ | 188 | 176 | _
pZaYMman (1;kOmesm ) [6] _ _ _ _ _ | 898 | _ ~
pMott (mkOm-sm ) [6] _ _ _ _ _ _ 314 B 3
SKPM (mkV/K) 1.71 | 1.82 | 1.90 | 2.00 | 2.14 | 2.12 | 2.05 | 2.12 | 1.70
Staj.(MKVIK) [1] B 19 | 16 | 134|180 | 144 | _ B
SZaman (mivViK) [6] _ _ _ _ _ | 543 | _ i
Saaz" (MKV/K) [6] - _ _ _ _ _ |e2s2 | _ ~

O’tkinchi metallar asosidagi ikki komponentali nomagnit amorf qotishmalarning elektron
strukturasi, solishtirma elektr garshiligi hamda termo E.Yu.K koeffisenti kattaliklari kogerent potensial
metodining umumlashtirilgan s-d modeli asosida amorf CuxTi1-x gotishmasi uchun hisoblashlar bajarildi.
Hisoblash natijasining tajriba natijalari hamda Zayman va Mott modellari asosidagi hisoblashlar natijasi
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bilan taqqoslash shuni ko’rsatdiki, kogerent potensial metodi tajribada o’lchangan giymatlarga ancha yaqin
giymatlarni beradi, vaholanki Zayman va Mott modellari bo’ycha hisoblangan natijalar tajriba qiymatlariga
garaganda juda katta giymatlarga olib keladi. Bunga asosiy sabablardan biri gibridizatsiyaning ta’siri
hamda d-zonaning elektr o’tkazuvchanlikka ulushi katta ekanligidan dalolat beradi. Shuningdek, s-d-
sochilish potensiali CuxTii.x qotishmasi tarkibiga kiruvchi Cu va Ti elementlari Mendeleev jadvalining turli
kataklarida joylashganligi sababli valentlikning katta farg qilishi ogibatida zaryad tashuvchilarning
sochilishi kuchli bo’lib, bu esa kelajakda bunday notartib qotishmalarning electron strukturasi va kinetik
xossalarini hisoblashda fagatgina kogerent potensial metodi asosidagina hisoblash kerak degan xulosaga
olib keladi.

Adabiyotlar

1. KyBanmukoB O.K. MarHuTHple W KHHETHYECKHWE CBOMCTBA KOHJIEHCHPOBAHHBIX CIIABOB H
COEIMHEHU HA OCHOBE TIEPEXOIHBIX U PEIKO3eMEeNbHbIX MeTauioB. TamkeHT. «Pany». 2009. — 291 c.

2. Openpeiix I'., HIBapiy JI. DnekTpoHHas CTpyKTYypa cIiaBoB - M.:Mup, 1979. - 200 c.

3. Brouers F. , Vedyayev A.V. Theory of elektrical conductivity of disordered binary alloys. The
effect of s-d hybridization. - Phys.Rev.B, 1972, v.5. Ne2. —P. 384-360.

4. I'panoBckuii A.b., Umamuazapos [[.X., XamunoB U.X. Dnekrpoconporusienue u 3dpdexr Xona
HEYMOPSIIOYEHHBIX CITaBOB AUxAJ1-x B S-d Mojenu (IpHOIHKEHHE KOTEPEHTHOrO MoTeHIrana). — ®MM,
1991, No7. — C.25-31.

5. Mmamuazapos JI.X, I'panoBckuii A.b. TemnepaTypHas 3aBUCHUMOCTb 3JIEKTPOCOIIPOTUBIICHUS U
sddexra Xomia AuxPdix B S-d Mogenu. — Bectauk MI'Y, Cep.3. @usuka-actpoHomus, 2020, Ne3, — C.35-
40.

6. Gallagher B.L. Greig D.The thermoelectric powers and resistivities of amorphous transition metal
alloys. J.Phys.F, 1982.T.12, P.1721-1741.

UDK: 539.2:535.377
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Ap3ukyJos J.Y., UcaeB U.X., DJmbexoB A.A., Tyiimanos b.H., Cagapon O.7K.
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AHHoTamms. B 1aHHOH CTaThe HKCIEPUMEHTANBHO HCCIEIOBaHBI (DOPMHUPOBAHHUE BOJIHOBOAHBIX
CJIOEB Ha OCHOBE ONTHYECKOTO CTEKIA ITyTeM HU3KOTEMIIEpaTypHOH TepMOOOpabOTKH CTEKIIa B IIETOYHOM
paciiiaBe COJNH, OTIMYAMOMMIiCA TeM, YTO, C LEJBI0 YBEJIMUCHHE NPHUpPOCTa ITOKa3aTens IPETOMIICHHS,
KOJINYECTBA BOJHOBOJAHBIX MOJ M TIIyOHMHBI BOJHOBOJHOTO CJIOS, TEPMOOOpPAabOTKY CTEKa B pacIulaBe
BEJIyT B MPUCYTCTBHH TaMMa-mioysi MomiHocThio 500-5000 P/c. Tlox BimsiHEEM TepMOpaaraliOHHOM
00paboTKH Ha mpoiecc noOHOOOMeHHOU Anddy3un pazHoro pagunyca Na'crewa«> K  pacnias B TOBEPXHOCTHOM
ClIo€ CTEeKJIAa CO3JABATMCh MEXAHWYECKHE CXHMMAIOIINME HANPSHKCHUS, KOTOPbIE IIPUBOIWIN K
(hopMHUPOBAHHIO BOJTHOBOHOTO CIIOSL.

KnarodeBble cji0Ba: CHIMKAaTHOE CTEKJIO, TaMMa H3JIydeHHE, [103a, TPaJUEHTHBIH NpOQHIIb
[OKa3aTeNsi TNPEJIOMJICHUS, HOHHBIH 0oOMeH, 3¢¢eKkTuBHas TIyOMHA BOJHOBOAA, KOX(PQUIHEHT
noHooOMeHHOU auddy3un, Temneparypa HoHOOOMEHHOU andy3un.

Silikat shishalarda to‘lqin o‘tkazgich qatlamlarni hosil qilishni tezlashtirish jarayoni

Annotatsiya. Ushbu maqolada optik shishalarga ishqorli tuz eritmasida past haroratli issiglik
ishlov berish bilan to'lqin o‘tkazgich hosil qilish, ya’ni sindirish ko‘rsatgichi, to'lqin o'tkazgich modlari
soni va to'lgin o'tkazgich gatlami chuqurligining oshishi quvvati 500-5000 R/s gamma maydonida va
gamma maydonisiz o‘tkazilganda bir-biridan farq qiladi. Turli xil radiusli Na*shisha<>K*eritma 0N
almashinadigan diffuziya jarayoni radiatsiya maydonida o‘tkazilganda shishaning sirt qatlamida mexanik
sigivchi mexanik kuchlanish hosil bo'ladi va bu to'lgin o'tkazgich gatlami hosil bo'lishiga olib keldi.

Kalit so‘zlar: silika shisha, gamma nurlanish, doza, sindirish ko‘rsatkichi profil gradiyenti, ion
almashinish, to‘lgin o‘tkazgich effektiv chuqurligi, ion almashinish diffuziya koeffitsiyenti, ion almashinish
diffuziya harorati.
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Accelerated process of conversion of waveguide layers based on silicate glass

Abstract. The formation of waveguide layers based on optical glass by low-temperature heat
treatment of glass in an alkaline salt melt, characterized in that, in order to increase the increase in the
refractive index, the number of waveguide modes and the depth of the waveguide layer, heat treatment of
glass in the melt is carried out in the presence of a gamma field with a power of 500-5000 R / s. Under the
influence of thermal radiation treatment on the process of ion-exchange diffusion of different radii
Na*giass<>K*meir, mechanical compressive stresses were created in the surface layer of glass, which led to the
formation of a waveguide layer.

Keywords: silicate glass, gamma radiation, dose, gradient profile of the refractive index, ion
exchange, effective waveguide depth, ion-exchange diffusion coefficient, ion-exchange diffusion
temperature.

BBenenue
OCHOBHBIM MaTepuajoM Uil W3TOTOBJIEHUS ONTHUYECKHUX JeTaleld CIY)KUT ONTUYECKOE CTEKIIO,
KOTOpPOE€ OTJIMYAETCd OT TEXHMYECKOT'O BBICOKOH CTENEHbI0 OJHOPOAHOCTH, XMMHUYECKHM COCTaBOM H
(msmueckumu  cBolictBaMHu. CTEKJIO YCTOHYMBO IO OTHOUICHHWIO K JCHCTBHIO YIJIEKHCIOTHI, XOPOIIO
coxpaHsaeT GopMy U JIETKO 00pabaTbIBaeTcs.

CunukaTHBIE CTEKJIa C MOHAMH HIETIOYHBIX METAJUIOB SIBJISIOTCS MEPCIEKTUBHBIM MAaTEpUaioM IS
YCTPOWCTB HMHTErpaIbHOW oNTHKU [1,2]. OHM TEXHOJOTHYHBI M OOJIAJAF0T BBHICOKAMH ONTHYCCKUMH H
MEXaHWYEeCKHUMU XapakTepucTukamu. CyliecTByeT psii METOJ0B  (OPMHUPOBAaHUS  TPaJAUCHTHBIX
ONTHYECKUX BOJIHOBOAOB B cTeksaXx. K HUM oTHocsATcs TepMoauddy3us, METOA HOHHOTO OOMEHa, METO/
WOHHOW WMILIAHTAIlMU W 3al¥Ch BOJHOBOAOB JiazepHbIM sydoM [1—4]. Bce 3t mMeTtomsl ocHOBaHBI Ha
JOKaTGHOM W3MEHEHHH COCTaBa, CTPYKTYPHI WM BHYTPEHHHX MEXAaHHUYCCKUX HANPSDKEHHH B CTEKIIE,
MPUBOSIINX K JIOKAJIBHOMY YBEIHYEHUIO TMokaszaTels npenomieHus. OIHaKo 3TH croco0bl 00IaaarT
CYIIECTBEHHBIMH HemocTaTKaMu. HetocTaTkoM TeXHOJIOTHIECKOTO IpoIiecca CO3AaHus BOTHOBOIOB IIpH
WOHHOM WMIUTAHTAIlMH SIBIISIETCS BO3HHKHOBEHHE OONBIIOTO KONHYECTBA Ie(PEKTOB, a TakKKe
HEO0O0XOJUMOCTh CTaJIUU MOCT UMIUIAHTAIIMOHHOTO OT)KHUra, KOTOpas MOXKET MPUBECTH K MCUE3HOBEHUIO
BOJTHOBOAHOTO 3¢ dexTa. M3 HUX MOHHBIA OOMEH B paciiiaBe COJH sBIsSETCS Oojiee aKTyaJlbHbIM. DTO
MIOTOMY YTO B IIpoIiecce HOHHOTO OOMEHa COXpaHsETCS BEICOKOE KaueCTBO MOIMPOBAHHOMN MOBEPXHOCTH U
HU3KH TIOTEPU Ha TPaHUIE C TMOUIOKKOW, 32 CUET OTCYTCTBUSI PE3KOH TI'paHUIIBI BOJHOBOI-TIOMJIOMKKA.
HenocratkoM 3TOT0 criocoba sBIsSeTCs JUIMTENbHOE (HOPMUPOBAHIE MHOTOMOIOBOTO BOJIHOBOJHOTO CIIOSL.

Teopernueckuii anaau3

HMoHooOMeHHast peakiiusi MeXJy UCTOYHHKOM MOHOB U CTEKJIOM MpPENCTaBIseT COO0H 00paTumMyro

XUMHYECKYIO PEAKIIHIO, KOTOPYIO B 00IIIEM BHIC MOXKHO 3allUCATh CIEAYIOUIIM 00pa3oM:
A+H «> B+C

roe A*u B* - oOMeHuBaronmecss MOHbI, HHAEKCHL “U 1 “c” 0003HaYar0T MCTOYHHUK
HMOHOB U CTEKJIO COOTBETCTBEHHO. B X0/le peakiinu HOHBI A+ 13 BHEUTHETO UCTOYHHUKA 3aMEIAl0T HOHBI B*
B cTekiie. OHAaKO TaHHBIA BHJ 3aIIHCH IIPOIecca HOHHOTO OOMEHA SIBIISIETCS. YACTO (PEHOMEHOJIOTHIECKAM
1 He O00BSCHSIET MPHUPOJBI mporiecca. [Ipexae yeM moapoOHO paccMaTpUBaTh MPOIECC HOHHOTO OOMEHa,
CTOUT KPaTKO OCTAHOBUTHCA Ha CTPYKTYpE cTekia. B kadecTBe mpumMepa OyIyT pacCMOTPEHBI CUIIMKATHBIC
CTEKIIA, KOTOpBIE MPEACTaBISAIOT co00i Hambosiee HMIMPOKO HMCIOJNB3YEeMbId B MPOMBIIUIEHHOCTH KIACC
CTeKkII000pa3HeIX MarepuanoB. Kpome Toro, kak OymeT mokazaHO nanee, CTEKIAa HA OCHOBE IHUOKCHIA
KpEMHHsI HWHTCHCUBHO TIMPUMCHANOTCA JIA MOZ[I/I(l)I/IKaHI/II/I HX CBOMCTB METOJOM HOHHOTIO O6MeHa.
CTpyKTypHOU €IMHUIEH KBapIEBOIO CTEKJa (CTEKJIO, B COCTaBE KOTOPOrO MPUCYTCTBYET TONbKO Si02)
SIBISIETCSI KPEMHUH-KUCIOPOIHBIA TeTparap (puc 1). ManeHpKUi MOH KPEMHUS pPacroiaraeTcsl B MEHTPE
TETpad/ipa, B BEPIIMHAX KOTOPOTO HAXOJATCS MOHBI KHCIOpoJa. Mexay coOOW TeTpad’apbhl CBA3BIBAIOTCS
BEpILIUHAMH, T.€. KQXKJbIi HOH KUCIOPO/a “IPUHANIEKUT IBYM TETpa’ApaMm.

Puc. 1 — CxemaTtnyHOe M300paKeHNE KPEMHUH-KICIOPOTHOTO TETPadIpa.
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OpnHako cuHTE3 U (HOPMOBKA KBApLEBOrO CTEKJIA MPEACTABISIOT CO00M TPyROEMKYIO 3a/1ady, TaKk
KaK 3TOT MaTepual XapaKTepH3yeTCsl BBICOKOH TemIlepaTypod pasmsiraeHus. s CHIKeHus pabodero
JIMana3oHa TeMIIEpaTyp B COCTaB CTEKJa BBOMST IIEIOYHBIC DJICMEHTH. BBeneHHE IIENOYHBIX KAaTHOHOB,
BCTPAMBAIOIINXCS B CETKY CTEKJIA, IPUBOJNT K pa3phiBy cBs3eit Si-O. B cTpyKType IenouHO-CHIMKAaTHBIX
CTEKON pa3NUYalOT MOCTHKOBBIC, T.C. CBSI3aHHBIE C IBYMS TETPad[paMH, U HEMOCTHKOBBIC aTOMBI
KHCJIOPOJIa, KOTOPBIE CBS3aHBI C OJHUM TETPadIPOM M MICIOYHBIM KaTHOHOM JUIs KoMmeHcarmu 3apsa. C
JPYTOd CTOPOHBI, HOOABJIEHHE TOJBKO IEIOYHBIX METAUIOB B COCTAB CHIIMKATHOTO CTEKIIA MPHUBOAUT HE
TOJIBKO K CHIDKCHHIO pabodero Iuama3oHa TeMIepaTyp, HO M yXYALICHHI0 XUMHYECKOH YCTOWYMBOCTU
cTékon. BBeneHune menoYHo3eMenbHBIX METAIIOB CIIOCOOCTBYET CBA3BIBAHMIO CTPYKTYPHI CTEKIIA, TaK KaK
KaXIbIli MOH IIEJOYHO3EMEIBHOTO METalIa. , HAlpUMEP, MOHOB KNI, A KOMIICHCAIUU 3apsnia
00pazyeT CBSI3H Cpa3y ¢ ABYMsI HEMOCTUKOBBIMH aTOMaMH KHCIOPOIa.

HNonooOMeHHast 00paboTka CcTeKJIa Ha CETOAHAIIHWI JeHb KpaiiHe akTyajdbHa W BOCTpeOOBaHa
ONTHYECKONH M CTCKOJNBHON MPOMBIIIICHHOCTHIO, IOCKOJBKY IO3BOJISICT MONYydYaTh YPE3BBHIYANHO
MIMPOKUH aCCOPTHMEHT HOHOOOMEHHBIX CTPYKTYpP pa3HOro (hYHKIMOHAIHLHOTO Ha3HAuYeHUs (ONTHKA,
(hOTOHHUKA, SHEPreTHKA, CECHCOPHUKA, TEIEKOMMYHHUKAIMH, TUCIUIEH U T. 1.) [ 5].

Hanbonee OAM3KUM K MpeAnonaraéMoMy croco0y siBisieTcst cnocod (GpopMHpOBaHUs IUIAHAPHBIX
BOJIHOBOJIOB B pe3yjibTare Hu3KoTemmeparypuoit 7<Ty rme Ty - TemmepaTypa CTCKIOBaHUS,
HOHOOOMeHHOH MU Gy3uH U3 pacIuIaBOB COJICH 3aKIIOUYAIONIMICA B TOM, 4TO JUIS (OPMHPOBAHHS
MOBEPXHOCTHOTO CJIOSI C TMOBBIIICHHBIM [OKa3aTelieM TMpeIOMIICHUs CTEKJISHHAs IUIaCTUHKA
MoJABEpraeTcst TepMUUEcKoi 06paboTKe B pacliiaBe COJH COJepiKallledl MOHBI, B pe3ysibTare 0OMeHa
KOTOPBIX C HOHAMU CTEKJIA IMOBHIIIAETCS TTIOKA3aTehb MPETOMICHHUS.

M3ydyeHne HOHOOOMEHHBIX TPOIIECCOB B CTEKJIaX 'CTEKJIO-pacIuiaB COJHM'" B TEYEHUE MHOTHX JIET
OCTaeTCsl OJHOM M3 BaKHEHmMX 3a1a4 (usmueckod xumuu [6]. TTOMHUMO HECOMHEHHON MPaKTHYECKON
[EHHOCTH, HAIpUMep, U1 pa3paboTKH METOJOB YIPOUYHEHHUS CTEKJa, UCCIeJOBaHIEe HOHHOTO OOMEHa B
TaKUX CHCTEMaxX [IO3BOJIIET OINPEOCITUTh BAKHBIE TEPMOIMHAMHYECKHE W CTPYKTYpHBIE [7]
XapaKTEePUCTUKHU CcTeKoJ. Hu3koTeMmnepaTypHbIii HOHHBINM OOMEH 3aKiltoyaeTcs B 0OMeHe HOHOB CTeKJIa Ha
HOHBI U3 PacIlIaBOB MM PACTBOPOB COJICH MpH TeMIepaTypax HUXe HHTEpBaia CTEKIOBaHUS.

Jis hopMIpoBaHIH TOBEPXHOCTHOTO CIIOA € TMOBBIIEHHBIM 111 cTeKIIsTHHAs IaCTHHKA PHBOAUTCS
B CONPHUKOCHOBEHHE C PACIJIaBOM COJIH, COJIEp Kallel HOHBI, CTIOCOOHBIE OOMEHUBATHCS C HOHAMH CTEKJIA.
[TapamerpamMu MOHOOOMEHHOW UG GY3UH ABIAIOTCS BpeMs KOHTAKTa CTEKJa C COJIEBBIM PAacIljlaBoOM,
TeMIiepaTypa mnporiecca ¢ yaetoM ko3 duiuerTa B3anMoand(py3nu HOHOB CTEKIJIA M COJIH M TEMITEpaTypa
pasMsrdeHust CTeKIa.

IIpocTas TexHOIOTHS MOHOOOMEHHOH 00PabOTKH CTEKIa B COJIEBBIX pacIliaBaX JAcT BO3MOXKHOCTD
MOTy4eHHE TITyOOKUX BONHOBOIHBIX CIIoeB. [1oaToMy Tiepen McclenoBaTesIMU BCTAaeT HE TOJBKO 3a/1a4a
MOVCKA ONTHMAIEHBIX TEXHOIOTUIECKIX TPOIECCOB (POPMUPOBAHUS BOIHOBOIHBIX CTPYKTYP B CTEKIIE, HO
U pa3pabOTKH CHENUAIBHBIX CTEKOJ IS yCTPOWCTB MHTETPAIEHON ONTHKH.

[Ipu HU3KOTEMITEPaTYpHOM MOHHOM OOMEHE M3MEHSIOTCS ONTHYECKHE CBOMCTBA CTEKIa KaK 3a CUeT
MOIU(HUKAMUN XUMHUYECKOTO COCTaBa CTEKJa, TaK ¥ MOJ BIUSHHEM JCHCTBYIOIIMX B HHUX
MaKPOCKOITHYECKUX U MHUKPOCKOIIMYCCKHUX HAMpsDKeHUH. B pesynbTare B3auMoIeHCTBYSI HOHOOOMEHHOTO
ciost ¥ He3aTpoHyTod auddy3ued TMOMIONKKH BO3HHUKAIOT —MAKPOCKOMHYECKHE  HAMPSDKCHIUS,
omnpeaessomue aHu30TpoHbeId mpupocT I B MOHOOOMEHHOM CJloe W JBOWHOE JTydenpeoMIICHUE.
Bsaumoneiictust noHa nauddy3uaHTa CcO CBOMM HEIOCPEACTBEHHBIM OKPYXKEHHEM BO3HHKAET
MHUKPOCKOITHYECKHE HANPSHKEHHs. MUKPOCKOITHMYECKIE HATIPSHKEHHS OMPEACISIFOT M30TPOMHBIN MPUPOCT
I1IT [8-11].

[Ipu yBenu4IeHNH TeMIIEpaTyphl U JIUTEIFHOCTH HOHOOOMEHHOTO TIpoliecca HabIoaaeTes
BO3pacTaHWe BIMSHUS PETaKCAMOHHBIX MIPOIECCOB Ha CBOWCTBA HOHOOOMEHHBIX ciioeB [12].

MoHOOOMEHHEBIH CHHTE3 BOJHOBOAHBIX CTPYKTYP OCHOBAH HA TOM, YTO IPU 3aMEIICHHUU IICITOYHBIX
MOHOB CTEKJIa Ha KaTHOHBI paciuiaBoB mokazarens npenomienus (I[1I1) crexna mamensercs. Onrudaeckue
CBOMCTBaA BOJIHOBOJHBIX I/IOHOO6MCHHLIX CJIOEB 3aBHCAT OT THIIA O6MeHI/IBa}OH_H/IXC$I KaTHOHOB,
TEMIIepaTypel M UTHTEIFHOCTH HOHOOOMEHHOTo mporecca. i co3maHWs BOTHOBOTHOTO CIIOS C
noBeimeHHbM [11 ucnonp3yercss HOHOOOMEHHOE 3aMeIleHHe coepkaimuxcs B cTekiie nonoB Na* u K* Ha
wonsl Rb*, Cs*, Ag™, Li*, TI*, Na*, K* u3 pacruiaBos coseii.

s coxpaHeHHsT ONTHYECKOTO KauecTBa MOBEPXHOCTH TeMIIepaTypa HOHOOOMEHHOTO poIecca
BEIOMpAETCsl HIKE MHTEPBANIA CTEKIOBAHUS (HU3KOTEMITePATyPHBI HOHHBIH 00MEH).
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JKCIepUMEHTAIbHAS YaCTh

Huddysus cTexon mpoBOAWIACE B KBAPIEBBIX THIIX. [ (opMHUpOBaHMS BOJHOBOIHBIX CIIOCB
HCTIOIB30BAITUCH MTOJIMPOBaHHBIC 00pa3ibl pasmepoM 40x10x3 MM u3 crexna tuna K-8. O6pasipl cTekon
TepmoobpabateiBanuck B paciiase KNO3 npu temnepatypax 350-450 °C kak B mpuCYTCTBUM raMMa-TIoNst
8Co mpu mommoctn 3000 P/c, Tak u BHe ero. Pasmepbl 00pa3loB OrPaHMYMBAIMCH KOHCTPYKTHBHBIMU
0COOEHHOCTSIMH TIEUKH.

Bonbmioit 00beM HCCIEAyeMBIX CIIOEB, IMONYyYaeMBIX B Pe3ylibTare HMOHOOOMEHHOH muddy3uu
(pasznuunble  MOMIOKKH, AU(DDY3HOHTEI, pa3HOOOpA3HBIE TEXHOJIOTUYECKUE DPEKHUMBI) OOJIEr4aroT
nposeacaue n3mepenus 111, orHocutenbHeiii 111 B 1uddy3HOHHBIX BOJIHOBOJAX Ha CTEKJIaX IO3BOJISIFOT
WCIIONIB30BaTh JUIsl TIPU3MbI BBOJIA-BBIBOIA M3JTyUEHHS JICTKOMOCTYIHBIN Kiacce uuHToB (N=1,74971 mns
Tsoxenblx pauaToB TD-5). Ha puc.2 npuBeneHa cxema SKCHEPUMEHTAIBHON YCTaHOBKHM U U3MEPEHUs
apaMeTpoB BOJHOBOAOB. BoNHOBOX ycTaHaBIHMBaiCs HAa MOBOPOTHOM CTOJIMKE C ITOMOIIBIO IIPH3MEI
BBozAa, III1 koTopol Oomblle MOKa3aTeNls MpeJIOMJICHHS O0pasla, Jia3epHOe H3IYYCHHE BBOJIMIOCH B
BOJIHOBOJI. VMI3MeHsIs yroJ najeHus u3JIydeHusl Ha MPU3My BBOJA, TMUCKPETHO BO30YKIAMCh BOTHOBOJHBIE
MOJIbl, MIPH 3TOM Ha MOBEPXHOCTH BOJIHOBOJA HaONIONAiCcS paBHOMEPHO cBeTsmuiics Tpek. Ilo aumOy
CTOJIMKA OTIPEIEIISUTICH PE30HAHCHBIE YTIIBI BO30OYKACHHUS BOJTHOBOAA, KOTOPBIE TPEICTABIIUTH COO0H yroi
MEXKIy HOpPMallbl0 K BXOJHOH TpaHM TPU3MBI U €€ TIOJOXKEHHEeM IpU HaOJIOJECHHH PaBHOMEPHO
CBETSIIErocs TpakTa. 3Has pe3oHaHCHbIe yriibl, [1I1 mpu3Msbl U yroi mpu €€ OCHOBaHUH, IO TPAJAULMOHHON
(dopmyne paccunteBaroTcs dddexktuBHble mokazarennu npenomierns (DI1I1) BoaHOBOZHBIX MOA. N, =
n,-sin|p £ arcsin% [13]
rue n,, - OI1I1 BomHOBOAHBIX MoJ (m=0, 1, 2 - HOMep MOIBI);

Np - OKa3aTeNb MPEIOMIICHUS IPU3MBI;
P - YTOJ IIpYA OCHOBAHWH TIPH3MEI;
@m- PE30HAHCHBIH yToJi BO30YKACHUS BOJHOBO/IA.

N2

Vl"||ﬁ
G

—|—»

—

Puc.2. Cxema 3xkcriepuMeHTaNbHON YCTAaHOBKH 711 U3MEPEHMSI [TapaMeTPOB BOJIHOBOIOB. 1-0HOMOIOBBIN
He-Ne nazep (JI'-52-2), A=0,6328 mkmM, 2-Pom6 @penens, 3-nonspusarop, 4-nuadparma, S-moBOPOTHBIN
CTOJIMK C JUMOOM (CTpeNKaMHu TIOKa3aHbl BO3MOXKHBIE MTEPEMEIICHNs TOBOPOTHOTO CTONIMKA), 6-
HCCIIeTyeMBIi TJIaHAPHBIN BOIHOBOJ, 7-8-IIpU3MbI BBOJIA U BBIBOZIA, 9-9KpaH.

ITpu3mbl BBOJA M BeIBOJA ObUTH caenadbl Ha crekie Td — 5 (Np-1,74971). Yron npusmel BBOIa
Obul m3MepeH Ha roHuomerpe I'C-5, yrom MexXay OCHOBAaHHEM M BXOAHOW TPaHBIO MPU3MBI P =
50°32'49"+5". Ommbka n3MepeHus yria @ coctaBmia +1; mpu 3ToM omubKa onpeneneHus 3PPEKTUBHOTO
II1. Ny cocTasisiia Benuuuny +2.1074,

N3BectHO [1], uTO U3MEHEHUE CBOMCTB CHJIMKATHBIX CTEKOJ MPHU HU3KOTEMIIEPATYPHOM HOHHOM
ooMeHe R*crexna>R pacnas  OTIpENENIAETCS Kak M3MEHEHHE XHMHYECKOrO COCcTaBa CTeKJa, TaK W
HE3aBEPILEHHOCTBIO IPOTEKAHMSI PENIAaKCALIMOHHBIX MPOLECCOB B MOHOOOMEHHBIX 05X cTekol. [Ipu aTom
BKJIQJl 3THX PA3IMYHBIX MEXaHM3MOB B DE3YJIBTHPYIOIIEEC H3MEHEHHE ONTHYECKUX CBOWCTB CTEKOJ
ONpeJeNnsAeTCs XUMHUYECKUM COCTaBOM CTEKJa, TEMIEPATYpHOH M IMPONOLKUTENBHOCTBIO MPOTEKAHUS
MOHOOOMEHHOTO Tpolecca, creneHblo kKoHTakra 100% oOMeHmBarommxcss MOHOB. Tak, MPH HOHHOM
oomeHe Na'crekia«>CS pacnnas OCHOBHYIO POJIb B U3MEHEHHH CBOMCTB MIpaeT M3MEHEHHE XHMHYECKOTo
cocraBa CTekJa, a TNpd HOHOOOMeHHOM 3amemieHue Na* nma K* ompenensronryro poiib WrparoT
muddysnonnsie HanpspkeHus [14] paznuaHoro tuna. BomHOBOB, ONy4eHHbIE TAKUM CIIOCOOOM, HMEIOT
BBICOKOE KAa4eCTBO MOJIMPOBAHHOM MOBEPXHOCTH M HU3KME MOTEPH HA T'PAHMIE C MOMJIOXKKOH 3a cdeT
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OTCYTCTBHSI PE3KOW T'PAHHUIBI BOTHOBOI-IIOUIONKKA. B TO e BpeMs, CYIIECTBEHHBIM HEIOCTATKOM 3TOTO
croco0a ABNIAETCS JTUTETBHOS (POPMUPOBAHNE MHOTOMOZOBOT'O BOJTHOBOJAHOTO CITOS.

[TapamMeTpbl TONYYCHHBIX BOJHOBOJIOB OIPENCIUINCH METOIOM PE30HAHCHOTO BO30YKIECHUS
BOJTHOBOJTHBIX MOJI C MIOMOIIBIO MMPU3MEHHOM CHCTEMBI BBOJA-BhIBO/IA M3IYYCHUS Ha JIrHE BOMHBI He-Ne
nazepa (A=0,63 mMxm).

Pe3yabTarthl U 00cy:KIeHUE

BosiHOBOZIBI, TONY4YEeHHBIE TaKWM CHOCOOOM, HMMEIOT BBICOKOE KadecTBO ITOJHPOBAHHOM
MOBEPXHOCTH M HU3KHE MOTEPH Ha TPAaHUIE C MOIJIOKKOH 32 CUET OTCYTCTBHS PE3KOM TpaHUIIBI
BOJTHOBOJ-TIONJIOKKA. B TO e Bpems, CyImIECTBEHHBIM HEJZOCTATKOM JTOTO cIoco0a SBISETCS
JUIATeNbHOE (OPMHPOBAHWE MHOTOMOJIOBOTO BOJHOBOJHOTO ciosi. llocraBneHHas wens Oblia
OOCTHTHYTa TEM, YTO IMOJydeHHe BOJIHOBOJIHBIX CIIO€B Ha OCHOBE OINTHYECKOT'O CHIMKATHOTO
CTEKJIa, BKJIIOYAIOIIEe TepMOOOPabOTKY CTEeKja B paciylaBe COJIM M HHU3KOTEMIIEPATYPHBIH HOHHBIN
oOmeH, mpoBoawiock B ramma-mone 0Co. CyTb 3TOro cmocoba 3aKiouYaeTcsi B CIEAYIOIIEM:
NOJMPOBaHHBIE 00pa3lbl M3 MIEJTOYHO-CHIIMKATHOTO CTEKJIa TepMooOpabaThiBaIncCh B IMIEIOYHOM
pacmiiaBe COJHM, HU3KOTEMIIEPATypHBI HMOHHBIA OOMEH B KOTOPOM IIPUBOIUT K (OPMHUPOBAHUIO
BOJIHOBOJHOIO cJos. TeMmepaTypHO-BpeMEHHBIE IapaMeTpbl OOpabOTKH BBIOMPATUCh W3 YCIOBUS
(OopMUpPOBaHKS BOJHOBOJIHOTO CJIOS 3aJlaHHOW TOJILIMHBI TIPH COXPAaHEHWH BBICOKOTO KauyecTBa
OBEPXHOCTH 00pa3noB. VoHHBI 00MeH ocymecTBisuics B ramma moje 9Co, MOIHOCTL KOTOPOTO
He NpHUBOJUIIA K paJuallMOHHOMY meperpeBy obOpasunoB. O6paboTka oOpasmoB B ramma-mojie npu
500°C mpuBoamia K KOPPO3WH IMOBEPXHOCTH cTekia, a mpu T<350°C k MeasieHHOMY /HEeCKOIBKO
JIECATKOB 4acoB/ (HOPMHUPOBAHWIO BOJHOBOJHOTO ciiod. Huxke Momuoctm 500 P/c addexr He
HaOmromancs, a mpu 5000 P/c mpoucxoamt pagualioOHHbIN TIeperpeB o0pa3noB. B pesynbprare oOMeHa
MOHOB pa3Horo, paauyca Na crexnae> K¥pacnmaros B TMOBEPXHOCTHOM CJO€ CTEKIa CO3/1aBAJIUChH
MeXaHHYECKHE CKUMAIOIINE HANpsDKeHUs, KOTOphIe 3a cueT d¢dexTa (HOTOYIPYroCTH HPUBOIWIHA K
(hopMHUPOBAHHIO BOIHOBOJHOTO CIIOSI.

An-10*
T=3500C
60 =
40 =
20
0 1 2 3 4 5 6 tu

Puc. 3. 3aBucumoctu npupocra nokasarteins npesoMieHus ANy BOJTHOBOAHBIX MOJ OT BPEMEHU
tepmoobpaboTku (t) mpu 350°C. I TpHXOBBIME KPHBBIMHK TIOKA3aHBI 3aBHCHMOCTH IIPHPOCTA ITOKa3aTesIs
npesoMIIeHus BOTHOBOAHBIX Mo aist TE u TM nomsipusanuii oT BpeMeHH TepMooOpaboTKu B
OTCYTCTBHH T'aMMa-TIOJIsl, @ CIIOUTHBIMH KPUBBIMH ITPH TepM0ooOpaboTKe B raMMa-Tioe.

[TapanmiensHO TpPOBOAUIIACE aHAJIOTHYHAsA 00paboTka oOpa3oB BHe ramma-moss. [lapameTpsl
MOJYyYEHHBIX BOJHOBOJOB ONpPEJCISINCh METOJOM PE30HAHCHOIO BO30YXICHHS BOJHOBOAHBIX MOJ C
MIOMOIIBIO MPHU3MEHHOW CHCTEMBI BBOJIa-BHIBOJAa U3IYUYCHHS Ha JUIMHE BOJHEI ya3epa A = 0,63 MkM.
Ha puc. 3 u 4 nmokazaHbl 3aBUCUMOCTH MPHUPOCTA MOKa3aTes MPEJIOMIIEHNS] BOJIHOBOJIHBIX MOJ OT
BpeMeHHu TepmoobpadboTku pu T=350°C u T=450°C, COOTBETCTBEHHO).

[ITpuxoBBIMH KpHUBBIMH TIOKa3aHbl 3aBUCUMOCTH MPUPOCTA IOKa3aTens MpeJIoMIIeHUs
BOTHOBOAHBIX Moa g TE u TM nonsipuzanuii oT BpeMeHH TepMooOpaboTKe B OTCYTCTBHH I'aMMa-
M0JISA, a CIUIOIIHBIMHM KPUBBIMH IIPHU TepMO0OOpabOTKe B raMMa-tosue. M3 puCyHKOB BHIHO, YTO raMMa-
MOJIE MO3BOJSET YBEIUUUTh YUCIO BOTHOBOJAHBIX MOJ U NMPUPOCT MOKA3aTeNs NPENOMIEHUS AN=Nm-Ns
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(ns — mokaszatens mpenomiieHus momIokku). 1o usmepenusim DI metonom Bengens-Kpamepca-
BpHHHKXHHlBOCCTaHaBHHBaHCﬂ HpO@HHB IIoKa3aTeiada HpeHOMHeHHH GIIHI)BOHHOBOE&,HO KOTOpOMy
OHpCHeHHHaCBFHY6HH3BOHHOBOHHOFOCHOH

An-10*
450 °C R
70 b= -

50 =

10 |-

0 1 2 3 4 5 6 h

Puc. 4. 3aBUCHMOCTH PUPOCTA MOKa3aTess npesnomieHus (ANy) BOTHOBOAHBIX MO OT BpEMEHH
TepmoobpaboTku (t) mpu 450°C. IITprxOBBIMH KPUBBIMH [TOKa3aHbI 3aBUCMOCTH ITPUPOCTA
MoKa3aTensl NpeoMIIeHHs BOTHOBOAHBIX Mo Aiist TE u TM nonsipuzanuii oT BpeMeHu
TepMOOOPaOOTKH B OTCYTCTBHH I'aMMa-TI0JIs, @ CIUIOIIHBIMUA KPUBBIMU - TIPH TEPMOOOpabOTKe
B raMMa-ToJie.

Ha puc. 5 npencrasnen xapaktepusii Bug [T nns TM monspuzanuu B OTCYTCTBUM TraMma-
nons (kpuBas 1) u B ramma-nolie yBenuunBaeTcs riayouna BonHoBoaa (h). Ilapamerpbl BOJHOBOJIOB,
MOJyYEHHBIX MpPH TepMOOOpabOTKe B raMMma-lojlie W BHE TraMMa-ToNsl CBEACHBI B TabiuIe.
Amnanoruunslie 3¢ exTsl HabMOIATUCh U TPU MPOBEJICHUU HU3KOTEMIIEpaTypHO 00paboTKH 00pa3IoB
B LLEJIOYHBIX pacijiaBax APYyrux cojeil.

Tabnuna: [TapaMeTpsl BOMTHOBOAHBIX CIIOEB, IOTYYCHHBIX 32 CYET HU3KOTEMIIEPATYpHOTo 0OMeHa
Na*cre>K*pacnn B cTexie K-8 npu TepmMoobpaboTke B raMma IoJie ¥ BHE raMma-IioJs.

Temneparpu YUucnoBOJIHOBOAHBIX MO/ IIpupocT nokazatens npenomiieHus ANy 3a 3 yaca
BOAHOrO cJios h
T°C B ramMma- bes ramma B ramMma- be3 ramMma B ramma- bes ramma
rnone TOJIsS rnoJje oJis rnoJye OIS
350 3 2 50-10* 30-10 10 5
400 4 3 - - - -
450 6 3 70-104 50-10 18 10

IIpy >TOM B 3aBHCHUMOCTH OT TOrO WJIM HMHOIO pacijaBa TEMIEpaTypHble M BPEMEHHbIE
napameTpsl TepMooOpabOTKM MOTYT pas3InudaThCs. JTO CBA3aHO C pasiudyueM B Kod(duummeHtax
I dy3un U pa3IMYHBIX MEJOYHBIX HOHOB.

B mpomecce y-o0imydeHus B cTekjIaxX BOSHHKAIOT Je(EKTHBIC IEHTPHI, BO3PACTAET MOJABHKHOCTh
COCTaBIISIIOIINX cTeksIo. [loaToMy HOOIIOTaeMble U3MEHEHHUSI ONTHYCCKUX CBOMTB CBHUAETEIHCTBYIOT
00 yBenmuueHHH KOAPQPUIMEHTOB B3aUMOANG(Y3UN IIETOYHBIX KAaTHOHOB IIOA JEHCTBHEM y-
U3IyYEHUSs:

1. C yBenmuenueM ko3¢ punreHToB B3auMoan(pPy3un METOUYHBIX KATHOHOB HIIN
2. C yMeHBIICHHEM CKOPOCTH pENaKCAIlMOHHBIX IPOLIECCOB B HOHOOMCHHBIX CIIOSIX

CTCKOJ.
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n
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Puc. 5. XapakTepHblii BHI IpoQuis MoKa3aTess mpeaomieHus (n) s TM nonspusanuu B
OTCYTCTBHU raMmMa-HoJist (kpuBasi 1) u B ramma-nione (kpuBast 2)B riay6s (h) oT moBepxHOCTH
obpasna.

3axkio4yenune

TakuM 00pa3oM OOHapyKEHO YBeNWYEeHHE KOAPPUIMEHTOB B3auMO JUGPY3UH IIEIOUYHBIX
KaTHOHOB II0J{ JeHcTBHEM y-00ITydeHHs. DKCIIEPUMEHTAIFHO I0Ka3aHa BO3MOXHOCTH HCIIOJIB30BAHUS
panManioOHHO-CTAMYIHPOBaHHON  aupdy3um Ui yBEJIMYEHHS  CKOPOCTH  HOHOOOMEHHOTO
(hopMUPOBaHUS BOJHOBOJHBIX CIOEB B CHJIMKATHBIX CTEKJIAX, PACIIMPEHHE AMANA30HOB BapbUPOBAHUS
ux cBoicTB. [1o HameMy MHEHHIO, IPEATIOKEHHBIH CIIOCOO YAOBIETBOPAET KPUTEPUIO "CYIECTBCHHBIE
OTIN4HUsA", IOCKOJIBKY HaMH MOKAa3aHO, YTO raMMa-ToJie MO03BOJISeT YCKOPUTh HU3KOTEMIIEPaTypHBIi
VOHHBIH OOMEH B ONTHYECKOM INEIOYHO-CHIIMKATHOM CTEKJE, YTO IPHUBOJUT K YCKOPEHHUIO Ipolecca
MOJIyYEHHsI BOJIHOBOJHOTO CJOS 3aJaHHOM TOJIIMHBI, YBEJIWYCHHIO MPHPOCTa IOKa3aTels
MPETOMIICHHS, KOJMYECTBA BOJTHOBOAHBIX MOJ] M TIIyOMHBI BOJTHOBOZHOTO CIIOSL.

DddexT yckopeHust HOHOOOMEHHOH T dy3un Mo AEUCTBUEM P-TIOJSI MOKET OBITh PAKTUYECKH
HCIIOJIB30BaH IIPH HOHOOOMEHHOM I ((hy3un CTEKI000pa3HBIX ONTHUECKHUX JIEMEHTOB.
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VIIK: 539.2
9KCHTOHHBIII MEXAHU3M JIBYX®OHOHHOI'O PE3OHAHCHOI'O
KOMBHUHALIMOHHOT'O PACCESIHUSI CBETA B KBAHTOBOJ¥ SIME

Y.U. AzumoB
Camapranockuii punuan TawkeHmcko20 YHUsepcumema UH@GOoOpMayuoHHuIX mexHOn02Ull

AnHoTtaumsi. Pa3BuTa Teopms OKCHTOHHOTO MeEXaHH3Ma JBYX(OHOHHOTO pPE30HAHCHOTO
koMOuHamonHoro paccesHusi ceeta(2OPKPC) B xBaHTOBO#l sMe. [lokazaHo, YTO SKCUTOHHBIM KaHa
20PKPC npuBomuT K peskomy yeunenuio (ag>/In?a, pas, rae o - 6e3pasMepHas KOHCTAHTA KCHTOH-
LO- cdononHoro B3ammonerictBust) cedenns 2OPKPC mo cpaBHeHHIO ¢ aHAIOTMYHBIM TIPOIECCOM B
00BEMHOM TIONYTIPOBOJHAKE. DTO YCHIICHHUS O00YCIOBIEHO BO3MOKHOCTBIO PeaNbHOro Hcmyckanus LO-
(hoHOHA B SKCUTOHHOM KaHaJe.

KiroueBble cji0Ba: 3KCUTOH, ()OHOH, PE30HAHC, KOMOWHAIIMOHHOE pacCesiHUE CBETa, KBAHTOBAs
AMa.

Excitonic channel of two-phonon resonant raman scattering in a quantum well
Abstract. The theory of two-phonon resonant Raman scattering (2PRRS) is developed for a
qguantum well. It is shown that the excitonic channel of 2PRRS leads to the sharp enhancement  ( in
ay3/Ina, times, a, is the dimensionless exciton-LO-phonon coupling constant) of the 2PRRS cross
section in a comparison with the similar process in a bulk semiconductor. This enhancement is due to the
possibility of the real LO — phonon emission in the excitonic channel.
Keywords: exciton, phonon, resonant, Raman scattering, quantum well.

Kvant o’rasida yorug’likning ikki fononli rezonans kombinasion sochlishining exsiton mexanizmi
Annotasiya. Kvant o’rasida yorug’likning ikki fononli rezonans kombinasion sochilishining
(2FRKS) exsiton mexanizmi nazariyasi ishlab chigilgan. 2FRKS-ning exsiton mexanizmi 2FRKS sochilish
kesimining hajmiy yarimo’tkazgichdagi xuddi shunday jarayonga nisbatan kuchli (ag3/In?a, marta, bu
erda a, - exsiton — LO — fonon bog’lanishining o’lchamsiz kattaligi) oshib ketishi ko’rsatilgan. Bu
kuchayish exsiton mexanizmida yuz beradigan LO — fononning real chiqgarilish imkoniyati bilan
bog’langan.
Kalit so’zlar: eksiton, fonon, rezonans, yorug’likning kombinatsion sochilishi, kvant o’ra.

TeopeTnueckne HCCIEAOBaHHA IPOIECCOB MHOTO(OHOHHOE PE30HAHCHOE KOMOMHAIIMOHHOE
paccesiane ceera (MOPKPC) B 00beMHOM MONYIPOBOJHHUKE MOKA3AJIM, YTO B CCUCHHE PACCESHHS JAlOT
BKJIQJ{ MIPOIIECCH ABYX THUIIOB: paccesiHUE Yepe3 IPOMEKYTOUHBIC COCTOSHHMS CBOOOTHBIX SJIEKTPOHHO-
IaeipouHbix nap (BAI1) u uepes sSKCUTOHHBIE cOcTOAHUA [1].

[Ipomeccsl ¢ y4acTHeM ToOpsSYMX 3KCUTOHOB Banbe -MoOTTa n3ydyanuch B ciydae O0OBEMHOTO
MOJTYIIPOBOIHUKA B psifie paboT (cM.[2]) U ccbulkd B Hell). KadecTBEHHO ATOT KaHal paccesHUs MOXKHO
ommucaTh cremyroneM oopasom. [Ipy mornomeHny KBaHTa BO30YKAAIOIIETO CBETAa HETIPSIMBIM 00pa3oM ¢
omHOBpeMeHHbIM uciyckanuem LO- ¢oHOHa pokmaeTcss ropsduid SKCHUTOH. 3aTeM SKCHTOH COBEpIIAET
Kackaja u3 N-2 mepexonoB yepe3 pealbHOe MPOMEXYTOUHOe cocTosiHue ¢ ucmyckanuem N-2 LO- ponoHOB
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¥, HAaKOHEIl, HEeNpsAMbIM 00pa3oM aHHHWTWIMPYET, HCIyCKas KBAaHT BTOPHUYHOTO H3IY4eHHs A®s U
nocnenuuii GoroH. [1pu B3aumonetictBuu ¢ LO- (GoHOHaMHU BEpOATHOCTh UCITyCKaHUS ANIEKTpOHOM N—1
(hOHOHOB He 3aBHCHUT OT Oe3pa3MepHOi (PPETIMXOBCKOM KOHCTAHTHI CBSI3H - (7. OTCIOMIa CIEAYET, 9TO BKIAL
B ceueHun MO®OPKPC mpoueccoB ¢ ydacTHeM ToOpsdYMX SKCUTOHOB Banbe - MoTra oka3blBaeTcs
HIPONOPLUUOHATIBHBIM (.

B nacrosimeit cratbe paccmatpuBaetcs nByxdoHoHHoe PKPC B OJMHOYHOI KBaHTOBOH siMe B
Cllydae, KOrJa IPOMEKXYTOUHBIMH COCTOSIHUAMH SIBIISIOTCS ABYMEpPHBIE AIKCUTOHBI. I[lokazaHo, 4tro B
KBAHTOBOH SIME€ B pacCessHUU UMEETCS] TOJIbKO OJJMH HENpsIMOI Mepexof], 4TO MPUBOAUT K CYLICCTBCHHOMY
YCUJICHHIO BKIIaJa 3KCHTOHOB JBYX(hoHOHHOM PKPC mo cpaBHEHWIO KaK C aHAJIOTHYHBIM pacCessHUEM B
00BEMHOM TTOTYIPOBOTHHKE.

PaccMmotpuM BTOpOoe (POHOHHOE MOBTOPEHUE, KOT/Ia YaCTOTH! BO30YXIAIOIIEro CBETA (] U 4acToTa
PacCesTHHOTO CBETa s CBS3aHBI YCIOBHEM Ms = ] - 20L0 (TI€ . ®Lo — 9aCTOTa 00BEM-HBIX MPOAOIBEHBIX
ontrdecknx ¢poHoHOB (LO — hoHOHOB)). B 3TOM Citydae 1u1st TeH30pa paccestHUs TOTYIHM

— ¢(0
Sﬁyﬁ’y’ - SBVBIYI (Sl + 52), (1)

rie Sgopry = @hew2w?) ™ (hwo)*(2d /mag) gyl 8 (@ — w5 = 2w10) )
Jy = (e/my)P.,,. My - Macca cBOOOJHOTO >NEKTPOHA; Py, —TIPOEKIMA MEK30HHOTO MATPHIHOTO
JJIEMEHTA HMITYJIECA, BEIYUCICHHOTO HAa OJIOXOBCKHX MOIYIHPYIOIINX MHOXKHTEIAX

ag = eh?/ue? - ectb GOpOBCKMil paaMyc SKCHTOHA, € - JMAJIEKTPHYECKas IPOHMIIAEMOCTh
MaTepualia KBAaHTOBOW SIMBI, € - 3apsiI 3JCKTPOHA, |l - MpUBeACeHHAsS (P PeKTUBHAS Macca, d — TOJIIHHA
sMbl. Ckansipable QyHKIUH S{U S, TPEACTaBISAIOT COOOW OMHO- M JIBYKPAaTHBIC CYMMBI 110 KBaHTOBBIM
YHCIIaM Pa3MEpPHOTrO KBAHTOBAHHSI

S; = a%ZJ KdKI? (K,n)[(1+ a,) 32— (1 + ac)—s/z]‘* x
n oo

X |G(n,n, K; a)l - a)Lo)lZlG(n, n, O,a)l)|2|G(n, n, Ol a)s)lzl av(c) = (aomv(c)/4me)K: (3)

(o8]

S, =a? Z f KdKI?(K,n,n") {|G(n,n", K, w; — w0)|*x(n,n’, w;) X

nn' o

n>n'

X x(n,n',w5) + |G(n',n, K, w; — w0)|Px(n', n, w) x(n, ', w)}, 4)
Oyukin y(n,n', w), I(K,n), [(K,n,n'") umeroT Bux
x(nn',w)= 1+a,)36(n,n0,0)?+ 1+ a)3|G(n',n',0,w)|? (5)
_ (2 1 __2bj[1-exp(=x)] _ .

[(K,m) = (x + b,zl+x2) {1 x(bf[+x2)(2bﬁ+3x2)}' by = 2mn; (6)
I(K,nn') =[m?(n—n")2 +x2]" 1+ [r2(n+n)? + x?]7%, x = Kd. (7

BS un S kst ['puna G(n,n, 0, w;)COOTBETCTBYET IPSIMOMY DOXIECHHIO DKCHUTOHA, a
1 2 l s
G(n,n,0,ws) — IPsMOIA €ro aHHUTHIISIUU. DTH MPOIECCHI MOTYT UMETH MECTO, TOJBKO ecii K = 0.
2 _1
|G(n,n,0,w)|? = [(w - wj —n’w,) +y2] LWy = W+ Wy — wg = wy — Aw. (8)
®yaxmusa ['puaa G(n,n', K, w;, — w COOTBETCTBYET HCITYCKAHUIO (DOHOHA HA SKCUTOHOM KaK IS
l LO

CllyJast pacCestHUs B OJTHOM U TO# e 30He (n = n'), Tak u I Cydas mepexoaa B APyryio 30ny (n # n').
Ecnu xkBagpat Monyns paBeH

2
2

, 2 2 _ hK? 2| -1
(wl—ww—wg— WeN — wyn _Zme) +y )]

PaccMmoTpuM cHauana ciydaii B OTHOHM M TOM ke 30HE, OmMChIBaeMbIi Gpyaknueit S;. Ha gactorax

li 2 2
w; < wg + n“w, Bce Qynkuun ['puHa HEPE3OHAHCHBI (HET pEATbHBIX MEPEXOJOB) U Sy ~aj, YTO

1
COOTBETCTBYCT (bOHOBOMy PaCCEAHHNIO. Ha gacrtote (l)l( ) = a)é + lea)# CTAaHOBHUTCA BO3MOXKHBIM PEAJIbHOC

—2|2

|G(Tl,TL’, K'wl - wLO)lzz

IpsIMOE POXKJIEHHE JKCHTOHA, U Ha 3Toi yactore |G(n,n,0,w;)~y . Tak kak y~a, , T0 S;~ad. Ha

(1 o -2 ’ 2
4acToTe ; ~MMEET MECTO IHK, KOTOPBIA B @y“ pa3 mpeBbiaeT GpoH. B obmactu yacTor wg + nwy, <

2
w; < a)é, + nzwu + w;o Bee dynkims ['puHa Hepeso-HaHCHBI U S;~aj. Haumnas ¢ 4acToThl a)l( ) >
wg + nza)u + wpo craHoBuTCA pesoHaHCcHOM G(n,n,K,w; — wrp) (BO3MOXKHO pealbHOE HCITyCKaHHE

¢onona). Eciut mapametp y/wy o < 1, To Mpu MHTETPUPOBAHUHM TIO epeMeHoi K BKiTa momoca GyHKITHN
G(n,n, K, w; — wpp) CTaHOBUTCS NPEOOIANAIONIMM, MO JTOMY C JOCTATOYHOW  TOYHOCTBIO MOXKHO
CUYMTaTh, YTO
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2 , hK?
| 61K, 0 = w00)I? = 228 (@ — wyo — @y — ey, — ). (10)
Torma B obOiract 4acToT wl(z)
2na2 m
Si=—2 2L (o, m[(1 + @) = (1 + @) ] 16 K, 0D P16 (1,0, w00)
n

K, = /2m./h \/wl — W — Wy — N2y,

0® =

T.e. Si~ a9 Ecm w; = = wg + nfwyo + 2w, (4acToTa  COOTBETCTBYIONIAS — HPAMOI

2
3 - - .
AHHUTWISIIHAN), TO |G(n,n, 0, a)l( ))| ~y 2H51~0(01. Takum o0Opa3oM, Ha YaCTOTHOW 3aBHU-CHMOCTH

. 1 .
Si1(w;) umerorcst nBa muka: Gonee cnabbiid Sy (a)l( )) ~@ay, COOTBETCTBYIOIMI pPeaTbHOMY NPAMOMY

. 3 - o . .
pOXKAEHHE D3KCUTOHA, M CWIbHBIM UK S; (‘Uz( )) ~ajt, cooTBercTByIOIMI peaTbHON IpAMOIL

AHHUTWIISIIINN.
YacTtoTHasi 3aBUCHMOCTH S; OTJIMYAETCS OT YaCTOTHOW 3aBHCHMOCTH S; TEM, YTO Ha YacTOTe

1 -
‘Uz( )Sz~a0 1, B 10 Bpems kakS;~ay. leno B Tom, uto dynkuus | G(n,n',K,w; — w5)|? Moxer GbITH

y 4
aNnmpoKCUMHUpPOBaHa § — (yHKIMeH Ha 4acToTax ‘*’z( ) > wg + we 1% + w, n*wp.

PaccMoTpeHHBII BBIIE SKCUTOHHBIM MexaHm3M JByX($oHoHHOoro PKPC mpuBOguT K pe3koMy
BO3DACTAHHMIO CEYCHUs paccesHuss (TEH30p paccesHus Sgypry'~ &g lHa pe30HAHCHBIX YacTOTax
BO30YKIaroniero cpera) Mo cpaBHeHuio ¢ D/I[laMu B KauecTBe MPOMEXYTOUYHBIX COCTOSHUH (S ByR'y'~
a2In? ag). Takum 06pa3oM, MeeT MecTO yBiedeHne paccesnus B ag >/ In? ag pas. OTciona MOKHO cienaTh
BBIBOJ, YTO B KBa3WABYMEPHOH 3JCKTPOHHOH CHCTEME IKCHTOHHBIA MexaHm3M nByxpononnoro PKPC
SBJISIETCS. MPeoOIafaloluM. DTOT BBIBOJ MPEACTAaBISACTCS ONpaBJaHHBIM MMEHHO AJS ABYX(OHOHHOIO
paccessHMS, KOTrJa OKCUTOH (UTYypUPYeT TONBKO B aKTE HENPSAMOIrO pOXICHHUS (WIM HEmpsMOn
AHHUTHISIIIAN ) U OJTHOKpaTHoro uciyckanust LO — ¢oHoHA.

Ecmu gactora B030yXKmaromero cBeTa AOCTATOYHO BBICOKA, TAK YTO DHEPIHs SKCHTOHA XBaTaeT
JUIS UCITyCKaHUSI MHOTUX (DOHOHOB, BOIIPOC O COOTHOILICHUH BKJIaJa B paccesHUe IKCUTOHHOI'O MEXaHHU3Ma
n Mexanmsma D/ ycrmoxkHseTcs. DTo CBA3aHO ¢ TeM, 4To Npu ucnyckanuu LO — ¢oHOHa Topsunm
OKCUTOHOM OH MOXeT repeitn B coctosane D/II1 u manee GOHOHBI OyIyT HCIYCKATHCS DIEKTPOHOM U
neipkoii. He mccnenys B JaHHOW paboTe OTHOCHTENBHYIO POJb JBYX MEXAaHM3MOB PACCESIHMSA, 3aMETHM
JIMIIb, YTO 3aBUCHMOCTh TEH30pa paccesHUs OT KOHCTAHTHI CBs3U op B ciaydyac M®PPKPC mpu umcro
9KCUTOHOM MEXaHU3ME OCTaeTCs TaKo ke, Kak U B ciydae aByxdononHoro PKPC, Ttak kak mosBieHHE
JIOTIOJTHUTENILHOW KOHCTAHTHI CBsI3U B unciutese npu nepexone ot N k N+1 ucnymennsix poHOHOB OyneT
KOMIIEHCUPOBAThCSl TIOSIBIEHUEM KOHCTAHTHI Y ~ O B 3HAMCHATENe, KOTOpasi MPOUCXOJUT OT Ipoliecca
peaTbHOro UCITyCKaHUS (POHOHA DKCHUTOHOM.
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MUALLIFLAR DIQQATIGA!

Hurmatli mualliflar, magola muallif tomonidan qog‘ozda chop etilgan va elektron shaklida
taqdim qilinishi shart. Magolada quyidagi bandlar: UDK, ishning nomi (o‘zbek, rus va ingliz
tillarida), magola hammualliflarining ro‘yxati (to‘liq familiyasi, ismi, otasining ismi — o‘zbek, rus va
ingliz tillarida), muallif hagida ma'lumotlar: ish joyi, lavozimi, pochta va elektron pochta manzili,
magola annotatsiyasi (300 belgigacha, 0°zbek, rus va ingliz tillarida), kalit so‘zlar (5-7, o‘zbek, rus va
ingliz tillarida) bo‘lishi lozim.

MAQOLALARGA QO‘YILADIGAN TALABLAR!

Magolalarning nashr etilishi uchun shartlar nashr etilishi mo‘ljallangan magqolalar dolzarb
mavzuga bag‘ishlangan, ilmiy yangilikka ega, muammoning go‘yilishi, muallif tomonidan olingan
asosiy ilmiy natijalar, xulosalar kabi bandlardan iborat bo‘lishi lozim; ilmiy magolaning mavzusi
informativ bo‘lib, mumkin gadar gisga so‘zlar bilan ifodalangan bo‘lishi kerak va unda umumiy gabul
gilingan qisqartirishlardan foydalanish mumkin; “Ilmiy axborotnoma” jurnali mustaqil (ichki)
tagrizlashni amalga oshiradi.

MAQOLALARNI YOZISH VA RASMIYLASHTIRISHDA
QUYIDAGI QOIDALARGA RIOYA QILISH LOZIM:

Magolalarning tarkibiy gismlariga: kirish (qgisgacha), tadgigot magsadi, tadgigotning usuli va
obyekti, tadgigot natijalari va ularning muhokamasi, xulosalar yoki xotima, bibliografik ro‘yxat.
Magola kompyuterda Microsoft Office Word dasturida yagona fayl ko‘rinishida terilgan bo‘lishi zarur.
Magolaning hajmi jadvallar, sxemalar, rasmlar va adabiyotlar ro‘yxati bilan birgalikda doktorantlar
uchun 0,25 b.t. dan kam bo‘lmasligi kerak. Sahifaning yuqori va pastki tomonidan, chap va o‘ng
tomonlaridan - 2,5 sm; oriyentatsiyasi - kitob shaklida. Shrift - Times New Roman, o‘lchami - 12 kegl,
Qatorlar orasi intervali - 1,0; bo‘g‘in ko‘chirish - avtomatik. Grafiklar va diagrammalar qurishda
Microsoft Office Excel dasturidan foydalanish lozim. Matndagi bibliografik havolalar (ssilka) kvadrat
gavsda ro‘yxatda keltirilgan tartibda gayd gilish lozim. Magolada foydalanilgan adabiyotlar ro‘yxati
keltirilishi lozim. Bibliografik ro‘yxat alfavit tartibida - GOST R 7.0.5 2008 talablariga mos tuziladi.

Ikki oyda bir marta chigadi.

— “Samargand davlat universiteti ilmiy axborotnomasi”dan ko‘chirib bosish fagat tahririyatning
yozma roziligi bilan amalga oshiriladi.

— Mualliflar magolalardagi fakt va ragamlarning haggoniyligiga shaxsan mas’ul.

MAQOLAGA QUYIDAGILAR ILOVA QILINADI:

—  Yo‘llanma xati;
—  Ekspert xulosasi.

E- mail: axborothoma@samdu.uz
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